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FAULT-TOLERANT METRIC DIMENSION OF ANNIHILATOR GRAPHS
OF COMMUTATIVE RINGS

M. S. Akhila* and K. Manilal

ABSTRACT. Let R be a commutative ring with unity. The annihilator graph AG (R)
is a simple graph with vertex set as the set of all non-zero zero-divisors of R, and two
distinct vertices a and b are adjacent if and only if anng (a)Uanng (b) # anng (a - b).
We depicted the relationship between the fault-tolerant metric dimension of AG (R)
and some graph parameters. Furthermore, we computed the fault-tolerant metric
dimension of the annihilator graph of reduced and non-reduced rings.

1. INTRODUCTION

The study of graphs associated with different algebraic structures is one
of the good approaches to studying the properties of algebraic structures.
One of the most important and active research area in graphs associated
with algebraic structures is the study of graphs from rings. There are many
papers on graphs associated with rings, for more information, see [1, 3, 4].

Throughout this article, we assume that all rings are commutative with
unity. The set of all non-zero zero-divisors and the set of all nilpotent elements
is denoted as Z (R)" and Nil (R), respectively. The annihilator of an element
a € R is defined as annp(a) = {r € R:a-r = 0,a € R}. A ring R is
reduced if it does not contain non-zero nilpotent elements. For any undefined
terminology or notation in commutative algebra, we refer the reader to [2].

Let G be a graph with vertex set V (G) and edge set E (G). The dis-
tance between two vertices a and b in G is denoted as d(a,b) and defined
as the length of the shortest path in G. Let W = {wy,ws,...,w;} be an
ordered subset of V (G). The metric representation of a with respect to
Wis r(a|lW) = (d(a,w),d(a,ws),...,d(a,wy)). If vertices have distinct
metric representations, then W is a resolving set. A resolving set with the
minimum number of vertices is called a metric dimension and is denoted
as dim (G). If we remove an element in a resolving set, then the resulting
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set is also a resolving set, called the fault-tolerant resolving set. A fault-
tolerant resolving set with the minimum number of elements is known as a
fault-tolerant metric basis. The number of elements in a fault-tolerant met-
ric basis is fault-tolerant metric dimension and, is denoted as fidim (G). Let
F={f1,fo, .., fu} €V (G). The absolute difference representation consists
of n—vector

AD((a7b) |F) - (ld(aa fl) _ d(bafl) ‘? R ’d<a7fn) T d(b7fn) D
for any a,b € V (G) with respect to F, and denoted by AD ((a,b) |F). If
AD ((a,b) |F') has at least two non-zero elements in its n — vector for every
a# b eV (G), then F is called the fault-tolerant resolving set. Refer to the
book [19] for any undefined terminology or notation in graph theory.

Ayman Badawi [3] proposed the idea of an annihilator graph for a commu-
tative ring. The annihilator graph AG (R) is a simple graph with vertex set
as the set of all non-zero zero-divisors of R and two distinct vertices, a and b
are adjacent if and only if anng (a) Uanng (b) # anng (a - b). Several authors
studied the annihilator graphs of commutative rings; see [12, 14].

Motivated by the problem of uniquely recognizing the location of fault in
a network, calculating the metric dimension of a graph was proposed by
Harary and Meter [3]. The fault-tolerant metric dimension, which is a more
powerful invariant than the metric dimension, was introduced by Hernando
et al. [9] and studied in several articles. For more information, see [5, 10].
Recently, computing the metric dimension and strong metric dimension of
graphs associated with algebraic structures has been started. For more details
in this direction, see [0, 7, 13, 15, 16, 17, 18]. These papers inspired us to
determine the fault-tolerant metric dimension of AG (R).

In this paper, we study the relationship between certain graph charac-
teristics and the fault-tolerant metric dimension of AG (R). Then the fault-
tolerant metric dimension of the annihilator graph of reduced and non-reduced

rings is calculated. Finally, the fault-tolerant metric dimension of AG (Z,,)
and AG (Z,, [i]]) are computed.

2. FAULT-TOLERANT METRIC DIMENSION OF AG (R)

In this section, we prove that the fault-tolerant metric dimension of AG (R)
is finite if and only if R is finite. Moreover, we find a relation between the
fault-tolerant metric dimension of AG (R) and certain graph characteristics.

Theorem 2.1. Let R be a ring. Then fidim (AG (R)) is finite if and only if
R is finite.
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Proof. Assume that fidim (AG (R)) is finite. Let F' = {fi,..., f,} be the
fault-tolerant metric basis for AG (R), and |F| = n, and n > 0. By
[3, Theorem 2.2], diam (AG (R)) < 2 and so d(a,b) < 2, for arbitrary
a,b € V(AG(R)). The fault-tolerant metric representation of a with re-
spect to F'is Dp (a|F) = (d(a, f1),...,d(a, f,)). Then d(a, f;) € {0, 1,2},
for 1 < i < n. The number of possibilities for Dp (a|F) is at most 3" and
Dp (a|F) is unique for each a € V (AG (R)). Therefore, |V (AG(R))| < 3"
and hence, R is finite. The converse part is trivial. ]

Theorem 2.2. Let R be a ring. Then fidim (AG (R)) is undefined if R is
an integral domain.

Proof. Let R be an integral domain. Then V (AG (R)) is empty. Thus
frdim (AG (R)) is undefined. O

The following is a remark of the above theorem.

Remark 2.3. The converse part of Theorem 2.2 is not true. Consider
R = Z4 then Z (R) = {0,2}. From the definition of AG (R), AG (R) = K.
Therefore, f;dim (AG (R)) is undefined. But R is not an integral domain.

Theorem 2.4. Let R be a ring. Then, we have
(1) fidim (AG (R)) is undefined if diam (AG (R)) = 0.
(2) fidim (AG (R)) = |Z (R)"| if and only if diam (AG (R)) = 1.

Proof. (1) If diam (AG (R)) = 0, then V (AG (R)) contains a single ele-
ment. It is clear that the fault-tolerant metric basis is not defined in
(AG (R). Therefore, fidim (AG (R)) is undefined.
(2) diam (AG (R)) = 1 <= AG(R) = K,, <= fidim (AG (R)) = n <—
fidim (AG (R)) = |Z (R)" |
]

2.1. Fault-Tolerant Metric Dimension of Annihilator Graph of Re-
duced Rings. We find a formula for the fault-tolerant metric dimension of
the annihilator graph of reduced rings in this section.

Proposition 2.5. Let R be a reduced ring and, P, and P, be two mini-
mal prime ideals such that P N P, = {0}, and Z(R) = PLUP,. Then
frdim (AG (R)) = |P1| + |P2| — 2.

Proof. AG (R) = K|p,|-1,p,|-1 follows from [3, Theorem 3.6]. By [, Proposi-
tion 1], fidim (AG (R)) = |P1| + |P| — 2. O]
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Theorem 2.6. Let n be a non-negative integer and n > 2. Assume that

R =1]%Zy. Then
i=1

f 2<n<3
fdim (AG (R) =" 2Ensd
n+1 if n>4.
Proof. If n = 2, then by Proposition 2.5, AG (R) = P, and thus
ftdzm (AG (ZQ X ZQ)) = 2.

If n = 3, then dim (AG (R)) = 2 follows from |18, Theorem 2.1].
By [10, Corollary 1], f;dim (AG (R)) > 3. Choose

F ={(1,0,0),(0,1,0),(0,0,1)}.

It is easy to show that F'is a resolving set. If an element from F' is removed,

the set is a resolving set. Therefore, F' is a fault-tolerant resolving set. Thus
fidim (AG (R)) < 3. Hence, fidim (AG (R)) = 3. If n > 4, then by [I8,

Theorem 2.1], dim <AG <H Zg)) = n. Also, by [10, Corollary 1], we have
=1

7

fidim <AG <H ZQ)) > n + 1. We state the following claim:
i=1

Claim: f;dim (AG (H Z2>> <n+1, for n > 4.
i=1

Let F ={f1,..., fn, fus1}, where f; = (0,...,1,...,0), whose " component
is 1 and f,11 = (1,...,1,0), whose n* component is 0. We have to prove
that F' is a fault-tolerant resolving set of AG (R). Let a € V (AG (R)) \ F,
then the metric representation of a is,

DF (CL|F) - (d(CL)fl)7-"7d(a7fn)7d(a7fn+1))
Let a,b € V (AG (R)),a # b. Consider the product a.f;, for 1 <i < n,

f {(0,...,0) if " component of a is O,
a- J;, =

h

Ji if " component of a is 1.

4 . .
a if n'™ component of a is 0,
fi if i and n'™ component of a is 1,

a- =1
Jta f if n'" component of a is 1, and

Z'th

\ component of a is 0,
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where f € V (AG (R)) \ F. We have to show that D (a|F) # Dp (b|F). So
we have the following cases:

Case 1: Let a- f; = (0,...,0) and b- f; = (0,...,0), where 1 < i < n.
Then we can choose a fixed j € {1,...,n} such that a - f; = (0,...,0)
and b- f; # (0,...,0). It is clear that b- f; = f; = d(b, f;) = 2. Since
a- f; = (0,...,0) which implies that d(a,f;) = 1.  Therefore,
d(a, fj) # d (b, fj), and hence, Dp (a|F) # Dr (b|F).

Case 2: Leta- fyyy=aand b- fpyy =bora- f,.1=fandb- f,.1=f,
where f € V(AG (R)) \ F. As in the proof of case 1, we can select a fixed
j €41,...,n} such that d (b, f;) # d(a, f;). Thus Dp (a|F) # Dp (b|F).

Case 3: Assume that a- f; = f;and b- f; = f;, where ¢ € {1,...,n}. Then
a-fny1 = fand b- f,.1 # f. It is obvious that, b- f,11 = band d (b, f,.1) = 2.
Therefore, d (b, fr+1) # d (a, fot1) and thus Dp (a|F) # Dp (b|F'). Similarly,
if @ for1 =aand b fon # b Then b fui1 # for1 = b for1 = fi
or f, where ¢ € {1,...,n}. In both cases, d (b, f;) # d(a, f;). Therefore,
Dp (a|F) # Dp(b|F). Assume that a - foi1 = for1 and b+ foir = for
Subsequently, we can opt for a fixed j € {1,...,n} such that a - f; = f;
and b- f; # f;. Thenb- f; = (0,...,0) = d (b, f;) = 1. As a result, it is
clear that Dp (a|F) # Dp (b|F). Therefore, F' is a resolving set. We can
also examine that, for every a,b € V (AG (R)), at least two elements in the
n+ 1 —wvector AD ((a,b)|F) are non zero. Therefore, F' is a fault-tolerant

resolving set. Hence, f;dim (AG (H Zg)) <n+1, forn > 4. ]
i=1

Remark 2.7. Let G be a connected graph and Py, P, ... P, be a partition of

V (G) such that for every 1 <i < k, if x,y € P,, then N (z) = N (y). Then

fidim (G) > |V (G) | — m, where m = |A (G) | and
A(G)={F:|Ph|=11<i<k}

Theorem 2.8. Suppose that R = [[ F;, where n > 2 is an integer, each [F; is
i=1
a finite field and F; % Zo, for 1 < i <mn. Then fidim (AG (R)) =|Z (R)"|.

Proof. Let A = (a1,...,a,) and B = (by,...,b,) be vertices of AG (R),
where a;,b; € T;, for every 1 < ¢ < n. Consider the relation ~ defined
on V (AG (R)) by A ~ B, whenever a; = 0 if and only if b; = 0, for every
1 < i < n. Then ~ is an equivalence relation on V (AG (R)). The equiv-
alence class of A is denoted as [A]. Let Ay, Ay € [A]. Since A; ~ Aj, this
implies that annp (A1) = anng (As), and by [18, Lemma 2.1], we infer that

N () = N (Ay).
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Consider A (G) = {[A4] : |[4]| = 1}. Let A; = (a4, ...,a,) € A(G). Without
loss of generality, assume that a; # 0, for any ¢. For an arbitrary a; # 0
in A;. Since Fy 2 Z,, there exists a vertex B € V (AG (R)) such that
annp (A1) = anng (B). Then B € [A], which is not possible. Therefore,
a; = 0, for all i, and A(G) = ¢. Thus fidim (AG(R)) > |Z (R)"| follows
from Remark 2.7. Trivially fidim (AG (R)) < |Z (R)"|. Hence,

fedim (AG (R)) = |Z (R)" .
L]

2.2. Fault-Tolerant Metric Dimension of Annihilator Graph of Non-
Reduced Rings. In this section, we compute the fault-tolerant metric
dimension of the annihilator graph of non-reduced rings. We begin with
the following proposition.

Proposition 2.9. Let R be a quasi-local ring with maximal ideal m and

m? = (0), then fidim (AG (R)) = |m| — 1.

Proof. Since R is a quasi-local ring with maximal ideal m, Z (R) = m. Thus
Z(R) = Nil(R), since m®> = (0) and R is not a field. It is clear that
anng (a) = Z(R), for all « € Z(R). From [3, Theorem 3.10],
AG (R) = Kpy)-1. From [5, Proposition 1] , fidim (AG (R)) = |m| — 1.

O

The following remark is due to V. Soleymanivarniab et al. [15].

Remark 2.10. Suppose that A = (aq,...,a,) and B = (by,...,b,) are vertices
of AG (R), where a;,b; € R;, for every 1 <i < n. The relation ~ defined on
V (AG (R)) by, A ~ B whenever for every 1 < ¢ < n, the following conditions
hold:

e a, = 0 if and only if b; = 0, for every 1 < i < n.

e a; € Nil (R;)" if and only if b; € Nil (R;)", for every 1 < i < mn.

e a;, € U(R;) if and only if b; € U (R;), for every 1 <i < n.

Then ~ is an equivalence relation on V' (AG (R)). The equivalence class of

A is denoted as [A].

Theorem 2.11. Suppose that R = [[;_; Ri, n > 2 is an integer, for each
R; =2 7y orZsy[x]/ <x2> for1 <i<n. Then fidim (AG (R)) = 4" —2""1 +n,

Proof. Let A = (ay,...,a,) and B = (by,...,b,) be vertices of AG (R), where
a;,b; € R;, for every 1 < ¢ < n. Consider the equivalence relation defined in
Remark 2.10. Let Ay, Ay € [A]. Since A; ~ Ay, by [18, Lemma 2.1}, we can
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infer that N (A;) = N (A2). We have to calculate the number of equivalence
classes with cardinality 1. Consider A (G) = {[A4] : | [A]| = 1}. Let A € A(G)
and A = (a,...,a,). Assume that a; ¢ Nil(R;), then a; € U (R;), for
1 <i<n. Since R; & Zy or Zy [z] / (2?) for 1 <i <n, |U(R;)| > 1. Analo-
gous to the proof of theorem 2.8, we get a; € Nil (R;), for 1 < i < n. Thus
A= (al,...,an), a; € NZZ(RZ) = a; € {O,ni},ni € NZZ(RZ)*,l <1 < n.
Hence, |A(G)| = 2" — 1. From Remark 2.7,

fidim (AG (R)) > |Z (R)"| — 2" + 1.

Consider an arbitrary element A in [A], [A], denotes the number of non-zero
components of A in [A], where 1 < k < n — 1. Let [A] and [B] be two
equivalence classes in V' (AG (R)). Next we investigate the cases when N [A]
and N [B] are equal.

Case 1: Let [A], > 2 and [B], > 2. If [A], < [B],, then assume that
a, = 0 and b, # 0. Let A = (a1,...,a,) and B = (by,...,b,). Choose
C=(1,...,1,a),a € Nil (R)" and C € [C]. Since | [C]| > 2, we can assume
that C' # B. Then C € N [A] but C € N [B]. Therefore, N [A] # N [B].
Similarly if [B], < [A],, then N [A] # N [B]. If [A], = [B],, then we have to
show that NV [A] # N [B]. Assume that for some 1 <i <n, a; = 0and b; # 0.
Without loss of generality, assume that a; = 0 and by # 0. Then b; € Nil (R)"
or by € U(R). Choose A = (0,as,...,a,) and B = (by,bs,...,b,), where
by € Nil (R)". Put C = (a,1,...,1,1),a € Nil(R)*. Then C € N [B] but
C ¢ N[A]. Therefore, N [A] # N [B]. Assume that a; = 0 if and only if
bi = 0, for all 1 < i < n. Since [4], = [B], implies that a; € Nil (R)" and
bie U(R)orb; € Nil (R)"and a; € U (R). If a1 € Nil (R;)" and by € U (Ry),
then we choose C' = (a,0,...,0),a € Nil(R;)". Therefore, C € N [A] but
C ¢ N [B]. Hence, N [A] # N [B].

Case 2: Let [A], =1 and [B], >2or [B], =1and [A4], > 2. If [4], =1
and [B], > 2, then we assume that a; # 0 and by # 0. It is obvious that,
by € Nil (Ry)" or by € U (Ry). If by € U (R3), then we choose A = (a,0,...,0)
and B = (0,bo,...,b,), where a € Nil(Ry)". Put C = (0,us,...,0,0),
uy € U(R). Then C € N[A] but C ¢ N[B] = N[A] # N[B]. If by €
Nil (Ry)", then put C = (1,us,...,0,0),us € U(Ry). Then C € N [A4]
but C ¢ N |[B] = N[A] # N |[B]. Therefore, N[A] # N [B]. Similarly, if
[B],, =1 and [A], > 2, then N [A] # N [B].

Case 3: Assume that [A], =1 and [B], = 1. Let

My={[A]:[A] € A(G) and [A], =1},
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M, ={[A] : [A] ¢ A(G) and [A], =1} and [A],[B] € M;UM,. We have to
show that N [A] = N [B] if and only if a; = 0 if and only if b; = 0, for every
1 <i<nand [A] € M; if and only if [B] € M,. Assume that N [A] = N [B]
and [A] € M;. If [B] € M, then there exists a C' € [C] such that C' € N [B]
but C' ¢ N [A], which is a contradiction. Thus, if [A] € M, then [B] € Ma.
Similarly if [A] € M,, then [B] € M. If [A],[B] € M;. Assume that
A = (a,0,...,0), and B = (0,a,...,0). Put C = (u,0,...,0,0). Hence,
C € N[B] but C ¢ N [A]. Therefore, N [A] # N [B], a contradiction. Thus
[A] € My if and only if [B] € M. Assume that [A] € M; and a; = 0. If
b; # 0 then there exists a C € [B] \ {B} such that C' € N [B] but C € N [A],
which is a contradiction. Therefore, a; = 0 if and only if b; = 0, for every
1 < i < n. Combining case 1 and 2, for random equivalence classes [A] and
[B], then N [A] # N [B]. By case 3, there is one equivalence class of [B]
such that N[A] = N [B]. Since |Mi| = n, we get to the conclusion that
frdim (AG (R)) > |Z (R)"| — (2" — n —1). We know that

Z(R)" | =4" = 2" —1= fudim (AG (R)) > 4" —2"—1—-2"+1+n
— 4 "t .

Hence, fydim (AG (R)) > 4" — 2"+ 4 p,
Claim: fidim (AG (R)) < 4" — 2" 4 n. Let

P=A{(ay,...,a,) € Z(R) :a; € {0,n;},n; € Nil (R;)"},

Q= {(ar,...,an) € Z(R)" : a; € {0,n;},n; € Nil (R;)" and [A], = 1},
and F' = Z(R)"\{P\Q}. Let AAB ¢ F and A # B. We have to
prove that F is a fault-tolerant resolving set. Let A = (ai,...,a,) and
B=(b,...,b,). If A,B € P\Q, then Dy (A|F) # Dy (B|F). It A,B € P,
then a; = 0 and b; € Nil (R;) or b; = 0 and a; € Nil (R;), for 1 < i < n.
Assume that A = (0,as,...,a,) and b = (n, by, ..., b,), where n € Nil (Ry).
Choose ¢ = (n,1,...,1). Then C € N|[B] but C ¢ NJ[A]. Since
| [C]| > 1,Dp (A|F) # Dp (B|F). If A, B € @, then we assume that a; # 0
and by # 0. A = (ag,...,0) and B = (0,bs,...,0), where a; € Nil (Ry).
Choose C' = (uq,0,...,0), where w3 € U (R;). Then C € N |[B] but
C ¢ NIA]. Since |[C]| > 1,Dp(A|F) # Dpg(B|F). Therefore, F is a
resolving set. Consider

AD (A, B)[F) = (|d (A, f1) = d(B, f) |, [d (A, fu) = d (B, fa) ]).

If AyBe V\F,then |[A]| > 1and |[B]| > 1. If |[A]| = 1 whose distance
is similar to equivalence classes with |[A]| > 1. Similarly, holds for B.
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Therefore, AD ((A, B)|F) has at least two non-zero terms. Hence F' is a
fault-tolerant resolving set. Since |P| = 2" — 1, |Q| = n and

F=Z(R)—|P|+|Q|=4"—2"" +n.
Thus fydim (AG (R)) < 4" — 2"*1 4+ n. This completes the proof. O
We have the subsequent Corollary.

Corollary 2.12. Let n > 2 be a positive integer and R = [[;_, Ri, where
each R; is a finite local ring with |Z (R;) | > 2. Then
frdim (AG (R)) = |Z (R)"|.

Proof. Let A = (a1, ...,a,) and B = (by,...,b,) be vertices of AG (R), where
a;,b; € R;, for every 1 < ¢ < n. Consider the equivalence relation defined
in Remark 2.10. Let A, Ay € [A]. Since A1 ~ Ao, by [18, Lemma 2.1], we
deduce that N (A1) = N (Ay). Consider A(G) = {[A] : |[A]| = 1}. Let
A= (ay,...,a,) € A(G). If a; € Nil (R;)" or a; € U (R;), then |[A]] > 1,
since |Z (R;)| > 2, for 1 < i < n. Therefore, a; = 0, for 1 < i < n, and
A(G) = ¢. Then by Remark 2.7, fidim (AG(R)) > |Z (R)"|. Trivially
fidim (AG (R)) > |Z (R)*|. This completes the proof. O

The following remark is due to V. Soleymanivarniab et al. [1&].

Remark 2.13. Let A= (a1,...,0pn, Qpyi1,s- -, Qpiy) and
B = (by,..., by, bpi1,. .., byim) are vertices of AG (R), where a;,b; € R;, for
1 <i<nanda;b; €F;, for n +1 < j <n+m. The relation ~ defined on
V (AG (R)) by, A ~ B then the following hold:
e a;, = 0 if and only if b; = 0, for every 1 < i < n +m.
e a; € Nil (R;)" if and only if b; € Nil (R;)", for every 1 < i < mn.
e a; € U (R;) if and only if b; € U (R;), for every 1 <i < n + m.
Then ~ is an equivalence relation on V' (AG (R)).

Theorem 2.14. Suppose that R = R1 X Ry X ... R, x [y X Fy x ... F},, where
each R; = 7y or Zso [x] / <:U2> forl <1 <n and Fj is a finite field and F; 2 Z
for 1 <j <m. Then fidim (AG(R))=|Z(R)" | —2"+n+1.

Proof. Let A = (a1,...,Gpn, ..., 0p4m) and B = (by,..., by, ..., byym) be ver-
tices of AG (R), where a;,b; € R;, for 1 < ¢ < n and a;,b; € F;, for
n+1<j < n+m. Consider the equivalence relation ~ on V (AG (R))
defined in Remark 2.13. Let A, Ay € [A]. Then N (A1) = N (Ay). Consider
AG) ={[A] : |[A]]| = 1}. Let A = (a1,...,Gn,Qpity-- -5 Anim) € A(G).
Assume that a; # 0, for n+1 < j < n+ m. Then a; € U (R;), for
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n+1<j<n+mandso |[A]| > 1, which is not possible. Therefore, a; =0
forn+1 < j < n+m. Assume that a; ¢ Nil (R;), for 1 < i < n. Then
a; € U(R;), for 1 <i <n = |[A]| > 1, which is not possible. Therefore,
a; € Nil (R;) for 1 <i <n. Thus
A(G) = {(al,...,an,an+1,...,an+m) La; € {O,TLZ'},CLZ' € Nil (R)*,l <1 <n,
and a; =0,n+1<j <n-+m}.
Hence, |A(G)| = 2" — 1. By Remark 2.7,
frdim (AG (R)) > |Z (R)"| — 2" + 1.
Suppose [A] and [B] are two arbitrary equivalence classes. From the proof
of Theorem 2.14, if [A], > 2 and [B], > 2, then N [A] # N|[B]. Let
M, ={[4] : [A] € A(G) and [A], =1},
My = {[A] - [A] ¢ A(G) and [A], =1}
and [A],[B] € MyUM,. Then N [A] = N [B] if and only if a; = 0 if and only
if b =0, forevery 1 <i<mn,a; =b; =0,n+1<j<n+mand [A] € M if
and only if [B] € M,. Since |M;| = n. Thus
frdim (AG(R)) > |Z(R)"| —2"4+n+ 1,
Claim: fidim (AG (R)) <|Z(R)"|—2"+n+1. Let
P ={(a1,a2,...,0n,Qps1,- - Qnim) : a; € {0,n;},m; € Nil (R)",
1<i<n, and a;=0,n+1<j<n+m},

Q = {(a,a2,...,0n,ani1s - Apim) : a; € {0,m;},n; € Nil (R)”,
1<i<n, and a;=0,n+1<j<n+m and [A], =1}
and F' = Z(R)"\ {P\ Q}. We have to prove that F' is a fault-tolerant
resolving set. Let A, B ¢ F and A # B. Next, we have to show that
Dr (A|F) # Dp(B|F). For this, let A = (a1,...,an, 041, ., 0pim) and
B = (b,..., by, bps1, -y bpem). I AJB € P\ @ then N[A] # N[B]. If

|[A]| = |[B]| = 1. This implies that a; = 0 and b; € Nil (R;) or b; = 0 and
a; € Nil (R;), for some 1 < i < n. Without loss of generality, assume that
A = (0,a2,...,6n,0p41,- -, Qpim) and B = (n,ba, ... by bps1, .oy bpem),

where n € Nil(R;). Put C = (n,ug,..., Uy, Upi1s---,Upsm). Then
C € N[B] but C ¢ NI[A]. Since |[C]| > 1, Dp (A|F) # Dp(B|F). It
is easy to show that AD ((A, B)|F) contains at least two non-zero terms.
Therefore, F' is a fault-tolerant resolving set. Hence,

fudim (AG (R)) < |Z (R)"| — 2" +n + 1.
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]

Theorem 2.15. Suppose that R = Ry x Ry x ... R, x F\ x Iy x ... F,,, where
each R; is a finite local ring with |Z (R;) | > 2 for 1 <i < n and F} is a finite
field and F; = 7y for 1 < j <m. Then fidim (AG(R)) =|Z (R)"|—2"+1.

Proof. Let A= (ay,...,an,Qnyi1,- -, Qpym) and

B = (bla' . 'annbn-l-l?' . ‘7bn+m)

be vertices of AG (R), where a;,b; € R;, for 1 < i < n and a;,b; € F;, for
n+1<j <n+m. Consider the equivalence relation ~ on V (AG (R)) de-
fined in Remark 2.13. Let Ay, As € [A]. Then anng (A1) = anng (As). From
[18, Lemma 2.1], N (A;) = N (A4y). Consider A(G) = {[4] : |[4]] = 1}.
Let A = (a1,...,an,Gpit1, - Gpem) € A(G). Assume that a; € Nil (R;)"
or a; € U(R;) for 1 < i < mn. Since |Z(R;)| > 2 for 1 < i < n, similar
to the proof of Therem 2.8, we conclude that, a; = 0, for 1 <7 < n. Thus
A = (a1, -, 0n, Qpi1y s Qpim) € A(G),a; = 0, for 1 < i < n and
a; € {0,1}, for n+1 < j < n+m. Therefore, the number of elements in A (G)
is 2™ — 1 and Remark 2.7 implies that f;dim (AG (R)) > |Z (R)"| — 2™ + 1.
Let

P ={(a1,a9,...,an,0p41,. . Gpem) 2 a; = 0,1 <i<mn,
and a; € {0,1},n+1<j<n+m}

and FF = Z(R)"\ P. Let A/B ¢ F and A # B. We have to show
that F is a fault-tolerant resolving set. Let A = (a1, ..., apn, Gpi1y- -+, Qnim)
and B = (by,...,byi1, .-, byim). Next, we have to show that

Dr (A|F) # Dr (B|F).

If AB € P then N(A) # N (B). It is clear that |[A]| = |[B]| = 1L
This implies that a; = 0, for 1 < i < mn, a; € {0,1},n+1 <7 < n+m.
Without loss of generality, assume that A = (0,...,0,1,...,0) and
B=1(0,...,0,0,1,...,0). Put C = (uy,us,...,upn,1,...,1). Then C' € N [B]
but C ¢ N [A]. Since | [C]| > 1, Dp (A|F') # Dp (B|F). We can easily verify
that AD ((A, B) |F') contains at least two non-zero terms. Therefore, F' is a
fault-tolerant resolving set. Hence, fidim (AG (R)) <|Z(R)"|—2"+1. O

Theorem 2.16. Suppose that R = Ry X Ry x ... R, x F1 x Iy x ... F,,, where
each R; = 7y or Zso [x] / <;U2> forl <i <n and Fj is a finite field and F; = Z
for 1 < j<m. Then fidim (AG(R)) =|Z (R)"| —2""" +n + 1.
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Proof. Let A = (a1,...,0p41,- -, Apim) and B = (by, ..., bpy1,. .., byem) be
vertices of AG (R), where a;,b; € R;, for 1 < i < n and a;,b; € F;, for
n—+1<7j5 <n+ m. Consider the equivalence relation mentioned in Remark
2.13. Let Ay, As € [A] then anng (A1) = anng (Az). From [18, Lemma 2.1],
N (A;) = N (Ay). Consider A (G) ={[4] : |[4]| = 1}. Let

A= (a1, .., 0p, Qpi1,s- -, 0nem) € A(G).

Assume that a; ¢ Nil(R;), a; € U(R;), for 1 < i < n. Since
Ry = Zyor Zyz]/{(x*) for 1 < i < n, [U(R;)| > 1= |[A]| > 1, which
is not possible, since | [A]| = 1. Therefore, a; € Nil (R;) for 1 < i < n,
aj € {0,1},n+1<j <n+m. Thus

A(G) ={[A]: |[A]| =1,a; € Nil (R;),1 < i <n and
aj € {0,1},n+1<j<n+m}.
From Theorem 2.7, fidim (AG (R)) > |Z (R)"| — 2" + 1. Let
A=(ay,...,0n, ani1,- -5 Qpim) € A(G).

Then A = A; + Ay. The number of non zero components in [A;] is denoted
as [A], and the number of non zero components in [As] is denoted as [A],,
0<k<nandn+1<I[<n+m. Consider two arbitrary equivalence classes
[A] and [B]. From the proof of Theorem 2.14, if [A], > 2 and [B], > 2,
then N[A] # N[B]. Let My = {[4] : [4] € A(G) and [4], = 1},
My, ={[A]: [A] ¢ A(G) and [A], =1}. Then N [A] = N [B] if and only if
a; = 0 if and only if b; = 0, for every 1 < i < n and [A] € M; if and only if
|[B] € Ms. Hence, fidim (AG (R)) > |Z (R)"| — 2" + n + 1. We state the
following claim:
Claim: fidim (AG (R)) <|Z (R)"|—2"" 4+ n+ 1. Let

P ={(ai,a9,...,0n,an41,...,0pnsm) € Z(R)" 1 a; € {0,n;},n; € Nil (R;)"},

Q= {(ar,a2,...,an, ani1s-- s anim) € Z(R)" 1 a; € {0,n;},m; € Nil (R;)”

and [A], =1}
and F=Z(R)"\{P\Q}. Let A,B ¢ F and A # B. We have to show that
F' is a fault-tolerant resolving set. Let A = (a1, a2,...,0n, Gni1s- -, Apom)

and B = (by,ba, ..., by, bys1, ..., byim). We have to prove that
Dy (A[F) # Dy (B|F).

Since A, B € P, it is clear that a; = 0 and b; € Nil(R;) or b; = 0 and
a; € Nil (R;), for 1 <i <n. Assume that A = (0,as,...,0n,ni1s- -, Apim)
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and B = (n,by,...,b4,0p11,...,bpym), where n € Nil(Ry). Choose

= (n,1,...,1), where n € Nil(Ry). Then C € N |[B] but C ¢ N [A].
C]| > 1 which implies that Dp (A|F) # Dp (B|F). Similarly, if
A,B € P\ Q, then N [A] # N [B]. We can easily verify that two elements in
AD ((A, B) |F) are non-zero. Therefore, F' is a fault-tolerant resolving set.
Since |P| = 2" — 1,|Q| = n and

F=|Z(R)"|—|P|+ Q| =|Z(R)"| —2"" 4+ n+ 1.
Thus fidim (AG (R)) < |Z (R)" |—2"""4n+1. This completes the proof. [

Remark 2.17. Let A = (a1, as...,a,41) and B = (by,by. .., by, b,11) be ver-
tices of AG (R), where ay,b; € Ry, for and a;,b; € F;, for 2 <i <n+ 1. The
relation ~ defined on V (AG (R)) by, A ~ B then the following hold:

e a, = 0 if and only if b; =0, for every 1 < i < n + 1.
e a; € Nil (R;) if and only if b; € Nil (R;), for every ¢ = 1.
e a;, € U(R;) if and only if b; € U (R;), for every 1 <i <n+ 1.

Then ~ is an equivalence relation on V (AG (R)).

Corollary 2.18. Suppose that R = R1 X F1 X Fy X ... F},, where each Ry = 74
or Zs [x] / <x2> and F; = Zy for 1 < j <m. Then

fdim (AG (R)) = |Z (R)* | — 2m.

2.3. Fault-tolerant metric dimension of AG (Z,) and AG (Z,[i]). We
calculate the fault-tolerant metric dimension of AG (Z,) and
AG (Zy, ]i]) to conclude this paper.

The elements of the ring 7Z,, is notated as 0,1,...,n — 1. The number of
zero-divisors of Z, is n — ¢ (n) — 1, where ¢ is the Euler’s totient function.
We calculate the fidim (AG (Z,)), where n = p™, pq, in which p and ¢ are
distinct primes and m > 1.

Theorem 2.19. Let n > 1 be an integer and consider the ring Z,. Then the
following holds:

(1) fidim (AG (Z,)) = p™ ' — 1, where n = p™, in which p is a prime
number and m > 1.

(2) fidim (AG (Z,)) = p+q—2, where n = pq, in which p and q are prime
numbers.

(3) fidim (AG (Zy4)) is undefined.

(4) fidim (AG (Zy)) is undefined
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Proof. (1) Suppose n = p"™, in which p is a prime number and m > 1. By
Proposition 2.9, we derive that, fidim (AG (Z,)) = p™ ! — 1, where
n = p", in which p is a prime number and m > 1.

(2) Suppose n = pq, in which p and ¢ are prime numbers. By Proposition
2.5, we have fidim (AG (Z,)) = p + q — 2, where n = pq, in which p
and ¢ are prime numbers.

(3) Proof follows from Remark 2.3.

(4) Proof follows from Theorem 2.2.

]

The set of Gaussian integers Z[i] = {ae = a + ib : a,b € Z} is a subring of
C. Gaussian norm is defined as N («a) = a@. If a is a prime integer, then it
can be one of the form a =2 or a = 1 (mod 4) or a = 3 (mod 4). Let p and ¢
denote prime integers such that ¢ = 3 (mod 4) and p = 1 (mod 4). Gaussian
prime can be defined as A = A; U Ay U A3, where

(1) Ay ={1+14,1—3}.
(2) Ay ={q:q=3(mod 4)}.

(3) A3 = {a+ib:p=a®+0b* for some a,b € Z and p = 1 (mod 4)}
U{a —ib:p=a®+ b for some a,b € Z and p=1(mod 4)}.

Theorem 2.20. Consider the ring Z, |i], where n > 1, an integer.

(1) fidim (AG (Z[i])) is undeﬁned
(2) fidim (AG (Z, [i])) —q — 1, where n = ¢*,q = 3 (mod 4).
(3) fidim (AG (Z,, [i])) = q1 +¢5 — 2, where n = q1q2, q1,q2 = 3 (mod 4).
(4) fidim (AG (Z,[i])) =2(p— 1), where n=np,p=1(mod4).

Proof. (1) Z( o [i]) = {1 +i}. Therefore fidim (AG (Z2i])) is undefined.
(2) If n =¢%, ¢ = 3 (mod 4) then I' (R) = K,2_;. Therefore,

AG (R) = Kp_y.
Hence fidim (AG (Z, [i])) = ¢* — 1.
(3) If n = q1g2, 1,2 = 3 (mod 4) then I' (R) = K2y ;2. By [3, Theorem
3.6], AG (R) = Kp_1 2 1. Hence fidim (AG (Z,[i])) = ¢} + ¢5 — 2.
(4) If n = p,p = 1 (mod 4), then I'(R) = K,_1,-1. By [3, Theorem 3.6],
AG (R) =2 Kp_1,-1. Hence

fedim (AG (Zy [i])) = 2(p — 1).
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3. CONCLUSION

The fault-tolerant metric dimension of AG (R) was studied in this paper.
We depicted the connection between the fault-tolerant metric dimension of
AG (R) and some graph parameters. Furthermore, we computed the fault-
tolerant metric dimension of AG (R) when R is a reduced ring. Then we
derived the fault-tolerant metric dimension of the annihilator graph of non-
reduced rings. Finally, we determined the fault-tolerant metric dimension of

AG (Z,,) and AG (Z, [i]).
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