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ON (n —1,n)-®,,-PRIME AND (n — 1,n)-WEAKLY PRIME
SUBMODULES

M. EBRAHIMPOUR* AND F. MIRZAEE

ABSTRACT. Let m,n > 2 be two positive integers, R a commuta-
tive ring with identity and M a unitary R-module. A proper sub-
module P of M is an (n—1,n)-®,,-prime ((n—1, n)-weakly prime)
submodule if ay,...,an_1 € R, t € M with ay...ap_12 € P\(P :
M) 1P (0#ay...an_17 € P)impliesa; ...a;_1a;41...0p_17 €
P, forsomei e {l,...,n—1}ora;...a,_1 € (P: M). In this pa-
per we study these type of submodules, giving some useful results
and examples concerning them.

1. INTRODUCTION

Throughout this article, all rings are assumed to be commutative
with identity and all modules are unital. We remind that a proper
ideal P of R is called prime if, for a,b € R, ab € P implies a € P or
be P.

Let P be a submodule of M. Then (P : M) = {r € R|rM C P} is
an ideal of R. An R-module M is faithful if AnngM = (0 : M) = 0.
Also, M is a multiplication R-module if for every submodule N of M
there exists an ideal I of R such that N = I M. It is easy to show that
N=(N:M)M.

A proper submodule P of M is called prime if, for r € R, x € M
and rx € P we have v € N or r € (P : M). It is easy to show that if
P is a prime submodule of M, then (P : M) is a prime ideal of R.

MSC(2010): Primary: 13C05; Secondary: 13C13.

Keywords: Quasi-local ring, weakly prime submodule, (n— 1, n)-weakly prime submodule,
¢m-prime submodule, (n — 1, n)-®,,-prime submodule.

Received: 16 May 2016, Accepted: 26 October 2017.

*Corresponding author.

99



100 EBRAHIMPOUR AND MIRZAEE

In [10, 12], Ebrahimpour and Nekooei show that a proper submodule
Pof M is (n—1,n)-prime if ay...a,,_1x € P, implies ay...a;_1@;11...0p_1T
€ P, for some i € {1,...,n — 1} or ay...a,_1 € (P : M), where
ai,....,an—1 € R and © € M. So, a (1,2)-prime submodule is just
prime.

In [1], authors defined a weakly prime ideal as a proper ideal P of
R with the property that for a,b € R, if 0 # ab € P then a € P or
b € P. The notion of a weakly prime element (i.e., an element p € R
such that (p) is a weakly prime ideal) was introduced by Galovich [14]
in his study of unique factorization rings with zero divisors. It is hoped
that weakly prime elements and weakly prime ideals will prove useful
in the study of commutative rings with zero divisors and in particular,
factorization in such rings.

In [22], Nekooei extends this concept to the case of submodules. He
defines a weakly prime submodule as a proper submodule P of M with
the property that for r € R and x € M, if 0 # rx € P then z € P or
re(P:M).

In [10], Ebrahimpour and Nekooei defined a (n — 1, n)-weakly prime
ideal as a proper ideal P of R with the property that for aq,...,a, €
R, if0 # ay...a, € P then a;...a;_1a;41...a, € P, for some i €
{1,...,n}. So, a (1,2)-weakly prime ideal is just weakly prime and
every proper ideal of a quasi-local ring (R, M) with M™ = 01is (n—1,n)-
weakly prime.

Also, in [11], Ebrahimpour and Nekooei defined a proper submod-
ule P of M as an (n — 1,n)-weakly prime submodule such that for
ay,...,a,1 € Randz € M,0# ay...a, 12 € Pimpliesa; ...a; 10,11
.o ap1x € P, for somei € {1l,...,n—1} or aj...a,_1 € (P: M). So a
(1,2)-weakly prime submodule is just weakly prime.

In studying unique factorization domains, Bhatwadekar and Sharma
[8] defined an almost prime ideal as a proper ideal P of R with the
property that for a,b € R, if ab € P\P? then a € P or b € P. Thus,
a weakly prime ideal is almost prime and any proper idempotent ideal
is also almost prime.

In [14], Anderson and Bataineh defined a ®-prime ideal as follows:
Let R be a commutative ring and S(R) be the set of all ideals of R.
Let ® : S(R) — S(R) U {0} be a function. Then a proper ideal P of
R is called ®-prime if for a,b € R, ab € P\®(P) implies a € P or
b € P. They defined ®,, : S(R) — S(R) U {0} with ®,,(J) = J™, for
all J € S(R) and m > 2.

In [10], Ebrahimpour and Nekooei defined an (n — 1,7n)-®,,-prime
ideal as a proper ideal P of R with the property that for aq,...,a, €
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R, if a;...a, € P\P™ then a;...a; 1G;41...a, € P, for some i €
{1,...,n}; (m,n>2).

In [24], Zamani defined ¢-prime submodule as follows: Let S(M) be
the set of all submodules of M and ¢ : S(M) — S(M) U {0} be a
function. A proper submodule P of M is called ¢-prime submodule if
forr € Rand x € M, ro € P\¢(P) implies r € (P : M) or x € P. He
defined @, : S(M) — S(M) U {0} with &,,(N) = (N : M) !N, for
all N € S(M); (m > 2).

In [11], Ebrahimpour and Nekooei show that P is an (n — 1,n)-
Gm-prime submodule of M if a;...a, 1z € P\(P : M)™ 'P implies
aj...a; 1041 ...ap1¢ € P, forsomei € {1,...,n—1}ora;...a,1 €
(P: M), where ay,...,a, 1 € Rand x € M. So a (1,2)-®y-prime sub-
module is just almost prime. We shall call (1,2)-®,,-prime submod-
ules ”®,,-prime”. In this paper we study (n — 1,n)-weakly prime and
(n — 1,n)-®,,-prime submodules, which are generalizations of weakly
prime and almost prime submodules, respectively; (n,m > 2).

Some of our results use the R(+)M construction. Let R be a ring
and M be an R-module. Then R(+)M = R x M is a ring with identity
(1,0) under addition defined by (r,m) + (s,n) = (r + s,m + n) and
multiplication defined by (r,m)(s,n) = (rs,rn + sm).

Let R be an integral domain with quotient field K and M a tor-
sionfree R-module. Then the following conditions are equivalent, by
20].

1) Forally € K and all z € M,yx € M or y'M C M.

2) Forally € K, yM C M or y'M C M. M is called valuation
R-module if one of these conditions holds.

Let R be a ring and M an R-module. We show the set of all prime
ideals of R by Spec(R) and the set of all prime submodules of M by
Spec(M).

In this paper, we study (n — 1, n)-weakly prime and (n —1,n) — ¢,-
prime submodules. Also, we prove some interesting results and give
some examples about these types of submodules.

2. MAIN RESULTS

It is clear that every (n — 1, n)-prime submodule is (n — 1, n)-weakly
prime; (n > 2). In Example 2.1 and Example 2.2, we show that the
converse is not true in general.
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Example 2.1. Let @ be a maximal ideal of a ring R. Then, R = %

is a quasi-local ring with unique maximal ideal @) and @2 = 0. Let
J be a proper ideal of R. It is easy to show that J is Q-primary.
Suppose S = R[z] and M = S as an S-module. We show that J[z] is
a weakly prime submodule of M. We know that J[z] is Q[z]-primary.
Suppose 0 # fg € J[z]. Both f and g can not be in Q[z]. Let g € Q[x].
Since J[z] is Q[z]-primary, we have f € J[z]. So, J[z] is a weakly prime
submodule and hence, it is an (n—1, n)-weakly prime submodule. Thus,
J[z] is an (n — 1,7n)-¢,,-prime submodule of M. Moreover, if J # Q,

then J[x] is a weakly prime submodule that is not prime; (n,m > 2).

Example 2.2. Let R = g[;;g;, where K is a field, M = % ~ K
as an R-module, D = R(+)M and M’ = D as an D-module. The
submodule N = 0(+)M of M’ is a weakly prime submodule that is not

prime.

Example 2.3. Let (R, Q) be a quasi-local ring, M an R-module and P
a proper submodule of M. If PN Q" 'M =0, then P is an (n — 1,n)-
weakly prime submodule of M. For, if 0 # ay...a,_1x € P, then
ai...an_1 € Q" 1. So, there existsani € {1,...,n—1} such that a; is a
unit of R. Thus a; ...a;_1Gi41 ... ap_1x € P. Similarly, if PNQ™" 1M C
(P: M)™ P, then Pisan (n—1,n)-®,,-prime submodule of M, where
m,n > 2. For example, let R = %, where k is a field, Q = (7,7)
be the unique maximal ideal of R and M = R as an R-module. Let
P = (7). Then, PN Q" *M = 0; (n > 2). Therefore, P is (n — 1,n)-
weakly prime and hence is (n — 1, n)-®,,-prime; (m > 2).

Next, we show that for a principal submodule Rz with ann(z) = 0
(Rr = R) the concepts (n — 1,n)-®,,-prime and (n — 1,n)-prime are
the same; (m,n > 2).

Lemma 2.4. Let R be a ring, M an R-module and x a non-zero ele-
ment of M such that Rx # M and ann(z) = 0. Let m,n > 2 be two
integers. If Rx is not an (n — 1,n)-prime submodule, then there exist
ay,...,a,—1 € R andy € M such that ay...a;_10;41...0,_1y € Rx,
foralli e {1,...,n—1} and ay...an_1 & (Rx : M) and ay ...a,_1y €
Rx. But, ay...an,_1y & (Rx: M)" 'Rx.

Proof. Since Rz is not (n—1, n)-prime, there exist a1, ..., a,_; € R and
y € M such that a;...a, 1y € Rr but ay...a; 10,41 ...a,_1y & Rz,
foralli e {1,...,n—1} and ay...ap_1 &€ (R : M). Ifay...a,1y &
(Rz : M)™ 'Rx, we are done. So, we assume that a; ...a, 1y € (Rx :
M)™ 'Rux.
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Let y =y+z. Then, ay...a, 1y € Rvand ay...a; 141 ...0n_ 1Y
¢ Rz, for all © € {1,...,n — 1} and ay...a,—1 & (Rx : M). If
a...an_1y € (Rx : M)™ 'Rz, then ay...,a, 1x € (Rx : M)™" 'Rx.
So, there exists r € (Rx : M )™~ ! such that a; ...a,_ 1z = rz and hence
ay...an1 =71 € (Rx: M)™ ! C (Rx : M), which is a contradiction.
Therefore, a; ...an,_1y € (R : M)™ 'Rz, as wanted. O

Corollary 2.5. Let R be a ring, M an R-module and x a non-zero
element of M such that Rx # M and ann(x) = 0. Then, Rx is an
(n — 1,n)-®,,-prime submodule of M if and only if Rx is (n — 1,n)-
prime; (n,m > 2).

Proof. (<) If Rx is an (n — 1,n)-prime submodule of M, then it is
clear that Rx is (n — 1,n)-®,,-prime.

(=) If Rz is not (n — 1,n)-prime, then there exist a;...a,_1 € R
and y € M such that ay...a, 1y € Rz \ (Rz : M)™ 'Rx such that
aj...0; 1041 ...0p1y € R, foralli e {1,...,n—1} and ay...a,,_1 &
(Rx : M), by Lemma 2.4, which is a contradiction. O

Lemma 2.6. Let R be an integral domain, M a multiplication R-
module, J and K two submodules such that (J : M) and (K : M)
are non-zero, finitely generated ideals of R, (J : M) € (K : M) and
(K:-M)Z (J:-M). If (JNK): M) is ®,-prime, then the radical of
J equals the radical of K; (n > 2).

Proof. We show that K C radJ. If (K : M) C (P : M), for every
minimal prime submodule P over J, then (K : M) C (radJ : M).
Since M is a multiplication module, we have K C radJ.

So, we assume that there exists a prime submodule P of M minimal
over J such that (K : M) Z (P : M). Set (P : M) = ¢q. Choose an
element r € (K : M)\ q. Clearly, for (J: M)™ = (J: M)"R, N R, we
have (J : M)"R, = (J : M)™R,. Since (J : M) is finitely generated,
(J: M)R, # (J : M)"R,. Thus, (J : M)R, # (J : M)™R,, and
consequently (J : M) € (J : M)™. Since (J : M) € (K : M) and
(J:M)Z (J: M)™ wehave (J: M) Z (K : M)U(J: M)™.

Choose an element s € (J : M)\ ((K : M) U (J : M)™). Then,
ros & (J: MyN(K : M),butrs € (J: M)n(K : M) = ((JnN
K) : M). We claim that rs ¢ ((JNK) : M)*. Otherwise, rs €
(J : M) C (J: M)™. However, r € R\q and rs € (J : M)™
implies that s € (J : M)™, which is a contradiction. So, we have
rse€ (JNK): M)\ (JNK): M)" and r,s & (JN K : M). This
contradicts the fact that ((J N K) : M) is ®,-prime. Thus K C radJ,
and then radK C radJ. Similarly, radJ C radK. Therefore we have
radK = radJ, as desired. O
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Theorem 2.7. Let R be a Noetherian domain, M a finitely generated
multiplication R-module and P be a submodule of M such that (P : M)
1s a non-zero ®,-prime ideal of R. Then, P is a primary submodule of
M; (n>2).

Proof. 1f P is not primary, then every minimal primary decomposition
of P must have at least two components. Take a minimal primary
decomposition of P and let ) be a primary component of this de-
composition. If K is the intersection of all other primary components
in the decomposition, then P = Q N K, where Q € K and K € Q
and rad(Q : M) # rad(K : M). Since Q@ ¢ K and M is a multi-
plication module, we have (Q : M) € (K : M). Similarly, we get
(K : M) Z (Q : M). So, by Lemma 2.6, we have rad@ = radkK.
Thus, (rad@ : M) = (radK : M). Since M is finitely generated, we
have rad(Q : M) = rad(K : M), by [19, Theorem 4.4], which is a
contradiction. O

Let R be a ring, M a multiplication R-module and Ny, Ny be two
submodules of M. There exist ideals I, Is of R such that Ny = [ M
and Ny = IbM. Ameri in [2] defined the product of NyNy by I11sM.
We use this notion in proving the following theorem.

A ring R is said to be locally UF'D, it R, is a UFD, for every
p € Spec(R). It is clear that if R is a UF D, then it is locally UFD.
Example 2.8 shows that the converse is not true in general.

Example 2.8. Let R = Z[/5i], where Z is the ring of integers. We
know that R is a Dedekind domain and the element 2 does not admit a
factorization into prime elements, by [15, Example 13.8]. So, R is not
aUFD. But, R, is a PID, for every p € Spec(R).

Theorem 2.9. Let R be a domain and M a finitely generated faithful
multiplication R-module. If every proper submodule of M is a product
of ®,-prime submodules, then R is locally UFD; (n > 2).

Proof. Let p € Spec(R), I, be a proper principal ideal of R, and N =
IM. If IM = N = M = RM, then by [13, Thoorem 3.1], we have
I = R, which is a contradiction. So, N is a proper submodule of
M. Suppose that N = Ni...Ng, where N; is a ¢,-prime submodule of
M, for all i € {1,...,k}. Then N = L...I M, where N; = I;M, for
i € {1,....,k}. Thus, I = I,...I;, by [13, Theorem 3.1]. Since N; is
¢n-prime, then I; is ¢,-prime, by [11, Lemma 4.3(i)].

In domain R,, every nonzero principal ideal is invertible. We know
that a factor of an invertible ideal is also invertible. Since R, is quasi-
local, an invertible ideal is principal. So, I, is a product of principal
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&, -prime ideals and hence I, is a product of principal prime ideals, by
Corollary 2.5. Therefore, R, is a UF'D and R is locally UF D. (]

In Example 2.10, we show that a finitely generated faithful multipli-
cation R-module M is not cyclic in general.

Example 2.10. Let R be a Dedekind domain. We know that every
ideal of R is a multiplication R-module, by [16, Page 223|. Also, every
ideal of a Dedekind domain is generated by at most two elements, by
[23, Corollary 2, Page 125]. So, every ideal of R is a finitely generated
faithful multiplication R-module.

Let R be an integral domain with quotient field K and M a torsion-
free R-module. In [20], Moghaderi and Nekooei proved that for y =
t€ Kand x € M, yr € M if there exists m € M such that rz = sm.
They also proved that M is a valuation R-module if M satisfies one of
the following equivalent conditions:

(1) For every y € K and every x € M, yxr € M or y *M C M.

(2) For every y € K, yM C M or y 'M C M.

Next, we show that in a multiplicative valuation module, the con-
cepts (n — 1,n)-®,-prime and (n — 1, n)-prime are the same, for some
submodules; (n > 2).

Lemma 2.11. Let R be a ring, M a multiplicative valuation R-module
and Ny, Ny be two submodules of M. Then, Ny C Ny or Ny C Nj.

Proof. Let N1, Ny be two submodules of M. Since M is a multiplication
R-module, then there exist the ideals I, Is of R such that Ny = 1M
and Ny = I, M. We know that R is a valuation ring, by [20, Lemma
2.11]. So, I C Iy or Iy C I, and therefore Ny C Ny or Ny C Ny, as
desired. 0

Theorem 2.12. Let R be a ring, M a multiplicative valuation R-
module and P a submodule of M with ann(x) = 0, for some 0 # z € P.
Then, P is (n — 1,n)-®,-prime if and only if it is (n — 1,n)-prime;
(n>2).

Proof. (=) Let ay,...,a,1 € R and x € M with ay...a,_12 € P.
Assume a;...a;_ 1041 ...ap1x € P, for all i € {1,...,n — 1} and
ay...an—1 & (P : M). So (a;) € (P : M), for all i € {1,...,n — 1}.
We know that R is a valuation ring, by [20, Lemma 2.11]. So we have
(P : M) C (a;), for all i € {1,...,n — 1}. Hence (P : M) 'P C
(ay...anqx). If (P : M) 'P # (ay...a,_1z), then aj...a,_1x €
P\(P : M)"'P. Since P is (n — 1,n)-®,-prime, this implies that
aj...a; 1041 ...a,1¢ € P, for some i € {1,...,n—1} or ay...a,,_1 €
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(P : M), which are contradictions. So we have (a;...a, 1) = (P :
M)™1P. Then P being a factor of a principal submodule is principal,
by Lemma 2.11. So there exists y € M such that P = Ry. Hence
x = ry, for some r € R. So we have ann(y) = 0. Thus, by Corollary
2.5, P is (n — 1,n)-prime.

(«<=) This holds for any module. O

Let R be aring, M an R-module and N a submodule of M. We know
that radN = Nycpespec(uy - If there exists no prime submodule over
N, then radN = M. Moreover, N is said to be a radical submodule if
radN = N.

Priifer modules has been defined by Naoum and Al-Alwan in [21,
page 407]. The next example shows that in a Priifer Module M, the
above result is not necessarily true.

Example 2.13. Let R be the ring of all algebraic integers and M = R
as an R-module. Then every radical submodule of M is idempotent.
So, let N; # N, be two maximal submodules of M. Hence, Ny Ny =
N1 N N2 and (N1N2)2 = NlNQ. SO, N1N2 is (n - 1,n)—<1>n—prime, but
not a prime submodule; (n > 2).

Let R be a ring, M an R-module and D = R(+)M. We observe that
for an ideal I of R and a positive integer n > 1, we have (I(+)M)" =
I"(+)I" M.

Theorem 2.14. Let R be a ring, M a finitely generated faithful multi-
plication R-module and P a ¢,-prime submodule of M. If for a,b € R
and (x,y) € M with (a,x)(b,y) € (P : M)*(+)M and a,b & (P : M);
ay +bx € (P : M)"'M, then (P : M)(+)M is a ®,-prime ideal of
D =R(+)M; (n>2).

Proof. Set ¢ = (P : M). Suppose that (a,z)(b,y) € q(+)M\ (q(+)M)".
So (a,z)(b,y) € q(+)M \ (¢"(+)¢" ' M) and hence ab € q. If ab & ¢",
then ab € ¢\ ¢". Since P = ¢M is ¢,-prime, then ¢ is ¢,-prime,
by [11, Lemma 4.3]. So, a € g or b € q. Hence, (a,z) € q(+)M or
(b,y) € q(+)M. Now assume that ab € ¢". If a,b & ¢, then ay + bx €
q"'M, by hypothesis. So, (a,z)(b,y) € ¢"(+)¢" M = (¢(+)M)", a
contradiction. O

Now, we study the converse of Theorem 2.14, for n = 2.

Theorem 2.15. Let R be a ring, M a finitely generated faithful mul-
tiplication R-module and P a submodule of M. If (P : M)(+)M is an
almost prime ideal of D = R(+)M and there exists a ) € Max(R)
such that (P : M) C Q, (P: M)NQ*=0 and (), Q" =0, then P is
an almost prime submodule of M. -



SOME RESULTS ABOUT PRIME SUBMODULES 107

Proof. Set ¢ = (P : M). Suppose that ¢(+)M is almost prime. Let
ab € q\ ¢*, where a,b € R. Then (a,0)(b,0) € (¢(+)M) \ (¢*(+)gM),
and hence (a,0)(b,0) € (¢g(+)M)\ (¢(+)M)?. So, a € g or b € q. Thus
g is almost prime and P = ¢M is an almost prime submodule of M,
by [11, Lemma 4.3]. O

Theorem 2.16. Let R be a ring and M a finitely generated faithful
multiplication R-module. Then every prime ideal of D = R(+)M is of
the form (P : M)(+)M, for some prime submodule P of M.

Proof. We know from [17, Theorem 25.1 (3)] that every prime ideal of
D = R(+)M is of the form ¢(+)M, for some prime ideal ¢ of R. Let
P be a prime submodule of M. So, (P : M) is a prime ideal of R, by
[18, Proposition 1]. Thus, (P : M)(+)M is a prime ideal of D.

Now, assume that ¢(+)M is a prime ideal of D. Set P = gM. If P =
gM = M = RM, then ¢ = R, by [13, Theorem 3.1], a contradiction.
So, P € Spec(M), by [13, Lemma 2.10], and therefore (P : M) = ¢, by
[13, Theorem 3.1]. O

Unlike the case of prime ideals, an (n — 1, n)-weakly prime or (n —
1,n)-®,,-prime ideal of D = R(+)M need not have the form I(+)M.
For example, 0(+)0 is (n— 1, n)-weakly prime and as a result (n—1,n)-
¢m-prime; (n,m > 2).

Let R be a ring and M an R-module. Two elements x,y € M are
associates, denoted x ~ y, if Rx = Ry. A non-zero element x € M with
Rx # M is n-irreducible if x = a4 ...a,_1y, where a4, ...,a,_1 € R and
y € M, implies z ~ ay ...a;_ 1441 ...an_1Yy, for some i € {1,...,n—1}
or ay...an—1 € (Rx : M); (n > 2).

Theorem 2.17. Let R be a ring, M an R-module and P a proper
submodule of M. Suppose that every mon-zero element of P is n-
irreducible. Then P is (n — 1,n)-weakly prime and hence (n — 1,n)-
O, -prime; (n,m > 2).

Proof. Let ay ...a,_1x € P\ {0}, where ay,...,a,-1 € Rand x € M.
So, aj ...a,_1x is n-irreducible and hence

(a,1 ce a,n_lx) = (a1 R ¢ 7 0 7 R an_lx),

for some i € {1,...,n — 1}. Therefore a;...a;_1a;41...a,_12 € P or
ai...an—1 € ((ay...ap_1z) : M). But ((ay...ap_1x) : M) C (P : M). So,
P is (n — 1,n)-weakly prime. O

Corollary 2.18. Let (R, Q) be a quasi-local ring, M an R-module and
x € M. If x is n-irreducible and Qx = 0, then Rx is (n — 1,n)-weakly
prime; (n > 2).



108 EBRAHIMPOUR AND MIRZAEE

Proof. Since x is n-irreducible and Qx = 0, every non-zero element of
Rz is an associate of « and hence n-irreducible. So Rz is (n — 1,n)-
weakly prime, by Theorem 2.17. O
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ON (n — 1,n)-®,,-PRIME AND (n — 1,n)-WEAKLY PRIME
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