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ON p-NILPOTENCY OF FINITE GROUPS WITH
SS-NORMAL SUBGROUPS

G. R. REZAEEZADEH* AND Z. AGHAJARI

ABSTRACT. A subgroup H of a group G is said to be S.S-embedded
in G if there exists a normal subgroup T of G such that HT is
subnormal in G and H NT < H,qg, where Hyg is the maximal s-
permutable subgroup of G contained in H. We say that a subgroup
H is an SS-normal subgroup in G if there exists a normal subgroup
T of G such that G = HT and HNT < Hgg, where Hgg is an
SS-embedded subgroup of G contained in H. In this paper, we
study the influence of some S.S-normal subgroups on the structure
of a finite group G.

1. INTRODUCTION

All groups considered in this paper are finite.
Recall that for a group G, n-maximal subgroup is defined recursively:
if U is a maximal subgroup of G, U is said to be 1-maximal in G for
n > 1, a subgroup U is said to be n-maximal in G if U is (n — 1)-
maximal in a maximal subgroup M of G (see [2]). Let F be a class of
groups. We call F a formation, provided that (i) if G € F and N <G,
then G/N € F, and (ii) if Ny, Ny <G such that G/Ny, G/Ny € F, then
G/N1N Ny € F. A formation F is said to be saturated if G/®(G) € F
implies that G € F (see [7]).

Recently, the relationship between the subgroups of a finite group G
and the structure of the group G has been extensively studied in the
literature. For instance, Wang [1 1] introduced the concept of c-normal
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subgroup and used the c-normality of maximal subgroups to determine
the structure of some groups. A subgroup H of G is called c-normal
in G if there is a normal subgroup T of G such that G = HT and
HNT < Hg , where Hg is the normal core of H in G.

Following Kegel [¢], a subgroup H of a group G is said to be S-
permutable in G if H permutes with every Sylow subgroup P of G.
Guo et al. [1] introduced the concept of S-embedded subgroup. A
subgroup H of a group G is said to be S-embedded in G if there
exists a normal subgroup N such that HN is S-permutable in G and
HNN < Hyg, where Hg is the largest S-permutable subgroup of G
contained in H.

Also, there exist other fruitful related concepts which have been in-
troduced by many scholars and a lot of meaningful results have been ob-
tained by them, such as S-permutably embedded subgroup [1], nearly
S-normal [0], weakly S-permutable subgroup [10], - - -.

More recently, Zhao [12] introduced the concept of SS-embedded
subgroup, which covers S-permutability, c-normality and S-embedded
subgroups. Recall that a subgroup H of a group G is said to be SS-
embedded in G if there exists a normal subgroup 7" of G such that
HT is subnormal in G and H N'T < HsG. Zhao obtained many
interesting results, by assuming that some subgroups of G satisfy the
SS-embedded property. We now introduce the following concept:

Definition 1.1. Let H be a subgroup of a group G. H is called
SS-normal in G if there exists a normal subgroup 7" of G such that
G =HT and HNT < Hgg, where Hgg is an S.S-embedded subgroup
of G contained in H.

In this paper, we study the influence of some SS-normal subgroups
on the structure of a finite group G and we achieve some new results.

2. PRELIMINARIES
Here, we collect some basic results which are useful in the sequel.

Lemma 2.1. ([8]) Suppose that H is an S-permutable subgroup of a
group G and N I G. Then the following statements hold:

(1) If H < K <G, then H is S-permutable in K.

(2) HN and HN N are S-permutable in G.

(3) HN/N s S-permutable in G/N.
(4) H is subnormal in G.

Lemma 2.2. ([12], Lemma 2.2) Suppose that H is an SS-embedded
subgroup of a group G and N IG. Then the following statements hold:
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(1) If H< K <@, then H is SS-embedded in K.

(2) If N < H, then H/N is SS-embedded in G/N.

(3) Let H be a m-subgroup and N be a normal 7’'-subgroup of G.
Then HN/N is SS-embedded in G/N.

Lemma 2.3. Suppose that H is an SS-normal subgroup of a group G
and N QG. Then the following statements hold:
(1) If H< K <G, then H is SS-normal in K.
(2) If N < Hgg, then H/N is SS-normal in G/N.
(3) If N < H such that Hgg is a m-subgroup and N is a 7' -subgroup,
then H/N is SS-normal in G/N.
(4) Let H be a m-subgroup and N be a normal 7'-subgroup of G.
Then HN /N is SS-normal in G/N.

Proof. By hypothesis, there exists a normal subgroup 7" of GG such that
G =HT and HNT < Hgg, where Hgg is an S.S-embedded subgroup
of G contained in H.
(1) It is clear that K NT is a normal subgroup of K. We have
HKNT)=KnNnG=Kand HN(KNT)=HNT < Hgg.
It is easy to see that Hgg is SS-embedded in K. Hence H is
SS-normal in K.
(2) Clearly, T'N/N is a normal subgroup of G/N. Since N < Hgg,
it follows that (H/N)(T'N/N) = G/N and

(H/N)YN (TN/N) = (HNTN)/N = (HNT)N/N < Hsg/N.
By Lemma (2.2), Hgs/N is SS-embedded in G/N. Therefore
H/N is SS-normal in G/N, as required.

(3) We know that TN/N is a normal subgroup of G/N. Since
N < H, it follows that (H/N)(I'N/N) = G/N and

(H/N)N (TN/N) = (HNTN)/N = (HNT)N/N < HgsN/N.

Now, if Hgs be a m-subgroup and N be a w’-subgroup, then
HgsN/N is SS-embedded in G/N by Lemma (2.2). Therefore
HN/N is SS-normal in G/N.

(4) We know that TN/N < G/N and we have

(HN/N)(TN/N)= HTN/N = G/N.
Since (|H|,|N|) = 1, it follows that
H|ITN],  |H|T],
|[HTN|.  [HT|x
Hence HNTN = HNT, so
(HN/N)N(I'N/N)=(HNNTN)/N =

|[HNTN| = =|HNT)|.
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(HNTN)N/N = (HNT)N/N < HggN/N.

By Lemma (2.2), HgsN/N is SS-embedded in G/N. Therefore
HN/N is SS-normal in G/N.

O

Lemma 2.4. ([7], IV, Theorem 5.4) Suppose that G is a group which
s not p-nilpotent but whose all proper subgroups are p-nilpotent. Then
the following statements hold:

(1) Every proper subgroup of G is nilpotent.

(2) |G| =p*¢", where p # q.

(3) G has a normal Sylow p-subgroup P for some prime p and
G/P = @, where Q is a non-normal cyclic q-subgroup for some
prime q # p.

(4) P/®(P) is a minimal normal subgroup of G/®(P).

Theorem 2.5. ([7], IV, Theorem 2.8) Let p be the smallest prime
divisor of the order of |G|. If G has a cyclic Sylow p-subgroup P, then
there is a normal subgroup N of G such that G/N = P. ( In particular,
the Sylow 2-subgroup of a simple non-abelian group can never be cyclic.)

Lemma 2.6. ([5], lemma 2.5) Let G be a group and p a prime such that
p" T |G| for some integern = 1. If (|G|, (p—1)(p*—1)...(p" —1)) = 1,
then G is p-nilpotent.

Theorem 2.7. ([9], Theorem 10.1.9) Let p be the smallest prime divid-
ing the order of the finite group G and assume that G is not p-nilpotent.
Then the Sylow p-subgroups of G are not cyclic. Moreover |G| is divis-
ible by p3 or by 12.

Let 7 is a set of primes. We shall say that G is m-separable if every
composition factor of G is either a 7’-group or a w-group; and we shall
say that G is m-solvable if every composition factor of G is either a
7'-group or a p-group for some prime p in 7. For a single prime p, the
notions of p-separable and p-solvable are obviously equivalent (see [3]).

[
Theorem 2.8. ([3], VI, Theorem 3.2) If G is w-separable and G =
G/O0.(@Q), then
Ca(0:(G)) € 04(G)
In particular, if O (G) =1, then Cq(OL(G)) C O(G).
If 7 is a set of primes, a subgroup H of a group G will be called an

Sy-subgroup of G provided H is a m-group and |G : H]| is divisible by
no primes in 7. Such a subgroup is also called a Hall subgroup of G.
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Theorem 2.9. ([3], VI, Theorem 3.5) If G is w-separable group and
p, q are primes in 7, ', respectively, then G possesses an S,-subgroup

foro=mx,0={mq} and o ={p,q}.
3. MAIN RESULTS

We start our main results with the followig theorem.

Theorem 3.1. Let P be a Sylow p-subgroup of a solvable group G,
where p is a prime divisor of |G|. If the following conditions hold, then
G 1s p-nilpotent:
(1) (IGl,(p—1)(p* = 1)...(p" — 1)) = 1, where n € Z,
(2) every n-mazimal subgroup of P (if exists), which does not have
a p-nilpotent supplement in G, is SS-normal in G, and
(3) every SS-embedded subgroup of G contained in P contains O,(G).

Proof. Assume that the result is false and let G be a counterexample
of minimal order. We break the proof into several steps:

Step(1) |P| > p"*™! and every n-maximal subgroup of P is SS-normal
in G.
By Lemma (2.6), we have |P| > p"T!.
Assume that there exists an n-maximal subgroup P; of P which
has a p-nilpotent supplement T in G. We claim that G is
p-nilpotent. Otherwise we would find a non-p-nilpotent sub-
group H of G which contains P and all its proper subgroups
are p-nilpotent. Then by Theorem (2.4), H is a minimal non-
nilpotent group. We have G = P, T, so

H=HNPT=P(HNT) (1).

Since H N'T < T is p-nilpotent and H is not p-nilpotent, it
follows that L = H NT is a proper subgroup of H. Hence L
is nilpotent and so L = L,L,. We have P = P L,, so L, is
not contained in ® = ®(P). Now, we consider the factor group
H/®. The fact L, < Ny(L,) implies that

Ly®/® < Nujo(Lp®/P) (2).

On the other hand, since P/® is an elementary abelian group,
we have
L,/ <P/D (3).

Obviously, L, is also a Sylow g-subgroup of H. Thus L,®/® <
H/® by (2) and (3). Moreover L,®/® # 1. By Theorem (2.4),
P/® is a chief factor of H, whence L,®/® = P/®. Hence
L, = P,so L = H. This contradiction completes the proof of
Step 1.
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Step(2)

Step(3)

Step(4)

Step(5)
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Oy (G) =1 and O,(G) # 1.
If O, (G) # 1, then P = PO, (G)/O,(G) is a Sylow p-subgroup
of G = G/O,(G). We have

(IGLp-D@* - 1..0" - 1) = 1.

By Step 1, |P| > p"*!. Let P, = PiOy(G)/Oy(G) be an n-
maximal subgroup of P. Then P; is an n-maximal subgroup of
P. By Step 1, P, is SS-normal in G hence P, is SS-normal in G
by Lemma (2.3)(3). Therefore G is p-nilpotent by induction. It
follows that G is p-nilpotent. By this contradiction O, (G) = 1.
Since G is soluble, we have O,(G) # 1.

O,(G) is unique minimal normal subgroup of G, ®(G) =1 and
G/O,(G) is p-nilpotent.

Let N be a minimal normal subgroup of GG. Since G is solvable
and Step 2, it follows that N is an elementary abelian p-group
and N < O,(G). Now, we consider P/N so the following two
cases arise:

Case i) If |P/N| < p™, then G/N is p-nilpotent by Lemma
(2.6).

Case ii) If |P/N| > p™*!, then G/N is p-nilpotent by Lemma
(2.3)(2), hypothesis of the theorem and the minimality of G.
Since the class of all p-nilpotent groups forms a saturated for-
mation, it follows that N is an unique minimal normal subgroup
of G and ®(G) = 1. Thus there is a maximal subgroup M of G
such that G = NM and N N M = 1. We have

0,(G) < F(G) < Ca(N)

and
CG(N) NM<GdG.

The uniqueness of N yields that N = O,(G) = F(G) = Cg(N).
0,(G)| > .

We know G/O,(G) is p-nilpotent. Let K/O,(G) be the normal
p-complement of G/O,(G). If |0,(G)| < p", then |K|, < p".
Lemma (2.6) implies that K is p-nilpotent. The normal p-
complement of K is also a normal p-complement of G, that is,
G is p-nilpotent, this contradiction shows that |0, (G)| > p"*'.
The final contradiction.

Since ®(G) = 1, there exists a maximal subgroup M of G such
that G = O,(G)M and O,(G) N M = 1. Let P = O,(G)M, be
a Sylow p-subgroup of G, where M, is a Sylow p-subgroup of
M. Since |0,(G)| > p™*!, we can pick an n-maximal subgroup
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Py of P containing M,. Since O,(G) < (P1)ss < Py, it follows
that P = P,. This is the final contradiction.
O

Corollary 3.2. Let P be a Sylow p-subgroup of a solvable group G,
where p = min(n(G)). If the following conditions hold, then G is p-
nilpotent:
(1) every mazimal subgroup of P, which does not have a p-nilpotent
supplement in G, is SS-normal in G, and
(2) every SS-embedded subgroup in G contained in P contains Opy(Q).

Theorem 3.3. Let p be a prime divisor of |G| and P be a Sylow p-
subgroup of a solvable group G. If the following conditions hold, then
G is p-nilpotent:
(1) Ng(P) is p-nilpotent,
(2) every mazimal subgroup of P, which does not have a p-nilpotent
supplement in G, is SS-normal in G, and
(3) every SS-embedded subgroup in G is contained in P contains

0,(G).

Proof. 1f p = minm(G), then G is p-nilpotent by Corollary (3.2). Hence
we only need to consider the case which p is not the minimal prime
divisor of |G| (so it is an odd prime). Assume that the result is false
and let G be a counterexample of minimal order. Then we break the
proof into a several steps:
Step(1) Every maximal subgroup of P is SS-normal in G.
See the proof of Step 1 in Theorem (3.1).
Step(2) Oy (G) =1 and O,(G) = 1.
Suppose that O, (G) # 1. Clearly, P = PO, (G)/O,(G) is a
Sylow p-subgroup of G = G/O,(G) and
Ng(P) = Na(P)Oy(G)/0p(G)
is p-nilpotent. Let M = M/O,(G) be a maximal subgroup of
P. Then M = P,0,(G) for some maximal subgroup P; of P.
We have M is SS-normal in G by Step 1 and Lemma (2.3)(3).
This shows that G satisfies the hypothesis of the theorem. Thus
G/Oy(G) is p-nilpotent by induction, so G is p-nilpotent. This
contradiction shows that O, (G) =1 and O,(G) = 1.
Step(3) If L is a proper subgroup of G containing P, then L is p-
nilpotent.
We know Np(P) < Ng(P) is p-nilpotent. Also, L satisfies the
hypothesis of the theorem by Step 1 and Lemma (2.3)(1). The
minimality of G implies that L is p-nilpotent.
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Step(4)

Step(5)

Step(6)

Step(7)
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G = PQ, where @ is a Sylow g-subgroup of G with p # q.

By Theorem (2.9), there exists a Sylow g-subgroup @ of G such
that PQ) < (G, where ¢ is a prime divisor of G and p # ¢q. If
PQ < G, then PQ is p-nilpotent by Step 3. This implies that
Q < Cs(0,(G)) < 0,(G) by Theorem (2.8). This contradiction
shows that G = PQ.

G has an unique minimal normal subgroup N such that G =
NM and NN M = 1, where M is a maximal subgroup of G.
Moreover, N = O,(G) = F(G) = Cg(N).

Let N be a minimal normal subgroup of G. Then N is an
elementary abelian p-group and N < O,(G). Clearly, G/N
satisfies the hypothesis of the theorem. The minimality of G
implies that G/N is p-nilpotent.

Since the class of all p-nilpotent groups is a saturated formation,
N is an unique minimal normal subgroup of G and N ¢ ®(G).
Thus G holds in Step 5.

[N| = p.

It is easy to see that, P = NM,, where M, is a Sylow p-
subgroup of M. Let P; be a maximal subgroup of P containing
M,,.

If P, # 1, then there exists T < G such that G = P/T and
PNT < (Py)gs. Since (Py)gs is an SS-embedded subgroup of
G, there exists N’ < G such that (P)ssN' < <4G and (Py)gs N
N < ((P1)ss)sa- Now, we should consider two following cases:
Case i) If N' =1, then (P1)gs <<4G. Since (Py)ss < O,(G), it
follows that P = P, a contradiction.

Case i) If N # 1, then O,(G) < N'. Since
Op(G) = Op(G) NN < ((Pr)ss)sc < Op(@),

it follows that O,(G) = ((P1)ss)se- Hence PLNO,(G) = O,(G)
so O,(G) is subgroup of P;. We have

P - Op<G>Mp S PlMp == Pl.

It is a contradiction.

Now, if P, =1, then |N| = |P| = p.

The finial contradiction.

We have M = G/N = Ng(N)/Cq(N) is isomorphic to a sub-
group of Aut(N). We know Aut(N) is a cyclic group of order
p — 1. Hence M and @ are cyclic groups. It follows from The-
orem (2.5) that G is a g¢-nilpotent. Thus P < G so by the
hypothesis of the theorem G = Ng(P) is p-nilpotent. This final
contradiction completes the proof of the theorem.



SS-NORMAL SUBGROUPS 147
|

Let G be a group and |G| = pi'ps*...p%e, where py,pa, ..., ps are dif-
ferent primes. Recall that G is said to be a Sylow tower group if there
exists a normal series 1 = Gy < G; < ... < G4 = G of G such that
|G : Gi—q| = pj for 1 <i < s. In addition, if p; > py > ... > p;, then
G is called a Sylow tower group of supersoluble type.

Theorem 3.4. Let G a solvable group. If every non-cyclic Sylow p-
subgroup P of G satisfies the following conditions, then G is a Sylow
tower group of supersoluble type:

(1) Ng(P) is p-nilpotent,

(2) every mazimal subgroup of P is SS-normal in G, and

(3) every SS-embedded subgroup of G is contained in P contains
OP(G);

Proof. Let p; be the minimal prime divisor of |G| and P, € Syl,, (G).
First, we prove that G is pi-nilpotent. If P; is cyclic, then G is p;-
nilpotent by Theorem (2.7). If P; is not cyclic, then G is p;-nilpotent
by hypothesis of the theorem and Corollary (3.2).

Now, we let K be the normal p;-complement of G. We have Nk (Q) <
Ng(Q) is g-nilpotent for every non-cyclic Sylow g-subgroup @ of K.
Every maximal subgroup of @) is SS-normal in K. By induction, we
can deduce that K is a Sylow tower group of supersoluable type. It
follows that GG is a Sylow tower group of supersoluable type. O
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