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ON THE CHARACTERISTIC DEGREE OF FINITE
GROUPS

Z. SEPEHRIZADEH AND M. R. RISMANCHIAN*

ABSTRACT. In this article, we introduce and study the concept of
characteristic degree of a subgroup in a finite group. We define
the characteristic degree of a subgroup H in a finite group G as
the ratio of the number of all pairs (h,a) € H x Aut(G) such
that h* € H, by the order of H x Aut(G), where Aut(G) is the
automorphisms group of G. This quantity measures the probability
that H can be characteristic in G. We determine the upper and
lower bounds for this probability. We also obtain a special lower
bound, when H is a cyclic p-subgroup of G.

1. INTRODUCTION

In 1968, Erdos and Turan investigated some statistical aspects in
group theory. Then, in 1975, Gustafson continued the subject of com-
mutativity degree. The commutativity degree of afinite group G is
defined as follows:

A(G) = @r{m) € G x G|y =yall,

which is the probability that two randomly chosen elements of G com-
mute, see also [2, 3]. In 1975, Sherman [9] introduced the probability
of an automorphism of G fixes an arbitrary element of G, which is a
generalization of commutativity degree.

In [5] Moghaddam et al. extended this concept to n-nilpotency de-
gree. Also in [1], they studied the probability of an automorphism of
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G fixing an element of a subgroup H of G. The authors in [8] studied
another generalization in this area. Starting with autocommutativity
degree, the concept of relative autocommutativity degree is defined as
following:
{(h,a) € H x Aut(G) | [h, o] = 1}|

[ H|[Aut(G)] ’
where [h, o] = h™'h® is the autocommutator element of G. If one puts
H = G, then d,(G) = dawt (G, G) is the autocommutivity degree of G,
see [0]. We intend to extend these concepts from autocommutativity
degree to the characteristic degree.

Now, we introduce characteristic degree of a subgroup H in a finite
group G, as follows:

daut (H7 G) =

{(h,a) € H x Aut(G) | h* € H}|

| H[Aut(G)| '
In fact, this formula estimates how much the subgroup H is close of
being characteristic in G. If we replace Aut(G) by G, and « by g,

then the formula of the normality degree will be obtained, which was
introduced by Saeedi et al. [7].

dc(Hv G) =

It is clear that d.(H,G) = 1 if and only if H is a characteristic
subgroup of G. The autocommutivity degree duw(G) = daut(G,G),
the relative autocommutivity degree d,.(H,G) and the characteristic
degree may be compared by the following inequalities:

daut(G) S daut(H7 G) S dc(H7 G)

The first inequality can be derived from Theorem 2.3 of [6] and the
last inequality is trivial. The rest of article is organized as follows. In
Section 2, we will provide some useful results that will be used in the
proof of our main theorems. In Section 3, we derive some properties and
results involving general lower and upper bounds for the characteristic
degrees. We also obtain a lower bound for d.(H, G), when H is a cyclic
p-subgroup of G.

2. PRELIMINARY AND TECHNICAL LEMMAS

In this section, we introduce some new definitions and provide some
technical lemmas which are needed in proving our main theorems.

Definition 2.1. Let H be a subgroup of a finite group G. For a fixed
element h € H, we define

Chrg(h) :={a € Aut(G) | h* € H },
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also for a fixed element o € Aut(G), we define
Chry(a):={he H|h* € H }.
It is obvious that, Chry(«) is a subgroup of H, for all a € Aut(G).

Definition 2.2. Let G be a group and H be a subgroup of G. Then
the characterizer of H in G is defined as

Chrg(H) :={a € Aut(G) | H* C H }.
It is clear that
Chrg(H) = () Chra(h).
heH

The following preliminary lemma is an immediate result.

Lemma 2.3. Let G be a finite group and H be a subgroup of G. Then
Chrg(H) is a subgroup of Aut(G).

Now, we need the following technical lemma, which is similar to the
one in [7, Lemma 2.2].

Lemma 2.4. Let H be a subgroup of a finite group G. Then

1 1

d.(H,G) = THAWG)| > " |Chra(h)| = THAW(G)] > [Chru(a).
heH acAut(Q)

Proof. By definition, it follows that
{(h,a) € H x Aut(G) | h* € H}
|H|[Aut(G))|
2 oner {or € Aut(G) | h* € H}|
| H[[Aut(G))|

d.(H,G) =

1
= MA@ & e

€H

The proof of the second equality is similar to the first one. Il

Lemma 2.5. (J. H Christopher and L. R. Darren [1]) Let G1 and G
be two groups such that (|G|, |Gz|) = 1. Then,

Aut(G1 X Gg) ~ Aut(Gl) X Aut(G2>

The following remark is used in the proof of next section, see [1] for
more details.
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Remark 2.6. Let G = Gy x Go, H = Hy x Hy, and h; € H;, i=1,2.
One can easily see that any automorphism « of Aut(G;), (1 = 1,2)
may be extended to an automorphism af of Aut(G), in such a way
that for example (ngQ)oﬁ = g{go, for all g1,92 € G. We denote all
such extended automorphisms in Aut(G) by Aut(G¢), which are one-
to-one corresponding with the ones in Aut(G;). So, it becomes clear
that |Aut(GS)| = [Aut(G;)|, for i = 1,2, Aut(GS) N Aut(G5) = (idg)
and Aut(G{)Aut(G5)Chrg(hihs) € Aut(G). Put

_|Aut(G)Aut(G5)||Chrg(hihs)|
|Aut(GS)Aut(G5) N Chre (hihs)|’

hence

|Aut(GY)[|Aut(G5)||Chrg (hihs)|
[Aut(G%) N Chre (i) [[Aut(G5) N Chrg (hihs))|
[Aut(G)||Aut(G5)[|Chre(hihy)|
|Chrg, (h1)[|Chrg, (he)]
< |Aut(G)],

|Chrg(huhs)| _ |Chrg, (h)][Chrg, (he)|

which implies that <
|Aut(G))| [Aut(G9)[[Aut(G3)]

3. MAIN RESULTS

Assume H is a subgroup of a finite group G. Computing d.(H, G), we
must concentrate properties of H or (G, as the characteristic subgroup
of H in G depends on both structures of H and G. Note that, in most
of probabilistic articles a similar version of our following result have
been proved, see for instance [1, 7].

Theorem 3.1. Let Hy and Hs be subgroups of groups Gi and G,
respectively. Then

dc(Hl X HQ,Gl X GQ) S dc(Hl,Gl) X dC(HQ,G2>.

In particular, the equality holds if (|G1|, |G2|) = 1.
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P’I"OOf. Put G = Gl X GQ, H = H1 X HQ and hz € Hi, = 1,2 Then,
from Lemma 2.4 and the Remark 2.6, it follows that

. |ChI‘G}1
4:(H,C) = |H|Z Aw(C)

1 |Chrg(h1,h2)|
2 TAw@

|H1HH2 e |AUE(G)]
|Chrg, (h1)] |Chreg, (ha)|
<
B ‘HlH 2\ hZE;I h;{ |Aut(G1)]  |Aut(Go)|
- |ChI‘G1 h1 1 ’Chl"g2 hg
B ‘Hl Z ‘Allt G1 ’HQ h;—l ’Allt GQ

- dc(Hl, Gl)dC(HQ, GQ)

Now, using the assumption (|G|, |G2|) = 1 and Lemma 2.5, the equal-
ity is obtained. O

The following theorems provide the general upper and lower bounds
for the characteristic degree of H in G, see also [7, Theorem 2.5].

Theorem 3.2. Let H be subgroup of a finite group G and p be the
smallest prime dividing |H|. Then

1 1 1
de(H,G) < ~+ <1 - ‘) [Aut(G) : Chrg(H)]'
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Proof. By Lemma 2.4, we have

de(H,G) = m Y [Chry(a)l

acAut(G)

— m( Z |Chry (a)| + Z Cth(a))

a€Chrg(H) ag¢Chrg(H)

W;(G”QCMG(H)HM + Y

a¢Chrg(H)

= |éht |(|ChrG ' |Aut( )\—|Chrg(H)|))
r ut
ey O+ (@mim‘Q)
'(O—%)+2%$2£h)

1 1 1
- 5* (1 B 5) [Aut(G) : Chrg(H)]

1H]
p

IN

|Aut(G)
|Chr(;(H
)

)
|
)
|Aut(G)|

Theorem 3.3. Let H be subgroup of a finite group G. Then

1 1 1
0H,6) > i+ G gt (0 )
Proof. Suppose that A = {(1, ) | o € Aut(G)} and
B={(h,a)| he Hyaec Chrg(H),h # 1}.
Then, it is clear that
{(h,a) € H x Aut(G) | h* € H}|
| H||Aut(G))|
Al + |B]
~ [HI[|Aut(G)
|Aut(G)| + [Chrg (H)[(|H| — 1)
[ H|[|Aut(G)]
1 1 |Chrg(H)|
TH] T TAu(G) - Clua(d)]  [HIAW(G)]

dc(Ha G) =

1 1 1
= —=+ 1——,
|H| * [Aut(G) : Chrg(H)) ( !HI)
and the proof is complete. O
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The following corollary classifies the characteristic degree in two cases.

Corollary 3.4. Let H be a non-characteristic subgroup of a finite group

G. Then the following statements hold:
(i) If Chrg(H) is a normal subgroup of Aut(G), then d.(H,G) <
2+p

2p
(ii) If Chrg(H) is a non-normal subgroup of Aut(G), thend.(H,G) <

2 2
Zrp < 3 where p is the smallest prime divisor of |H]|.

3p
Proof. (i) Since H is a non-characteristic subgroup of G, then we
get that Chrg(H) is purely contained in Aut(G), and hence
[Aut(G) : Chrg(H)] > 2. By Theorem 3.2, we get

~—

1 1 1
dC<H7 G) < ]_9+ (1 o ]_)) [Aut(G) : ChrG(H)]
_ 1+<1_1)1
= 5 p) 2
2+

s

[}
’@ ‘

(ii) Since Chrg(H) is a non-normal subgroup of Aut(G), then we
have [Aut(G) : Chrg(H)| # 2, which implies that [Aut(G) :
Chrg(H)] > 3. Therefore, by Theorem 3.2, we have

1 1IN1 2+p
d.(H,G) < 1—=)=-=="£
( ) +< p>3 3p

Example 3.5. Consider any non-characteristic subgroup H of Ss,
H == ((12)) = ((13)) = (2 3)).
It is easy to see that |Aut(Ss)| = 6. If we put
A={(1,a) € H x Aut(S3) | a(1) = 1}
and
B ={(h,a) € H x Aut(Ss3) | a(h) € H},
then we have
Al + | B
| H[[Aut(S3)]
6+2 2

12 3

dC(H7 S3) =
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One can see that the above example attained the bound in Corollary
3.4 (ii), and so it is the best possible upper bound.

From now on, we assume that H is cyclic. A simple verification
shows that among all cyclic groups, cyclic p-groups have the following
property. In fact, if we take the additional property that H is a p-group
of order p™ and let H; = H?', for i = 0,..., m, then

H=Hy>oH >---DH,=H" =1

is the chain of all subgroups of H. Now, if C; = Chrg(H;), then we
can see that

Chrg(H) = OO Q Cl Q cee Q Cm = Aut(G),

and consequently d.(H, G) can be computed if the order of C; is given.
Suppose that H is a non-characteristic subgroup of G and 0 = 7y <
i1 < -+ <1 < m, such that

Ci():"': i1—1CCi1:"':Cig—lC"'CCik:"':Cma

where C' = C;, and C,, = Aut(G). Utilizing the above notations, we
have the following result which gives a lower bound and generalizes |7,
Theorem 4.2].

Theorem 3.6. Let H be a cyclic p-subgroup of order p™ of a finite
group G. Then

1 Uy | 1 1
d.(H,G) > —_ — — I+ —, (3.1
( ) [Aut(G) : Chr(;(H)] <pzj ij+1> q pzk ( )

=0

where q is the smallest prime divisor of |Aut(G)|.
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Proof. By definition, we have
{(h,a) € Hx Aut(G) | h* € H}|
|H||Aut(G)]

k
1
= THAWG)] (IHiO\ICiOI +Y |H |G, \Cij_1|)
j=1

k
1 .
=1

k—1
1 —ij m—iji1 m—ig
~ [H[[Aw(G)] (ZW P pICyl +p !%))

=0

) Ly 1 1
— Aut(G) (JX: (E - pij+1) [C; C]) + i

=0

dC(Ha G) =

Let ¢ be the smallest prime divisor of |G|. Then ,[C;, : Cj_\] > gq,
which implies that [C;, : C] > ¢/, for j = 1,... k. So, we have

1 k-1 1 1 j 1
dc(H,G) > W (Z (E o pij+1)> q +piK.

Jj=0

U

Clearly, the equality in relation (3.1) holds if £k = 1, then [C}, : C] =
1. In this case, we have

1 1 1
d.(H,G) = 1—— ) +—,
1.9 = ey e ()
where C = Cy = -+ = Cyy1 C Cyy = -+ = Cp, = Aut(G). Also,

the lower bound in (3.1) takes the minimum and maximum values if
k =1 and i, = m, 1, respectively, which satisfies Theorems 3.2 and 3.3.
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