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ON GRADED INJECTIVE DIMENSION
A. MAHMOODI* AND A. ESMAEELNEZHAD

ABSTRACT. There are remarkable relations between the graded
homological dimensions and the ordinary homological dimensions.
In this paper, we study the injective dimension of a complex of
graded modules and derive its some properties. In particular, we
define the *dualizing complex for a graded ring and investigate its
consequences.

1. INTRODUCTION

Let R be a Noetherian Z-graded ring. In [5] and [6], Fossum and
Fossum-Foxby have studied the graded homological dimension of graded
modules and compare them with classical homological dimensions. They
showed that for a graded R-module M, one has

“idg M <idg M < *idg M + 1,

where idg M (resp., *idg M) denotes the injective dimension of M in
the category of R-modules (resp., category of graded R-modules). It is
natural to ask how these inequalities hold for the injective dimension
of a complex of graded modules and homogeneous homomorphisms.
Section 2 of this paper is devoted to review some hyper-homological
algebra for the derived category of the graded ring R. In Section
3, we define the *injective dimension of complexes of graded mod-
ules and homogeneous homomorphisms, and derive its some properties.
Among other results, we prove the generalization of the dual version
of Auslander-Buchbaum equality, which implies the known inequality
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*idp X <idgp X < *idg X + 1 for a complex of graded modules and
homogeneous homomorphisms X. Throughout this paper, R is com-
mutative and all complexes are chain complexes, that is their indexes
increase to left. For more details on graded rings and modules, see [2]

and [0].

2. DERIVED CATEGORY OF COMPLEXES OF GRADED MODULES

Let X be a complex of R-modules and R-homomorphisms. The
supremum and the infimum of a complex X, denoted by sup(X) and
inf(X), are defined by the supremum and the infimum of the set {i €
Z|H;(X) # 0}. For an integer m, ¥™X denotes the complex X shifted
m degrees to the left; it is given by

(X"X)p = Xo_p and 0;"% = (=1)™0;"

for ¢ € Z.

The symbol D(R) denotes the derived category of R-complexes. The
full subcategories D(R), D5(R), Do(R) and Dy(R) of D(R) consist
of R-complexes X while H,(X) = 0, for respectively ¢ > 0, ¢ < 0,
|¢| > 0 and ¢ # 0. Homology isomorphisms are marked by the sign ~.
The right derived functor of the homomorphism functor of R-complexes
and the left derived functor of the tensor product of R-complexes are
denoted by R Hompg(—, —) and — ®% —, respectively.

Let M = @©,ezM,, and N = @,z N, be two graded R-modules.
The *Hom functor is defined by *Hompg(M, N) = @,, Hom;(M, N),
such that Hom;(M, N) is a Z-submodule of Hompg(M, N) consisting of
all ¢ : M — N such that ¢(M,) C N,y for all n € Z. In general,
*Hompg(M, N) # Homg(M, N), but equality holds if M is finitely gen-
erated, see [0, Lemma 4.2]. Also, the tensor product M ®g N of M and
N is a graded module with (M ®g N), is generated (as a Z-module)
by elements m ® n with m € M; and n € N; where ¢ +j = n.

Let {M,}aer be a family of graded R-modules. Then, @, M, be-
comes a graded R-module with (P, M,), = @, (M )n, for all n € Z,
see [0, Page 289]. Recall that the direct products exist in the category
of graded modules. Then the direct product is denoted by * [, M,
and (*[[, Ma)n = [],(Ma), for all n € Z, see [6, Page 289]. In this
case, there are the following bijections [0, Page 289]

* HomR(@ M,,—) = H* Hompg(M,, —),

o

*Homp(—,* H M,) S H* Hompg(—, M,).
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Likewise, direct limits exist in the category of graded modules with
(" lim M), = lim(M,),,

for all n € Z, see [0, Page 289].

The symbol *C(R) denotes the category of complexes of graded R-
modules and homogeneous differentials. Remember that the category
of graded modules is an abelian category. The derived category of
*C(R) will be denoted by *D(R), (see [10]). Analogously we have
“C(R), *C(R), *Ca(R) and “Co(R) (resp. “D(R), *D~(R), “Da(R)
and *Dy(R)) which are the full subcategories of *C(R) (resp. *D(R)).

For R-complexes X and Y of graded modules, with homogeneous
differentials 9% and 0¥ the homomorphism complex * Homz(X,Y) is
defined as:

*Homp(X,Y), =" H Homp(X,, Y1)
PEZL

and when ¢ = (¢,),ez belongs to *Hompg(X,Y),, then the family
9, Homa(XY) (1)) in * Homp(X, Y ), has p-th component

0, " N W)y = Oty = (—1) a8y
When X € *CL(R) and Y € *C-(R) all the products
“ [ Homa(X,, Vi)

PEZL
are finite. Note that for each p € Z, X, is finitely generated R-module,
thus * Hompg(X,, Y,4+¢) = Homg(X,, Y,+¢), see [0, Lemma 4.2]. There-
fore
I Homa(X,, Y,i0) = [ Homa(X,, Yyso),
pEZ pEZ
for every ¢ € Z. Therefore * Homg(X,Y) = Homg(X,Y).
Also the tensor product compler X ®p Y is defined as:

(X QR Y)é - @(Xp ®R Yﬁfp)

PEZL

and the /-th differential 85X “rY ig given on a generator Tp @ Yp—p In
(X ®grY),, where z,, and y,_, are homogeneous elements, by

a;(@mY (Tp ® yr—p) = (9;( (2p) @ Yo—p + (—1)'z, ® a{—p(yf—p)
If X and Y are R-complexes of graded modules, then * Hompg(X, —),
*Hompg(—,Y), and X ®p — are graded functors on *C(R).
Note that any object of *C-(R) has an *injective resolution by [10,

Page 47], and any object of *C—(R) has an *projective resolution by
[10, Page 48]. The right derived functor of the * Hom functor in the
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category of graded complexes is denoted by R*Hompg(—, —) and set
*Extly(—, —) = H_y(R*Homg(—,—)). It is easily seen that if R is
a Noetherian Z-graded ring and X € *CL(R) and Y € *C-(R) then
R*Homg(X,Y) = RHompg(X,Y). Also the left derived functor of
— ®p — in the category of graded complexes is denoted by — ®% —.
Since *projective graded R-modules coincide with projective R-modules
by [0, Proposition 3.1] we easily see that — ®% — coincides with the
ordinary left derived functor of — ® g — in the category of complexes.
So we use — ®} — instead of — @% —.

We recall the definition of the depth and width of complexes. Let a
be an ideal in a ring R and X a complex of graded R-modules. The
a-depth and a-width of X over R are defined respectively by

depth(a, X) := — sup RHompg(R/a, X),
width(a, X) :=inf(R/a @% X).

For a local ring (R, m) set depthp X := depth(m,X); widthp X :=
width(m, X). Let (R, m) be a *local graded ring and X be a complex
of graded R-modules. By [2, Proposition 1.5.15(¢c)], — ®g Ry is a
faithfully exact functor on the category of graded R-modules. Then we
have

width(m, X) =inf{i|H;(R/m ®% X) # 0}
=inf{i|H;(R/m @} X) ®g R # 0}
= inf{i|H;(Rn/mRm @ Xu) # 0}
= width(mRy, Xm) = widthp, Xn.
Likewise we have depth(m, X') = depthp X,

3. *INJECTIVE DIMENSION

The injective dimension of a complex X, denoted by idz X, is defined
and studied in [!]. A graded module J is called *injective if it is an
injective object in the category of graded modules. In other words, the
functor * Hompg(—, J) is exact in this category. A long exact sequence
of *injective modules is called *injective resolution. The injective di-
mension of a graded module M in the category of graded modules, is
denoted by *idg M (cf. [0, 2]). In this section we study the *injective
dimension of homologically left bounded complexes of graded modules.

Let n € Z. A homologically left bounded complex of graded modules
X, is said to have *injective dimension at most n, denoted by *idg X <
n, if there exists an *injective resolution X — I, such that I, = 0 for
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i< —n. If *idp X < n holds, but *idg X < n — 1 does not, we write
*Idp X =n. If *idg X < n for all n € Z we write *idg X = —o0. If
*idr X < nfor non € Z we write *idg X = co. The following theorem
inspired by [I, Theorem 2.4.I and Corollary 2.5.1].

Theorem 3.1. For X € *D(R) and n € Z the following are equiva-
lent:
(1) *idg X <n.
(2) n > —supU — inf(R*Homg(U, X)) for all U € *Dg(R) and
H(U) # 0.
(3) n > —inf X and *Ext%™ (R/J, X) = 0 for every homogeneous
ideal J of R.
(4) n > —inf X and for any (resp. some) *injective resolution I of
X, the graded R-module Ker(0_,, : I_,, — I_,_1) is *injective.
Moreover the following holds:

“idg X =sup{j € Z|* Ext}(R/J, X) # 0 for some homogeneous ideal J}
=sup{—sup(U) — inf(R*Homg(U, X))|U 2 0 in *Da(R)}.

Proof. (1) = (2) Let t := sup U and I be an *injective resolution of X,
such that, for all ¢ < —n, I; = 0. Then we have

*Ext’ (U, X) =2 H_;(*Hompg(U, I)).

Since * Hompg(U, I)_; = 0 for —i < —n — t, the assertion follows.

(2) = (3) Tt is trivial that *Ext};™(R/J, X) = 0 for every homoge-
neous ideal J of R. For the second assertion let U = R in (2). So that
Exth(R, X) =*Exth(R, X) = 0 for i > n. Now by [I, Lemma 1.9(b)],
we have H_;(X) = 0 for —i < —n. This means that n > —inf X

(3) = (4) By hypothesis of (4) H;(I) = 0 for i < —n. Thus the
complex

"—)0—>O—>I_n—>I_n_1—)"‘H[i—)[i_1H"'
gives an *injective resolution of Ker 0_,. In particular
*Extp(R/J,Kerd_,) = H_,_{ Homg(R/J,I) =" Ext;"' (R/J, X) = 0

for every homogeneous ideal J of R. Thus Kerd_,, is *injective by [0,
Corollary 4.3].
(4) = (1) Let I be any *injective resolution of X. By assumption,
the module Ker d_,, is *injective. Thus*idg X < —n by definition.
The last equalities are easy consequences of (1),...,(4). O

For a local ring (R, m,k) and for an R-complex X and i € Z the
ith Bass number and Betti number of X are defined respectively by
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pin(X) = dim, H ;(R Homp(k, X)) and BF(X) := dimg H;(k @% X).
It is well-known that for X € D(R) one has (cf. [, Proposition 5.3.1])

idg X = sup{m € Z|3p € Spec(R); uf, (X;) # 0}.
As a graded analogue we have:
Proposition 3.2. For X € *D-(R) we have the following equality
"idgr X = sup{m € Z|3p €" Spec(R); u (X;) # 0}

Proof. The argument is the same as proof of [1, Proposition 5.3.1] with
some changes. Denote the supremum by ¢. By Theorem 3.1, we have
*idg X > i. Hence the equality holds if i = co. Thus assume that i is
finite. By Theorem 3.1 we have to show that if * Ext), (M, X) # 0 for
some finitely generated graded R-module M, then j < ¢; this implies
that *idg X < 4. The elements of Ass(M) are homogeneous prime
ideals. Thus there exists a filtration 0 = My C M; C --- C M; =M
of graded submodules of M such that for each i we have M;/M;_; =
R/p; with p; € Supp M and p; is homogeneous. From the long exact
sequence of * Extfq(—, X) # 0 the set

q €opec there is an h > j such that ™ Ext q, ,
Spec(R)| there is an h h that * Ext’(R/q, X) #0

turns to be non empty. Let p be maximal in this set and for a homo-
geneous x € R\p consider the exact sequence

0— R/p > R/p— R/(p+ Rx) — 0.
It induces an exact sequence
“Extp(R/(p+ Rr), X) —" Extp(R/p, X) =" Extp(R/p, X)

— " Exti™ (R/(p + Rz), X)
in which the left-hand term is trivial because of the maximality of
p. Thus *Ext’(R/p, X) = *Ext%(R/p, X) is injective for all homo-
geneous elements x € R\p, hence so is the homogeneous localization
homomorphism * Ext}(R/p, X) — *Ext’%(R/p, X) ). Thus the free
Ry /pRp-module * Ext},(R/p, X)) is nonzero. Consequently

¢ Exty(R/p, X)))oRgy) = EXt’zl:zp (Rp/p Ry, X)
is nonzero. This implies that 7 < h <. O

Remark 3.3. (1) A graded module is called *projective if it is a projec-
tive object in the category of graded modules. By [0, Proposition 3.1]
the *projective graded R-modules coincide with projective R-modules.
The projective dimension of a graded module M in the category of
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graded modules, is denoted by *pdp M (cf. [6]). Let n € Z. A homo-
logically right bounded complex of graded modules X, is said to have
*projective dimension at most n, denoted by *pdy X < n, if there ex-
ists a *projective resolution P — X, such that P, = 0 for ¢« > n. If
*pdr X < nholds, but *pdp X < n—1 does not, we write * pdp X = n.
If *pdp X < nfor all n € Z we write *pdp X = —oo. If "pdp X <n
for no n € Z we write *pdz X = oo.

(2) For X € *D+(R) by the same method as in [I, Theorem 2.4.P
and Corollary 2.5.P] we have

“pdgp X =sup{j € Z|" Ext}(X, N) # 0 for some graded R-module N}
=sup{inf(U) — inf(R* Hompg (X, U))|U 2 0 in "Dg(R)}.

(3) It is easy to see that for X € *D~(R), we have*pdp X < pdp X.
(4) The notions of *flat module and *flat dimension are obtained
by replacing ‘projective’ by ‘flat” in (1). By [0, Proposition 3.2 the
*flat graded R-modules coincide with flat R-modules. Therefore for a

homologically right bounded complex of graded modules X, we have
“fdp X < *pdy X.

The proof of the following proposition is easy so we omit it (see
[2, Theorem 1.5.9]). Let J be an ideal of the graded ring R. Then
the graded ideal J* denotes the ideal generated by all homogeneous
elements of J. It is well-known that if p is a prime ideal of R, then p*
is a homogeneous prime ideal of R by [2, Lemma 1.5.6].

Proposition 3.4. Let X € *Dg(R) and p is a non-homogeneous prime
ideal in R. Then ,ugl(Xp) = ,LLZRP*(Xp*) and 577 (X,) = ﬁiR"*(Xp*) for
any integer v > 0.

Corollary 3.5. Let X € *Dg(R) and p be a non-homogeneous prime
tdeal in R. Then
depth X, = depth X« + 1.

Proof. Using Proposition 3.4, we can assume that both depth X, and
depth X,- are finite. So the equality follows from the fact that over a
local ring (R, m, k) we have depthp X = inf{i € Z|u%(X) # 0}. O

Foxby defined the small support of a homologically right bounded
complex X over a Noetherian ring R, denoted by supppX, as the set
of prime ideal of R such that R, /pR) ®% X is non-trivial complex
(See [7]). It is well known that;

suppp X = {p € Spec R|Im € Z : B (X,) # 0}.

Let *suppp X be a subset of suppy X consisting of homogeneous prime
ideals of suppy X. Then from Proposition 3.4 we see that p € suppp X
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if and only if p* € *suppp X. Also using [12, Lemma 2.3] for p €
suppg X we have depth X}, < oo if and only if widthg, X, < co. There-
fore by corollary 3.5 we get;

widthpg, X, < 00 < widthg , X, < 00,
Proposition 3.6. Let X € *Dg(R) and p is a non-homogeneous prime
ideal in R. Then
widthp, X, = Widtth* Xpr.
Proof. We can assume that both width X, and width X,- are finite

numbers, and the argument would be dual to the proof of [2, Theorem
1.5.9]. O

The ungraded version of the following theorem was proved for mod-
ules by Chouinard [3, Corollary 3.1], and extended to complexes by
Yassemi [12, Theorem 2.10].

Theorem 3.7. Let X € *Dp(R). If *idg X < oo, then
*idg X = sup{depth R, — width X,|p € *Spec(R)}.
Proof. We have the following computations
"idgp X =sup{m € Z|3p € *Spec(R) : pg, (X,) # 0}

=sup{m € Z|3p € *Spec(R) : H,,(RHompg, (r(p), X,)) # 0}
=sup{— inf RHomgp, (x(p), X,)|p € *Spec(R)}

=sup{depth R, — widthp, X,|p € *Spec(R)}.

The first equality holds by Proposition 3.2, and the last one holds by
[12, Lemma 2.6(a)], since idg X < oo by Propositions 3.2 and 3.4. [

The following corollary was already known for graded modules in [0,
Corollary 4.12].
Corollary 3.8. For every X € *Dg(R), we have
idp X <idp X < "idg X + 1.
Proof. First of all note that by Proposition 3.4, idg X < oo if and
only if *idg X < oo. The first inequality is clear by Theorem 3.7 and
[12, Theorem 2.10]. For the second one let p € Spec R be such that

idg X = depth R, — widthg, M, by [12, Theorem 2.10]. By Corollary
3.5 and Proposition 3.6 we have

depth Ry, — widthg, M, < depth Ry —widthg . Mp- +1 < "idp X +1,
where the second inequality holds by Theorem 3.7. U
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Here we define the *dualizing complex for a graded ring and prove
some related results.

Definition 3.9. A *dualizing complex D for a graded ring R is a homo-
logically finite and bounded complex of graded R-modules, such that
*idgr D < oo and the homothety morphism ¢ : R — R*Homg(D, D)
is invertible in *D(R).

Corollary 3.10. Any *dualizing complex for R is a dualizing complex

for R.

The proof of the following lemma is the same as [10, Chapter V,
Proposition 3.4].

Lemma 3.11. Let (R, m, k) be a *local ring and D is a * dualizing com-
plex of R. Then there exists an integert such that H' (R *Hompg(k, D))=
0 fori#t and H'(R*Homg(k, D)) = k.

Assume that (R, m) is a *local ring. A *dualizing complex D is said
to be normalized * dualizing complex if t = 0 in the lemma. It is easy
to see that a suitable shift of any *dualizing complex is a normalized
one. Also using [10, Chapter V, Proposition 3.4] we see that if D is
a normalized *dualizing complex for (R, m), then Dy, is a normalized
dualizing complex for R,.

Lemma 3.12. Let (R,m, k) be a *local ring and that D is a normal-
1zed *dualizing complex for R. Then there exists a natural functorial
isomorphism from the category of graded modules of finite length to
itself

¢ : H'(R*Hompg(—, D)) — *Hompg(—," Er(k)),
where*Er(k) is the *injective envelope of k over R.

Proof. Since D is a normalized *dualizing complex for R, the func-
tor T := H°(R*Homp(—, D)) is an additive contravariant exact func-
tor from the category of graded modules of finite length to itself.
Let M be a graded R-module and m € M is a homogeneous ele-
ment of degree a. Then €, : R(—a) — M is a homogeneous mor-
phism which sends 1 into m. Thus we have a homogeneous morphism
(M) : T(M) — *Hompg(M,T(R)) which sends a homogeneous el-
ement © € T(M) to a morphism f, €* Hompg(M,T(R)) such that
fe(m) = T(€e,)(x) for every homogeneous element m € M. It is easy
to see that it is functorial on M. Thus there exists a natural functorial
morphism ¢ : ' —*Hompg(—, T (R)). Note that if M is a finite graded
R-module, using a finite presentation of M, there is an isomorphism

*lim* Homp (M, T(R/m")) — *Homp(M,*lim T(R/m"™)). Therefore
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by the same method of [9, Lemma 4.4 and Propositions 4.5], there is a
functorial isomorphism

¢ H(R* Hompg(—, D)) — *Hompg(—, “lim T'(R/m")),

from the category of graded modules of finite length to itself. Using
the technique of proof of [9, Proposition 4.7] in conjunction with [0,
Corollary 4.3], we see that *lim7'(R/m") is an *injective R-module.

Since D is a normalized *dualizing complex for R we have
*Homp(k, *lim T(R/m")) = H°(R* Homg(k, D)) = k.

Particularly we can embed k to *limT'(R/m"). In order to show that
*limT(R/m™) is an *essential extension of k, let @ be a graded sub-
module of *lim T(R/m") such that kN Q = 0. Then * Homp(k, Q) can
be embed in—>

*Hompg(k, * linT(R/m”)) = k.

Therefore * Hompg(k, Q) = 0. On the other hand for each n € N the
set V(m) includes Ass(T(R/m™)). Now by [l1, Proposition 2.1], the
fact that each prime ideal of Ass(*limT(R/m™)) is the annihilator of
a homogeneous element [2, Lemma 1.5.6], and the definition of *lim,
we have
Ass(” hmT (R/m"™)) U Ass(T(R/m")) C V(m).
neN

Consequently () has support in V(m), so that @ = 0. Therefore
“ImT(R/m") =*Eg(k). O

Let a be an ideal of R. The right derived local cohomology functor
with support in a is denoted by RI'4(—). Its right adjoint, LA%(—), is
the left derived local homology functor with support in a (see [3] for

detail).
Finally, we have the following proposition, its proof uses Lemma 3.12
and the argument is similar to [10, Chapter V, Proposition 6.1].

Proposition 3.13. Let (R, m, k) be a *local ring and that D be a nor-
malized *dualizing complex for R. Then RI'w(D) ~* Eg(k).
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