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BAER AND QUASI-BAER PROPERTIES OF SKEW
PBW EXTENSIONS

E. HASHEMTI*, KH. KHALILNEZHAD AND M. GHADIRI HERATI

ABSTRACT. A ring R with an automorphism ¢ and a o-derivation
0 is called d-quasi-Baer (resp., o-invariant quasi-Baer) if the right
annihilator of every d-ideal (resp., o-invariant ideal) of R is gener-
ated by an idempotent, as a right ideal. In this paper, we study
Baer and quasi-Baer properties of skew PBW extensions. More
exactly, let A = o(R) (z1,...,2,) be a skew PBW extension of
derivation type of a ring R. (i) It is shown that R is A-quasi-Baer
if and only if A is quasi-Baer. (ii) R is A-Baer if and only if A
is Baer, when R has IFP. Also, let A = o(R) (x1,...,2,) be a
quasi-commutative skew PBW extension of a ring R. (iii) If R is
a Y-quasi-Baer ring, then A is a quasi-Baer ring. (iv) If A is a
quasi-Baer ring, then R is a Y-invariant quasi-Baer ring. (v) If R
is a 3-Baer ring, then A is a Baer ring, when R has IFP. (vi) If A
is a Baer ring, then R is a Y-invariant Baer ring. Finally, we show
that if A = o(R) (x1,...,x,) is a bijective skew PBW extension of
a quasi-Baer ring R, then A is a quasi-Baer ring.

1. INTRODUCTION

Throughout this paper, R denotes an associative ring with unity.
Recall from Kaplansky [21] and Clark [1 1] that R is a Baer (resp., quasi-
Baer) ring if the right annihilator of every nonempty subset (resp.,
ideal) of R is generated, as a right ideal, by an idempotent. Baer rings
are introduced by Kaplansky (1965) to abstract various properties of
von Neumann algebras and complete x-regular rings. Clark uses the
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quasi-Baer concept to characterize when a finite-dimensional algebra
with unity over an algebraically closed field is isomorphic to a twisted
matrix units semigroup algebra. Another generalization of Baer rings
are the p.p.-rings. A ring B is called right (resp., left) p.p. if the
right (resp., left) annihilator of each element of B is generated by an
idempotent (or equivalently, rings in which each principal right (resp.,
left) ideal is projective). In [3], Birkenmeier et al. defined a ring to
be called a right (resp., left) principally quasi-Baer (or simply right
(resp., left) p.q.-Baer) ring if the right annihilator of each principal
right (resp., left) ideal of R is generated by an idempotent.

Pollingher and Zaks [28], showed that the class of quasi-Baer rings
is closed under n x n matrix rings and under n x n upper (or lower)
triangular matrix rings. It follows from this results that quasi-Baer
condition is a Morita invariant property. Further works on quasi-Baer
rings appeared in [0, 7, 8, 9, 10, 11, 13, 14, 15, 26, 27, 28].

There is considerable interest in studying if and how certain prop-
erties of rings are preserved under various ring-theoretic extensions.
Armendariz [1] seems to be the first to consider the behavior of a poly-
nomial rings over a Baer ring by obtaining the following result (recall
that a ring R is called reduced if it has no nonzero nilpotent elements):
For a reduced ring R, R[z| is a Baer ring if and only if R is a Baer ring
[1, Theorem B]. Armendariz provided an example to show that the re-
duced condition was not superfluous. Note that in a reduced ring R, R
is Baer if and only if R is quasi-Baer. A generalization of Armendariz’s
result for several types of polynomial extensions over Baer and quasi-
Baer rings, are obtained by various authors, [0, 7, 9, 13, 15, 16, 20].
In [9], Birkenmeier et al. showed that the quasi-Baer condition is pre-
served by many polynomial extensions. Also, Birkenmeier et al. [(]
showed that a ring R is right p.q.-Baer if and only if R[x] is right
p.q.-Baer.

Let o be an endomorphism and § be a o-derivation of a ring R (so
4 is an additive map satisfying 6(ab) = §(a)b + o(a)d(b)). The general
(left) Ore extension R[z;0,d] is the ring of polynomials over R in the
variable z, with coefficients written on the left of x and with termwise
addition, subject to the skew-multiplication rule zr = o(r)x + 6(r) for
r € R. If o is an injective endomorphism of R, then we say R|x;0, /]
is an Ore extension of injective type. If ¢ is an identity map on R or
d = 0, then we denote R[z;0,d] by R[z;d] and R[x; o], respectively.

According to Krempa [23], an endomorphism ¢ of a ring R is called
to be rigid if ac(a) = 0 implies a = 0 for a € R. A ring R is said
to be o-rigid if there exists a rigid endomorphism o of R. Note that
any rigid endomorphism of a ring is a monomorphism and o-rigid rings
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are reduced by Hong et al. [20]. Properties of o-rigid rings have been
studied in Krempa [23], Hirano [19] and Hong et al. [20]. In [20],
Hong et al. studied Ore extensions of quasi-Baer rings over o-rigid
rings. Further work on Ore extensions over Baer and quasi-Baer rings
appeared in [13, 14, 15,23, 26, 27].

Other ring-theoretic extensions of a ring R, which were defined by
Bell and Goodearl [1], are the Poincaré-Birkhoff-Witt (PBW for short)
extensions. The skew Poincaré-Birkhoff-Witt (skew PBW for short)
extensions, introduced by Gallego and Lezama [12] as a generalization
of PBW extensions, are more general than Ore extensions of injective
type. These extensions include several algebras which can not be ex-
pressed as Ore extensions (universal enveloping algebras of finite Lie
algebras, diffusion algebras, etc.) More exactly, it has been shown
that skew PBW extensions contain various well-known groups of al-
gebras such as some types of Auslander-Gorenstein rings, some skew
Calabi-Yau algebras, quantum polynomials, some quantum universal
enveloping algebras, etc. (see [12, 29]).

It is natural to ask if these properties (Baer, quasi-Baer, p.q.-Baer
and p.p.) can be extended from a ring R to the skew PBW extensions.
Reyes [31], studied the behavior of skew PBW extensions over a Baer,
quasi-Baer, p.p. and p.q.-Baer ring, where R is a rigid ring.

A ring R with an automorphism ¢ and a o-derivation ¢ is called
d-quasi-Baer (resp., o-invariant quasi-Baer) if the right annihilator of
every d-ideal (resp., o-invariant ideal) of R is generated by an idempo-
tent, as a right ideal.

In this paper, we further study the Baer and quasi-Baer properties
of skew PBW extensions. More exactly, let A = o(R) (z1,...,z,) be a
skew PBW extension of derivation type of a ring R. (i) It is shown that
R is A-quasi-Baer if and only if A is quasi-Baer. (ii) R is A-Baer if and
only if A is Baer, when R has IFP. Also, let A = o(R) (x1,...,2,) be
a quasi-commutative skew PBW extension of a ring R. (iii) If R is a
Y-quasi-Baer ring, then A is a quasi-Baer ring. (iv) If A is a quasi-Baer
ring, then R is a Y-invariant quasi-Baer ring. (v) If R is a ¥-Baer ring,
then A is a Baer ring, when R has IFP. (vi) If A is a Baer ring, then R is
a Y-invariant Baer ring. Finally, we show that if A = o(R) (x1,...,2y,)
is a bijective skew PBW extension of a quasi-Baer ring R, then A is a
quasi-Baer ring.

For a nonempty subset U of R, rg(U) and ¢x(U) denote respectively
the right and the left annihilator of U in R (if it is clear from the
context, the subscript will be omitted).
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2. DEFINITIONS AND BASIC PROPERTIES OF SKEwW PBW
EXTENSIONS

We start by recalling the definition of (skew) PBW extensions and
present some key properties of these rings.

Let R and A be rings. According to Bell and Goodearl [1], we say
that A is a Poincaré-Birkhoff-Witt extension (also called a PBW exten-
sion) of R, denoted by A := R{x1,...,x,), if the following conditions
hold:

(1) RC A

(2) There exist elements x1,...,2, € A such that A is a left free
R-module, with basis the basic elements Mon(A) = {z% =
otz o= (o, ..., ap) € NG

(3) mir —rx; € Rforeachr € Rand 1 <i <n.

(4) xjx; —xjz; € R+ Ry + -+ - + Ry, for any 1 < 4,5 <n.

Definition 2.1. [12, Definition 1] Let R and A be rings. We say that
Ais a skew PBW extension of R (also called a o-PBW extension) if
the following conditions hold:

(1) R C A;

(2) There exist elements z1,...,z, € A such that A is a left free
R-module, with basis the basic elements Mon(A) = {z* =
itz o= (o, ..., ap) € NG

(3) For each 1 <i <mnandany r € R\ {0}, there exists an element
¢ir € R\ {0} such that x;r —¢;,2; € R.

(4) For any elements 1 < 4, j < n there exists ¢;; € R\ {0} such
that z;z; — ¢; jxi0; € R+ Rxy + -+ - + Ra,,.

Under these conditions we will write A := o(R) (x1,...,z,).

It is clear that any PBW extension is a skew PBW extension. Ob-
serve that if ¢ is an injective endomorphism of the ring R and ¢ is a
o-derivation, then the skew polynomial ring R[x;0,d] is a trivial skew
PBW extension in only one variable, o(R) (z). Many important classes
of rings and algebras are skew PBW extensions, for example:

Example 2.2. Habitual polynomail rings, skew polynomial rings of
injective type, Ore extensions of bijective type, Weyl algebras, envelop-
ing algebras of finite dimensional Lie algebras (and its quantization),
quantum n-space, n'* quantized Weyl algebra, quantum polynomials,
diffusion algebras, Manin algebra of quantum matrices, are particular
examples of skew PBW extensions. A detailed list of examples of skew
PBW extensions is presented in [12, 24, 29, 30)].
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Now, we give some examples of skew PBW extensions which can not
be expressed as Ore extensions (a more complete list can be found in

[24, 29]).
Example 2.3.
(1) Let k be a commutative ring and g a finite dimensional Lie

algebra over k with basis {x1,...,z,}; the universal enveloping
algebra of g, denoted by U(g), is a PBW extension of k (see
[24]). In this case, z;r —rz; = 0 and z;x; — xjx; = [v;,75] €

g=k+kr,+ -+ kx,, foranyr € kand 1 <i,5 <n.

(2) Let k,g,{x1,...,2,} and U(g) be as in the previous example;
let R be a k-algebra containing k. The tensor product A =
R®,U(g) is a PBW extension of R, and it is a particular case
of a more general construction, the crossed product R *U(g) of
R by U(g), that is also a PBW extension of R (see [25]).

(3) The twisted or smash product differential operator ring k#,U(g),
where g is a finite-dimensional Lie algebra acting on k by deriva-
tions, and o is Lie 2-cocycle with values in k.

Proposition 2.4. [12, Proposition 3] Let A be a skew PBW extension
of R. For each 1 < i <n, there exists an injective endomorphism o; :
R — R and a o;-derivation 6; : R — R such that x;r = o;(r)z; + (1),
for each r € R.

According to the properties of ¥ = {o1,...,0,} and A = {01,...,0,}
as mentioned in the Proposition 2.4, we need to introduce some special
classes of skew PBW extensions.

Definition 2.5. Let A be a skew PBW extension of a ring R with a
set of endomorphisms ¥ and set of derivations A.

(1) If 0; = idg for every 1 < i < n, we say that A is a skew PBW
extension of derivation type.

(2) If 6; = 0 for every 1 < i < n, we say that A is a skew PBW
extension of endomorphism type. In addition, if every o; is
bijective, A is a skew PBW extension of automorphism type.

(3) Ais called bijective if o; is bijective for each 1 <1i <n, and ¢; ;
is invertible for any 1 <1 < 7 <n.

Let A be a skew PBW extension of R. According to [12, Definition
4], A is called quasi-commutative if the conditions (iii) and (iv) in
Definition 2.1 are replaced by (3'): foreach 1 <i <mnandallr € R\{0}
there exists ¢;,, € R\{0} such that x;r = ¢; ,x;; (4'): forany 1 <4i,j <n
there exists ¢;; € R\ {0} such that z;z; = ¢; jz;2;.



6 HASHEMI, KHALILNEZHAD AND GHADIRI HERATI

Definition 2.6. [12, Definition 6] Let A be a skew PBW extension
of R with endomorphisms o;, 1 < ¢ < n and o;-derivations 9; as in
Proposition 2.4.

(1) For o = (v, ..., 0p) € N§,0% := o - - 00", 0% := 671 -+ 05™,
lal =1+ +a, U= (01,...,0.) € NI; then a + 8 :=
(041 —|—51,...,Oén+6n).

(2) For X = 2% € Mon(A),exp(X) := « and deg(X) := |a|. The

symbol > will denote a total order defined on Mon(A) (a total
order on Nf}). For an element 2 € Mon(A), exp(z®) := o € Nj.
If 2% = 27 but 2% # 27, we write 2 = 2.
Every element f € A can be expressed uniquely as f = ag +
G1X1+' . -—|—ame, with a; € R\{O}, and Xm e Xl. With
this notation, we define Im(f) := X,,, the leading monomial of
file(f) == am, the leading coefficient of f; It(f) = amXm,
the leading term of f; exp(f) := exp(X,,), the order of f;
and E(f) = {exp(X;) | 1 < i < t}. Note that deg(f) :=
max{deg(X;)}._;. Finally, if f = 0, then Im(0) := 0,1c(0) :=
0,1t(0) := 0. We also consider X > 0 for any X € Mon(A).

Remark 2.7. [12, Remark 2]

(1) Since Mon(A) is a R-basis for A, the elements ¢;, and ¢;; in
the Definition 2.1 are unique.

(2) If r =0, then ¢; o = 0. Moreover, in Definition 2.1(4), ¢;; = 1.

(3) Let ¢ < j. Then there exist ¢;;,¢;; € R such that x;z; —
Cjil;T; € R+ R.Tl +--- 4+ Rxn and T3 — G jT;X5 € R+ R.I'l +
.-+ + Rx,, but since Mon(A) is a R-basis, then 1 = ¢;,¢; ;, i.e.,
for every 1 <4 < j < n, ¢ ; has a left inverse and ¢;; has a
right inverse.

(4) Each element f € A\ {0} has a unique representation in the
form f = a1 Xy +- - -+ a; X, with a; € R\{0} and X; € Mon(A),
1< <t

Skew PBW extensions can be characterized in the following way.

Theorem 2.8. [12, Theorem 7] Let A be a polynomial ring over R with
respect to {x1,...,x,}. A is a skew PBW extension of R if and only
if the following conditions are satisfied:

(1) For each z® € Mon(A) and every 0 # r € R, there exist unique
elements ro == 0®(r) € R\ {0} and p,, € A, such that z%r =
TaZ® + Do, Where po, = 0 or deg(pays) < || if payr #0. If r
is left invertible, so is r,.
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(2) For each x*,x° € Mon(A) there exist unique elements co 3 € R
and pag € A such that 22’ = cq 2P + pog, where cop is
left invertible, po s = 0 or deg(pas) < |+ B| if pas # 0.

We remember also the following facts [12, Remark 8].

Remark 2.9.

(1) A left inverse of ¢, g will be denoted by cla’ 5- We observe that
it « =0or =0, then ¢, 3 =1 and hence c;ﬂ =1.

(2) We observe if A is a skew PBW extension quasi-commutative,
then from Theorem 2.8, we conclude that p,, = 0 and p, g = 0,
for every 0 # r € R and every «, 8 € Nf.

(3) From Theorem 2.8, we get also that if A is a bijective skew
PBW extension, then ¢, s is invertible for any «, 8 € N.

In the next remark, we will look more closely at the form of the
polynomials p, , and p, s which appears in Theorem 2.8.
Remark 2.10. [31, Remark 2.10 |

(1) Let z,, be a variable and «, an element of Ny. Then we have
xorr = onr(r)zet + Z x5, (i N2l 60 i=idp  (2.1)
j=1

and so

2

= op (12t + 2y 0u(r) + 25" 0 (0n ()2 + 25" 0n (00 ()2,

o 2,0, (002 ()22 4 S (02 ()2, 0 = idg.

n n

Note that
— an—1 an—2 an—3 2 2
Paynr = Ty 5n(r) +a, 5n<0n(r))xn + T, 6”(Un(r))xn
+oeee xn(gn(asn—Q(T))xgn—2 + én(agn_l(r))xzn_lv
where p,, » = 0 or deg(pa,,») < |an| if Pa,» # 0. It is clear

that exp(pa,, ») < . Again, using (2.1) in every term of the
product x"r above, we obtain

22y = o (1) + 00 (B,(r))asn !

an—1

+ Y a8 (o (Ga(r))
j=1

on—2

+ om0, (our)ag 2 + 3 a6 (o Gl

j=1
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+ {on P Onlon(r))an 7 + Z 2o =6, (03 (0a (02 (1))l 7t | 2
+ oot [00 (0 (002 (1))@ + 60 (0n (002 (r)))] 22

+ O (o (),
which shows that
le(Payr) = 23105"_p(5n(0£_1(7")))-
o

In this way, we can see that [¢(p,,, ) involves elements obtained
evaluating o, and §,, in the element r of R.
(2) Let a = (aq,...,0) € Nj,7 € R and 2% = z7* - - - 2%". Then

B = o o (o)
(e79)

+ Pal,ag‘2(.--(a,‘:n(r)))flf52 Xy,

Qn

_|_ x?lpayo_gag(...(Ugn(r)))xg?’ . e ':Cn

a1 .02 o4 .Qn
T X1 9" Pag 04 (- (027 (1)) L4 x,

@y ,,00 Qn—2 [e%
R A Lp—2 panfl,aff"(r)mnn

aq Qp—1
T Xy T Do

Considering the leading coefficients of x{* 252 ---x0"r, we can

write this term as

= op (- R e e

& a]— — o « « ] deg(pa 700‘2(“'(0%"(7))))
DA N Cl RGN LI () )]
Lp=1 |
1'32 . e x%"
s T
+ 13 08t (052 P (820 (052 (- (o2 () | 2
Lp=1 i
deg(poc o'fl (8T (p )
24 2,037 (- (o™ (1)) 223 O
as
e a a3 — —1 a an a1 o
+ 1) ot (052 (052 P (3(0h (o5 (- - (o (r))))))))] rytr?
Lp=1

18 Wag o3 (ofm o)

a4 «
I3 4...xnn_|_...

[an—1

Do (03"52(03"11_”(571—1(032_1(0’3"(T)))))))] R s

L p=1
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deg(Py,, 1,097 ()

Tn—1 zn
Do (o (o (o (B D)) | gy aestren )
p=1

+other terms of degree less than deg(pawgg(,,.(Ugn(r))))

+oag 4+

+other terms of degree less than ay + deg(Pa, 423 (...(o57 (r))))

tag + -+ ap

+other terms of degree less than ay + as + deg(p,, 424 (..o (1))
+ay+ -+,

+other terms of degree less than a; + - - - + ap—p + deg(pa,,_, 0o (1))
+a,
+other terms of degree less than oy + - - - + a,—1 + deg(pa, »)-

Therefore, we can see that the polynomials p,, jo2(...oan (),

Pag,af8 (5™ (1)) Pag o34 (-(057 (1)) * - » Pan-—1,0%7 () A0 Pa, - in the
expression above for the term x{'z5? - - 5" 27, involve ele-

ments obtained evaluating ¢’s and ¢’s in the element r of R.
(3) Let X; :=af™ - alin, Y; = 2P and a;,b; € R. Then

X.b.Y. — q.0% (b )p&ipBi . . . Q2 .Qin B
a; Xib; Y = a;0% (b)) 2™ 2™+ aipy, g0z (0% b)) L2 - Ty

Qi1 Qi3 |

) . . e Qin .05
+CLZ‘Z'1 pai270§13(,,,(Uf‘;n(bj))).ﬂg) :Unm.T j

41 .02 (271

, , oo pQin g B
+ ale .:C2 pazS,Uiﬂl((Uﬁzn(b])))xll xn’bnx J

.. il iz pYin—2) . Qin 0. 0Bj
_I_ _|_ azzajl 1’2 :B’L(TL72) pai(n—l)vg;}:n (b])l‘n T

;1 Aj(n—1) B
+ a; 4 T 1) Pain b T -

As we saw in above, the polynomials p, ez (.. pan ()

P 053 (+(o8m (1) Pag,oi (+(08n (1) + » Pen—1,057 (r)s AR Pay s 10
volve elements of R obtained evaluating o; and J; in the element
r of R. So, when we compute every summand of a;X;b;Y; we
obtain products of the coefficient a; with several evaluations of
b; in 0’s and §’s depending of the coordinates of «.
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3. BAER AND QUASI-BAER SKEW PBW EXTENSIONS OF
DERIVATION TYPE

Let 6 be a derivation on a ring R. A subset [ of R is called d-subset if
d(I) C I. According to Han et al. [15], a ring R is called §-quasi-Baer
(resp., 0-Baer) if the right annihilator of every d-ideal (resp., d-subset)
of R is generated, as a right ideal, by an idempotent. Recall from Bell
[3], that R is said to satisfy the insertion of factors property (IFP) if
rr(x) is an ideal for all x € R. An idempotent e € R is left (resp.,
right) semicentral in R if Re = eRe (resp., eR = eRe) by [5].

Throughout this section, let A = o(R) (x1,...,x,) be a skew PBW
extension of derivation type of a ring R. Let A := {d1,...,d,} be the
derivations as mentioned in the Proposition 2.4. We say a subset I of
R is A-subset if 6*(I) C I for each o € Njj. Moreover, R is said to be
A-quasi-Baer (resp., A-Baer) if the right annihilator of every A-ideal
(resp., A-subset) of R is generated by an idempotent, as a right ideal.

Let I be an ideal of R. We denote the set of all elements of A with
coefficients in I by I (z1,...,z,). If A is a skew PBW extension of
derivation type of a ring R and [ is an A-ideal of R, then by using
Remark 2.10 one can show that I (zi,...,x,) is an ideal of A.

Our main aim in this section is to provide a necessary and sufficient
conditions to the skew PBW extension of derivation type to be (quasi-)
Baer.

Lemma 3.1. Let I be a A-ideal and U a A-subset of R. Let A =
o(R)(x1,...,x,) be a skew PBW extension of derivation type.

(1) Ifra(I{xy,...,x,)) = €A for some idempotent e = ey + e1 X1 +
ot enXm €A, thenra(l (x1,...,2,)) = epA.

(2) Ifra(U) = eA for some idempotent e = eg+e1 X1+ - -+, X €
A, then ra(U) = epA.

Proof. We only prove (1), as the proof of (2) is similar to that of (1).
Since e = 0, we have Ie; = 0 for each ¢ = 0,..., m. Hence for each
c € I, we have 0 = &, (ce;) = 0y, (c)e; + ¢dy, (e;) for all i = 0,...,m and
t1 = 1,...,n. Since I is A-ideal and Ie; = 0, we have cd;, (e;) = 0
and hence céfll(ei) = 0 for each ¢ = 0,...,m, t; = 1,...,n and
ki > 0. By the same method, we can see that cf'6,? ... 527(62-) =0
for each i« = 0,...,m, {t1,...,t;} € {1,...,n} and k, > 0. We
claim that 0,5 - - - 527(@) € ra(l(xy,...,z,)) for each i = 0,...,m,
{ti,....t;} € {1,...,n} and ks > 0. Let f = ap + a1 X7 +--- +
amXm € I{x1,...,2,), where a; € I, 1 < i < m, a, # 0, with
X; =a% =" 2% and X,,, = X,,_1 = -+ > Xj. Then we have

n Y
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FOROZ 80 (e5) = andp0f2 -+ 0,7 () + - + a7 - 8 (e;).
When we compute every summand of a;z% 6,552 - - - 5Z 7(e;), we obtain
products of the coefficient a; with several evaluations of 61,2 - - - 52 7(e;)
in ¢’s depending of the coordinates of «;. Since [ is A-ideal and
céflléf;~~5zj(ei) = 0 for each ¢ € I, i = 0,...,m, {t1,...,t;} C
{1,...,n} and k, > 0, we obtain f5;'6,2 ... 527(61-) = 0. Thus 6;16,2 - - -
527 (e;) = €671 0p2 -+ (52?(@) and that e, 0,052 - - - (527(@) = 0, which im-
plies that e, X,, (5,62 - - -52" (€;)) =0foreachi=0,...,m, {t1,...,t;}
C{l,...,n} and ks > 0. Hence 5?115522---527(61') =(epg+eXi+---+
em,le,l)éfféfj . ~(5Z?(el-) and that em,léflléfj e 62?(@) = 0 for each
i=0,...,m, {t1,...,t;} C{1,...,n} and ks > 0. Continuing in this
way, we have e;X; (671052 - - ~5Z7(ei)) =0 for each i = 0,...,m, j =
L...,m, {ts,...,t;} € {1,...,n} and k; > 0. Thus (55115?22 . --(5@7(62-)
= 6051{115@2---527(61-) for each i = 0,...,m, {t1,...,t;} € {1,...,n}
and k; > 0. Thus e; = epe; for each 7 and so e = epe. Therefore
ra(l{xy,...,2,)) = eA C egA. On the other hand, since (55115,{“22 e 52" (€0)
€ rr(l), so ey € ra(I (xy,...,2,)) and that egA C ra(I (zq,...,2,)).
Therefore r4(I (xy,...,2,)) = egA. O]

Proposition 3.2. Let R be a ring and A = o(R) (x1, ..., x,) be a skew
PBW extension of derivation type. If R is a A-quasi-Baer ring, then
A is a quasi-Baer ring.

Proof. Let I be an arbitrary ideal of A. Denote by [ the set of leading
coefficients of elements of I. First, we show that I is an ideal of R.
Let f = CL0+CL1X1+"'+CLme, g:bo—i‘bl}/l—F‘i‘th; € [, where
a; € I, 1 <i<m,a, #0, with X; = 2% = 2" --- 2% X, >
X1 == X,and b € 1,1 <5<t b #0, withY; = 2% =
o xy Y= Y = --- = Y1, Then by Theorem 2.8,

fxat =+ amxamxat =---+ ampam,at + amxam+at S [7
where pa,, 0 = 0 0r deg(Payn.ar) < |m + | if P4, .0, # 0. Similarly,
gxam = btmatxam =+ btpaz,am + btxatJram € [7

where pa,a,, = 0 or deg(Pa,.am) < |t + | if Paya, # 0. Since I
is an ideal of A, fz® + gz®™ = -+ + (A + by)x* @ € [ and hence
G + by € Iy. Now, suppose that f € [ and » € R. Then

fr=-+anz®"r=-+ ampPa,r + amre®m €1,
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where p,,, » = 0 or deg(pa,, ) < |@m| if Pa,,» # 0. Hence a,,r € I,. To
show that Iy is A-ideal, let f = a9+ a1 X7 + -+ a,, X, € I. Then by
Remark 2.10 (2), we have

xaf—fa:a - [amafl‘i‘(sl(am)x(lieg(pl’am) —i—am,lxa"“l]xam _fxa c [’

where a = (1,0,...,0) € Nj. Thus 6;(am) € Iy, and that I is A-
ideal of R. Since R is A-quasi-Baer, rg(ly) = eR for some idempotent
e € R. On the other hand, since Ihe = 0 and [ is A-ideal of R, we have
Lo6f 652 -6, (e) = 0 for each {t1,....t;} C {1,...,n} and k, > 0.
Hence 05157 - - -527(6) = ed 0f7 - 527(6) and eA Cra(ly (xq,...,x,)).
Now, we prove that ra(Iy{(x1,...,z,)) C eA. Let g = by + b1Y7 +
o+ 0Yy € ra(lo(zy,. ., zp)) and f = ag + a1 Xy + - + an Xy, €
Iy {(z1,...,2,). Since fg = 0 and lc(fg) = apbs, we have a,,b; = 0.
Hence b; € rgr(ly) = eR and so b, = eb;. Therefore f(by + b1Y7 +
oo+ by 1Y 1) + febY, = 0. Since fe = 0, hence feb,Y; = 0, and
so f(bo +b1Y1+ -+ b1Y;1) = 0. A similar argument shows that
bi—1 = eb,_;. Continuing in this way, we get b; = eb; for each 0 <
j < t, and that g = eby + eb Y7 + --- 4+ eb;Y;. Hence g = eg. Then
ra(lp{xy1,...,x,)) C eA. Therefore, r4(Iy{x1,...,2,)) = eA. We
claim that r4(I) = eA. Let f = ap+a1 X1+ -+ a,, X, € I. Then a,, €
I and that a,,6;" 6,2 - - '527(6) = 0 foreach {t1,...,t;} C{l,...,n}and
ks > 0. Hence, by Remark 2.10, we get

fe=(a+aXi+ - +an1Xm-1)e =+ +@n-1Pa, 1.+ am-16Xm_1.

Thus a,,_1¢ € I, and then a,, 16,552 - - - (527 (€) = apm_1€051 672 - - 527 (e)
for each {t1,...,¢;} C{1,...,n} and ks > 0. Hence a,,—1X;,_1e = 0.
Continuing in this way, we can show that a;X;e = 0, for each i =
0,...,m. Hence fe =0 and so eA C ry(I). Now, let g = by + b1 Y71 +
e+ by era(l) and f=ag+ a1 X1+ -+ ap Xy, € 1. First, we will
show that a; X;b;Y; =0 for each ¢ =0,...,m, j=0,...,t. Since fg =
0 we obtain a,,b; = 0. Hence b, € rg(ly). Since I is A-ideal of R, then
0F18f2 - 6,7 (by) € rr(Io) for each {t1,...,t;} € {1,...,n} and ks >0
and that by € ra(ly(x1,...,2,)). Thus b, = eb; and a,, X,,0,Y; = 0.
Since fe = (ag+a1 X1+ -+ anXn)e = (ag+a1 X1+ +am_1Xm_1)e,
we have a,,_1e € Iy and an,_16,"0;2 - - 527(6) = Q160,012+ - 527(6)
for each {t1,...,¢;} € {1,...,n} and k; > 0. Thus a,,—1X,,-10:Y; = 0.
Continuing in this way, we have a;X;b;Y; = 0 for each 4, j. Therefore
bj € ra(lo(z1,...,2,)) = €A, for each j > 0. Consequently, g = eg
and 74([]) = eA. Therefore, A is a quasi-Baer ring. O
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Since each quasi-Baer ring is A-quasi-Baer, Proposition 3.2 immedi-
ately implies the following corollary.

Corollary 3.3. Let R be a quasi-Baer ring and A = o(R) (z1,...,7,)
be a skew PBW extension of derivation type. Then A is a quasi-Baer
ing.

Theorem 3.4. Let R be a ring and A = o(R) (x1,...,x,) be a skew
PBW extension of derivation type. Then the following are equivalent:
(1) R is A-quasi-Baer;
(2) A is quasi-Baer.

Proof. (1) = (2). It follows from Proposition 3.2.

(2) = (1). Suppose that A is quasi-Baer and I be any A-ideal
of R. Then I (xy,...,z,) is an ideal of A. Since A is quasi-Baer,
ra(l{xy,...,z,)) = eA for some idempotent e € A. Hence, by Lemma
3.1, we get ra(l{xy,...,x,)) = epA, for some idempotent ey € R.
Since rr(I) = ra({ (x1,...,2,)) N R = egAN R = eyR, hence R is
A-quasi-Baer. O

The following is an example of a A-quasi-Baer ring R which is not
quasi-Baer, but a skew PBW extension A = o(R) (x1, ..., z,) of deriva-
tion type is quasi-Baer.

Example 3.5. [15, Example] Let p be a prime and R = Z,[t]/(t?) with
the derivation ¢ such that §(¢) = 1 where ¢ = t+(t) in R and Z,|[t] is the
polynomial ring over a field Z, of p elements. Consider the skew PBW
extension of derivation type R[x;d]. Then R|x;d] = Mat,(Zy[z?]) =
Mat,(Z,)]y], where Mat,(Z,)[y] is the polynomial ring over Mat,(Z,).
Thus R[z;0] is a quasi-Baer ring, but R is not quasi-Baer. Also, by
Theorem 3.4, R is a d-quasi-Baer ring.

In the following results, we show that the Baer property is inherited
by skew PBW extensions of derivation type. The next lemma will be
used in Theorem 3.7.

Lemma 3.6. Let R be a ring and A = o(R) (x1,...,x,) be a skew PBW
extension of deriwation type. If e is a right semicentral idempotent
element of a ring R, then e is also a right semicentral idempotent
element of the ring A = o(R) (z1,...,Ty,).

Proof. Let e be a right semicentral idempotent element of R. We have
8i(e) = 6i(e?) = di(e)e + edy(e) for each 1 < t < n. Then edy(e) =
edi(e)e + edy(e). Since e is right semicentral, hence ed;(e) = ed;(e)e.
Then ed;(e) = 0 and hence &;(e) = d(e)e for each 1 <t < n. So, from

0 = 6:(edi(e)) = 6:(e)d;(e) + ed?(e)
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= d;(e)edi(e)e + ed(e),

we have ed?(e) = 0, since ed;(e) = 0. Continuing in this process, we
get ed¥(e) = 0 for each k > 0. Now, we prove that for each element
f € Ajefe = ef. We work by induction on deg(f). If deg(f) = 0,
then the assertion is clear. Now, assume that the assertion holds for
elements of A with degree less than |a,,| and let f = ¢+ a,, ™, where
deg(q) < |auy|. Then by using Remark 2.10, we have

fe=qe+ a,x*me

Q -1
= e+ apa§miage - oy (agme)
(€2 -1
= ge + amx?mlxg'rrﬂ e xnr_”in )(ex?:mn + pamn?e)
— q@ + a x?mlxgwﬂ . J,‘a7n(1n71)€$am"
m n— n
am1 . Om?2 Um(n—1)
T amTy™ L™ Ty Do e

Note that
Peomme = oL (€) + 2225, (e)ay, + 20mn 36, (e) 2
+ o xp,(e) 2t 4 6 (e) Tt

where pa,,..c = 0 or deg(Pa,,.e) < |omnl if P, 7 0, by Remark 2.10.
By induction hypothesis, we have

«Q -1 o -1
ey -, ™Y = eapa{mt g™ o, Y
Thus
f _ Aml .Om?2 Am(n—1) Amn
efe=eqe+ ea,x;™ Ty - x, Cex,
QAm1 . m?2 am(nfl)
Tt ATy ™ L™ Ty CPa e

Applying Theorem 2.8 for every term of p,,,. ., and since ed¥(e) = 0
for each k > 0, we obtain ep,,,, . = 0. Hence

« -1

efe = eqe + eaur{™ g -, ™Y exdmn,

By induction hypothesis, eqe = eq and
[e]] _ (03 —
etpri™aym? -, " Ve = eapa™ s o x, MY
Thus
efe = eq + eapmadmiaym? .. gl T gmn
=eq mdy 2 n—1 n
Q -1

= e(q + amat™aym x0T ey

=e(q + apz™™)

=ef,

completing the induction step, and the proof. O
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Theorem 3.7. Let R be a ring with IFP and A = o(R) (xy,...,Ty,)
be a skew PBW extension of derivation type. Then the following are
equivalent:

(1) R is A-Baer;

(2) A is Baer.

Proof. (1) = (2). Let U C A and I, be the set of leading coefficients
of elements of AUA. Then, by a similar way as used in the proof of
Proposition 3.2, we can prove that I, is a A-ideal of R. Since R is
A-Baer, ¢r(1y) = Re for some right semicentral idempotent e € R. We
will show that £4(U) = Ae. Let f = ap+ a1 Xy + -+ + apnX, € U.
So ea,, = 0. Since ef = eag + ea1 X1 + -+ + eay,_1 X1 € AUA and
etm_1 € Iy, hence ea,,_; = 0. By this method we see that ea; = 0
for each 0 < i < m. Thus ef = 0 and so Ae C l4(U). Let g =
bo+b1Yi+---+bY; € la(U) and f = ag+a1 X1+ -+a, X, € U. Since
gf = 0 hence b;a,, = 0. Since R satisfies IFP, b;Ra,, = 0. Thus for
each ¢ € Iy, we get byc = 0. Whence b; € {g(Iy) = Re and so by = bse.
Since gf = 0, then (bg + b1Y1 + -+ b_1Yi1)f + bieYsf = 0. But e
is right semicentral in R, so from Lemma 3.6, e is right semicentral in
A. Thus beY,f = bieYief = 0. Since ef = 0, hence beY;f = 0 and
then (bg 4+ 01Ys +---+b,1Y;1)f = 0. Similarly, we have b,_; = b;_1e,
and by this method we see that b; = bje, for each 0 < j < t. Hence
g = boe + breY] + - - - + beY;. Since e is right semicentral in A, we get
g = boe+bieYie+ - - -+ beYie and therefore g = ge. Thus £4(U) = Ae.

(2) = (1). Suppose that A is a Baer ring and U be any A-subset of
R. Since U C A and A is Baer, then 74(U) = eA for some idempotent
e € A. Hence r4(U) = epA for some idempotent ey € R, by Lemma
3.1. Since rg(U) = r4a(U)NR = egANR = e R, hence R is A-Baer. [

Recall from Han et al. [15], that a ring R with a derivation ¢ is called
d-semiprime if for each d-ideal I of R, I? = 0 implies that I = 0. Let
A=0(R)(x1,...,2,) be a skew PBW extension of derivation type of
a ring R. We say that R is A-semiprime if for each A-ideal I of R,
I? = 0 implies that I = 0. Since reduced rings are A-semiprime, then
Theorem 3.7 immediately implies the following corollary.

Corollary 3.8. Let R be a reduced ring and A = o(R) (z1,...,Zy)
be a skew PBW extension of derivation type. Then the following are
equivalent:

(1) R is A-Baer;

(2) R is Baer;

(3) A is Baer.
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Corollary 3.9. Let R be a ring with IFP and A = o(R) (x1,...,%y)
be a skew PBW extension of derivation type. Then R is a Baer ring if
and only if so is A.

Corollary 3.10. [20, Corollary 3.4] Let R be a ring with IFP. Then R
is a Baer ring if and only if so is R[z;J].

The following example shows that, in Theorem 3.7, the IFP condition
on R is not superfluous.

Example 3.11. [9, Example 1.1] Let R = Maty(Z), where Z is the
ring of integers. It is shown in [21], that R is a Baer ring, but R[z] is
not Baer. Observe that the right annihilator

e ((076) 6 0)7)

contains no nonzero idempotent element in R[x], and that R does not
satisfy IFP.

Since abelian (i.e., every idempotent is central) Baer rings are re-
duced and reduced rings satisfy IFP, we deduce the following result.

Corollary 3.12. [26, Corollary 3.8] Let R be an abelian ring. Then R
is a Baer ring if and only if so is R|x;?].

A ring R is called Armendariz if whenever polynomials f(x) = ag +
arz+- - Fanx™, g(x) = bo+bia+- - +b,a™ € Rlz] satisfy f(x)g(x) =0,
then a;b; = 0 for each ¢,j. As observed by Armendariz [1], reduced
rings are Armendariz. Moreover, following [22], Armendariz rings are
abelian.

Corollary 3.13. [20, Corollary 3.9] Let R be an Armendariz ring.
Then R is a Baer ring if and only if so is R[x;0].

4. BAER AND QUASI-BAER QUASI-COMMUTATIVE SKEW PBW
EXTENSIONS

In this section, let A = o(R) (z1,...,2,) be a quasi-commutative
skew PBW extension of a ring R, unless otherwise stated. Let o be an
automorphism of a ring R. A subset I of R is called o-subset (resp.,
o-invariant subset) if o(I) C I (resp., o(l) = I). According to Hirano
[17], a ring R is called o-quasi-Baer (resp., o-invariant quasi-Baer)
if the right annihilator of every o-ideal (resp., o-invariant ideal) of
R is generated by an idempotent. Also a ring R is a o-Baer (resp.,
o-invariant Baer) ring if the right annihilator of every nonempty o-
subset (resp., o-invariant) of R is generated, as a right ideal, by an
idempotent.
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Let ¥ := {o1,...,0,} be as mentioned in the Proposition 2.4. We
say that a subset [ of R is X-subset (resp., X-invariant subset), if
o*(I) C I (resp., c®(I) = I) for each a € N}, where ¢ is as mentioned
in the Definition 2.6. Moreover, R is said to be ¥-quasi-Baer (resp.,
Y -invariant quasi-Baer), if the right annihilator of every ¥-ideal (resp.,
Y-invariant ideal) of R is generated by an idempotent, as a right ideal.
Also a ring R is a X-Baer (resp., Y-invariant Baer) ring if the right
annihilator of every nonempty Y-subset (resp., Y-invariant subset) of
R is generated, as a right ideal, by an idempotent.

Our main result in this section states that the (quasi)-Baer condition
on R is preserved by quasi-commutative skew PBW extensions of R.

Proposition 4.1. Let A = o(R) (z1,...,2,) be a quasi-commutative
bijective skew PBW extension of a ring R. If R is a X-quasi-Baer ring,
then A is a quasi-Baer ring.

Proof. Suppose that R is a Y-quasi-Baer ring and I be an arbitrary
ideal of A. Denote by I the set of leading coefficients of elements of I.
First, we will show that I is an ideal of R. Let f = ag+ a1 X1 + -+ +
A Xmy, g =bg+01Y1+---+bY;, € I, wherea; € I,1<1i<m,a,, #0,
with X; = 2% = 7" - 20, X, > Xppq > -+ > Xy, and b; € 1,
1<j <t b #0, withY;=a% =ai" 2", YV, =Y,y = -+ = V7.
Then by Remark 2.10, we have

fo (Capam) =+ + amx®™ (07" (Cayam))
— .. + amo-am (O-_am (Cat7am))xam-
Multiplying % from right-hand side and applying Remark 2.7, we
get fom " (Capam )T = Gzt € I. By a similar way as above,
we get gom (Cap.a )T®™ = bx™ T € I. Since I is an ideal of A,
FO7 (Cayam )T+ 9O~ (Cap a0) T = (A + b))z ¥ € I, and hence
am + by € Iy. Now, suppose that f € I and r € R. Then
fO-_OCm (T) = ...+ amxam (U—am (T))
=t a,rz®m e l.
Hence a,,r € Iy. To show that I is X-ideal, let v = (avq, ..., cv,) € Nj.
Then
xf =ax%ag+ a1 Xy + -+ anXin)
= 0%ag)x® + 0% (ar)x®z + - - - 4+ 0%(ay,)x%T*™
= 0%(ap)x® + 0%(a1)z“z™ + -+ - + 0% (am)Caa, x* T € 1.
So that 0®(am)Caa,, € Io and hence 0%(a,,) € Iy, since ¢, q,, is invert-
ible. Therefore I is a Y-ideal of R. Hence, there exists an idempotent
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e € R such that (g(ly) = Re. First, to see that Ae C (4(I), take
0+# f=apta Xq+ - -+a,X,, € I. Since a,, € Iy, hence ea,, = 0. But
ef =eag+ear1 Xy + -+ eanm_1Xm_1 € I, hence ea,,_1 = eea,,_1 =0,
since ea,,_1 € Iy. Similarly, we can get that ea; = 0 for each 0 <17 < m.
So ef = 0 and hence e € £4(I). Therefore Ae C (4(I). Now, we
claim that €4(I) C Ae. Let g = by +b1Y1 + -+ bY; € a(I). We
shall show that ¢ = ge. The proof is by induction on the degree of
elements of ¢4(I). Assume that g € ¢4(I) with deg(g) = 0. Let
ce€lpand f=co+c1 X1+ -+ cno1Xmo1 +¢X,, € I. Then from
gf =0, we get gc = 0. Thus g € ¢r(ly) = Re and hence g = ge.
Now, assume inductively that the assertion is true for all g € £4(I)
with deg(g) < |ay|. Now, let ¢ = by + 01 X7 + -+ + 0, Xy € La(1).
Since o; is surjective for each 1 < ¢ < n, by = o%(c) for some
c € R Nowlet a € Iy and f = a9+ a1 X7 + -+ + aX,, € [I.
Then gf = 0. So, from the equality lc(gf) = bio™(a)ca,an, = 0,
we obtain b,0%(a) = 0 and hence 0% (c)o®(a) = 0, since o; is sur-
jective for each 1 < ¢ < n. Then ca = 0 and hence ¢ € (g(lp),
so ¢ = ce. Therefore, b, = 0“(c) = 0% (ce) = byo®(e). Thus we have
g =bo+b Y1+ 40 1Y 1 +bi0 (G)Y't =bot+b1 Y1+ - +b 1Y, 1+ Yse.
Now, we have gI = (by + b1Y1 + -+ + b—1Yi—1 + bYie) = 0 and
el =0,80 bg+01Yy+---+b_1Y; 1 € £4(I). By induction hypothesis,
(bo+b01 Y1+ +bi1Yio1) = (bo+b1Y1+---+b-1Yi1)e. So, we get g =
bo+b1 Y1+ +b 1Y, 140 Yie = (bo+b Y1+ - -+b, 1Y, 1)e+bYie = ge.
Consequently, g = ge and £4(I) = eA. Therefore, A is a quasi-Baer
ring. 0

Since each quasi-Baer ring is Y-quasi-Baer, Proposition 4.1 immedi-
ately implies the following corollary.

Corollary 4.2. Let A = o(R) (x1,...,z,) be a quasi-commutative bi-
jective skew PBW extension of a ring R. If R is a quasi-Baer ring,
then so is A.

Let A =o(R) (z1,...,x,) be a quasi-commutative skew PBW exten-
sion of a ring R and I be an Y-invariant ideal of R. Then, by Remark
2.10, I {xy,...,x,) is an ideal of A.

Lemma 4.3. Let I be a X-invariant ideal and U a X-invariant subset
of R. Let A = o(R){(x1,...,x,) be a quasi-commutative skew PBW
extension of automorphism type.
(1) Ifra(l (xy,...,xn)) = €A for some idempotent e = eg+ €1 X1 +
ot enXm €A, thenra(l (xy,...,1,)) = eoA.
(2) Ifra(U) = eA for some idempotent e = eg+e1 X1+ -+ep Xy €
A, then r4(U) = egA.
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Proof. (1) Since Ie = 0, we have [e; = 0 for each i = 0,...,m. Since
I is Y-invariant ideal, then for each c € I, we get 0 = at_ll(c) e I
So 0, '(c)e; = 0 and hence coy, (e;) = 0, for each i = 0,...,m, t; =
1,...,n. By the same method, we see that cafllaf---afjj(ei) =0
for each i@ = 0,...,m, {t1,...,t;} € {1,...,n} and k;, > 0. We
claim that o}'0,? - -~0fj(ei) €ra(l{xy,...,x,)) for each i =0,...,m,

{ti,....t;} C{1,...,n}and ks > 0. Let f = ap+a1 X1+ -+ a, X, €
I{zy,...,xn),a; € 1,1 <i<m,a,#0, with X; = z% = " ... g%n

and X,, = X,,_1 = -+ = X;. Then we have fafllafj e afj(ei) =
o) o2 - afj(ei) ot Aot oy? afj(ei) = 0. When we com-
pute every summand of aixo‘iaﬁlafj X -O'Z 7(e;), we obtain products of
the coefficient a; with several evaluations of o, a2 - - - O'Z 7(e;) in o’s de-

pending of the coordinates of ;. Since cafll Ufj -0, (e;) = 0 for each
J

cel,i=0,....m, {t5,...,t;} C{1,...,n} and ks, > 0, we obtain

foitoy o (ei) = 0. Thus o;loy; -0, (e;) = eoyloy -0y (e)
and that emafllaf; = ~ijj(ei) =0foreachi=0,...,m, {t1,...,t;} C
ki __k k;
{1,...,n} and k; > O.k Hence oy!0y? -0, (e;) = (eg —Ii— e Xi+ -+
em_le_l)affafj---atjj(ei) and that em_lailaf;---atj(ei) = 0 for
each i = 0,...,m, {t1,...,¢;} € {1,...,n} and k; > 0. Contin-
uing in this way, we have e;X;(0} a2 - --JZ?(ei)) = 0 for each i =
0,....m, j=1...,m, {t1,...,t;} € {1,...,n} and k;, > 0. Thus
op oy oy (e) = eooyloy o0, (e;) for each i = 0,...,m,

{t1,....t;} € {1,...,n} and k; > 0. Hence, e; = ege; for each i and
so e = epe. Therefore, r4o(I (z1,...,2,)) = €A C eyA. On the other

hand, since ;o2 - --afj(eo) € rr(l), so ey € ra(I{x1,...,2,)) and
that egA C ra(l (x1,...,x,)). Therefore, ro(I (z1,...,2,)) = eoA.

(2) The proof is similar to that of (1). O]
Proposition 4.4. Let A = 0(R) (x1,...,2,) be a quasi-commutative

skew PBW extension of automorphism type. If A is a quasi-Baer ring,
then R is an X-invariant quasi-Baer ring.

Proof. Suppose that A is quasi-Baer and I be any X-invariant ideal
of R. Then I (xy,...,z,) is an ideal of A. Since A is quasi-Baer,
ra(l (xy,...,z,)) = eA, for some idempotent e € A. Hence, by Lemma
4.3, ra(I (z1,...,2,)) = €A, for some idempotent ey € R. Since
rr(I) =ra(l{z1,...,2,)) "R =egANR = ¢yR, then R is X-invariant
quasi-Baer. O
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In the following, we investigate the relationship between the Baer
property of a ring R and that of the quasi-commutative skew PBW
extension of automorphism type A = o(R) (z1,...,2,).

Proposition 4.5. Let R be a ring with IFP and A = o(R) (x1,...,Ty)
be a quasi-commutative skew PBW extension of automorphism type. If
R is a X-Baer ring, then A is a Baer ring.

Proof. Let U C A with o(U) = U and [ be the set of leading coetfi-
cients of elements of AUA. Then by a similar way as used in the proof
of the Proposition 4.1, one can prove that I is a »-ideal of R. Since
R is a 3-Baer ring, hence ¢r(ly) = Re for some idempotent e € R. We
will show that (4(U) = Ae. Let f = ag+ a1 Xy + -+ + anX, € U.
So ea,, = 0. Since ef = eag + ea1 X1 + -+ + €apm_1Xm_1 € AUA,
€m_1 € Iy, S0 ea,,_1 = eea,,_1 = 0. Applying this method, we can see
that ea; = 0 for each 0 < ¢ < m. Thus ef = 0, and so Ae C (4(U).
Now, we will show that £4(U) C Ae. Assume that g = dy + d1 X7 +
- +d, X, € £4(U). By induction on the degree of g, we want to show
that g = ge. Assume that deg(g) = 0, and a € Iy. Suppose that for
h:a0+a1X1+---+ame, l:co+ch1+---+ctXtEAandk::
bo+ 01 X1+ -+ b, X, €U, a=ano® (by)Cay 000" T (Ct) Comtan.a
is the leading coefficient of hkl . Since gU = 0 and R has IFP, we have
ga = 0. This is because ga = a0 (bn)Can .m0 %" (Ct) Cap +am.on-
Since o (by) + - -+ + 0% (bn) X, € U, we obtain go®™(b,) = 0. Since
R has IFP, we have ga,,0®"(b,) = 0, hence ga = 0. Thus gly = 0 and
hence g € (r(Ily) = Re, so g = ge. Now, assume inductively that the
assertion holds for elements of {4(U) with degree less than |a,|, and
let deg(g) = v, and g = dp + d1 X3 + - - - + d, X,,. Since o; is surjective
for each 1 < i < n, d, = 0“7(c) for some ¢ € R. Assume that a € I,
similarly as above a = a;,,0%" (b, )01 (¢;). We have d,0%?(a) = 0 so
0“7 (c)o®?(a) = 0 and hence ca = 0. Thus ¢ € ¢g(ly) = Re so ¢ = ce.
We have d, = 0% (c) = 0% (c)o*(e) = d,0*(e). We have

g = do + -+ dplepfl + dep
= do + -+ dp_lXp_l + de'ap<€)Xp
=do+ -+ dy 1 X1 + dpXpe,

where deg(do + - - -+ dp—1Xp-1) < |a,|. So we have gU = 0, and hence
(do+-+dp1Xp1)U+d, XpeU =0. So (do+ -+ -+ dp—1X,-1)U = 0.
By induction hypothesis dy + - -+ dp_1Xp-1 = (do+ - - + dp_1X,—1)e.
Thus, we have g = (do + -+ + dp—1X,-1)e + d, X,e = ge. Therefore,
g € Ae and hence 4(U) C Ae. O
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Since each Baer ring is ¥-Baer, Proposition 4.5 immediately implies
the following corollary.

Corollary 4.6. Let R be a ring with IFP and A = o(R) (x1,...,%,)
be a quasi-commutative skew PBW extension of automorphism type. If
R is a Baer ring, then so is A.

Proposition 4.7. Let R be a ring and A = o(R)(x1,...,z,) be a
quasi-commutative skew PBW extension of automorphism type. If A
is a Baer ring, then R is a X-invariant Baer ring.

Proof. The proof is similar to that of Proposition 4.4. OJ
Definition 4.8. A right ideal I of A is called X-invariant ideal if
ag+ a1 X1+ apnXy €15 o(ag) +o(a) X1+ +0(am)Xm € 1.

Clearly, if I is a Y-invariant ideal of R, then I (z1,...,xz,) is X-
invariant ideal of A.

By a similar proof as employed in Propositions 4.1, 4.4, 4.5 and 4.7,
one can prove the following.

Corollary 4.9. Let R be a ring and A = o(R) (z1,...,x,) be a quasi-
commutative bijective skew PBW extension of a ring R. Then R is
Y-invariant quasi-Baer if and only if A is X-invariant quasi-Baer.

Corollary 4.10. Let R be a ring with IFP and A = o(R) (x1,...,2,)
be a quasi-commutative skew PBW extension of automorphism type.
Then R is Y-invariant Baer if and only if A is Y-invariant Baer.

Proposition 4.11. Let R be a ring and A = o(R) (x1,...,x,) be a
bijective skew PBW extension of a ring R. If R is a quasi-Baer ring,
then so ia A.

Proof. Suppose that R is quasi-Baer and I be an arbitrary ideal of A.
Denote by I the set of all leading coefficients of elements of I. First,
we will show that I, is an ideal of R. Let f = ag + a1 X1 + --- +
A Xmy, g =bg+0Y1+---+bY;, €I wherea; € I,1<1i<m,a,, #0,
with X; = 2% = 7" - 20, X, > Xy > -+ > Xy, and b; € 1,
1<j<t, b #0, withY;=a% =2 - 2,", YV, =Y = -+ = V).
Then

Joo o (Cauam) =t apr® (o (Cat,am)>

(67 —
— + ampamp__am(cat’am) + A0 m(o. m(

Cat,ozm))xam )

where po,, o-om(ca,on) = 0 O deg(Pa,,o-am(ca,an)) < |Gm| if
Pt 0-9m (cay.am) 7 0- Multiplying 2 from right-hand side of the above,
we get

—a ar ot am+o
fg m(cat,ozm)x =+ UmPayy, ,c—om (cat’am)x + AmPap, o + Ay P
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is an element of I, where p,,, o, = 0 or deg(Pa,,.a;) < |om + o if
Pam.a; 7 0. By a similar way as above, we get

go~ (cocnuat)xam =t btpat,cr*at(c(xm,at)xam + btpozt,am + btxam+at el,

where Pariot (cap.ap) = 0 OT deg(pat’afat(camvat)) < oy ifpat’afat(mm,at) #
0. Since [ is an ideal of A, we get

fO'*am (Cat,am)xat + go'*at (COérruat)xam =...4 (am + bt>xat+am c [7
and hence a,, + b; € Iy. Now, suppose that f € I, r € R. Then

fomom(r) = -+ ama® (o7 (r))

= ...+ AmPoy, o—am (r) =+ CLmT.CEam € [,

where pa,, g-omy = 0 or deg(pa,, . o-omr)) < |om| if Doy, o-am@y # 0.
Hence a,,r € Iy. Therefore, I is an ideal of R. Hence there exists an
idempotent e € R such that (g(ly) = Re. First, to see that Ae C £4(I),
take 0 # f = ag+ a1 X1+ - -+a,, X,, € I. Since a,, € Iy, ea,, = 0. But
ef =eag+ea1 Xy + -+ ety 1X,m_1 € I, hence ea,, 1 = eea,,_1 =0,
since ea,,_1 € Iy. Similarly, we can get that ea; = 0 for each 0 <7 < m.
So ef = 0 and hence e € £4(I). Therefore Ae C ¢4(I). Now, we
claim that €4(1) C Ae. Let g = by +bY1 + -+ bY;, € 4(1). We
shall show that ¢ = ge. The proof is by induction on the degree of
clements of (4(I). Assume that g € (4(I) with deg(g) = 0. Let
ce€lyand f=co+- -+ cn1Xm1 +cX,, € I. Then from gf = 0,
we get gc = 0. Thus g € lr(ly) = Re and hence g = ge. Now,
assume inductively that the assertion is true for all g € ¢4(I) with
deg(g) < |ay|. Now let g = by + b1 X1 + -+ - + b, X; € £a(I). Since o;
is surjective for each 1 <7 < n, by = 0“(c) for some ¢ € R. Now, let
a € Iyand f =a9g+ a1 X7 +---+aX,, € I. Then gf = 0. So from
the equality lc(gf) = bio*(a)ca, 0, = 0 we obtain b,o0*(a) = 0 and
hence 0% (c)o®(a) = 0, since ¢q,.q,, is invertible. Then ca = 0 and
hence ¢ € lg(Iy) so ¢ = ce. So by = c%(c) = 0% (ce) = b,o*(e). Thus
we have g = by + b1Y1 + -+ b1Y,1 + b0 (e)Yy =bg + b1 Y1+ - - +
byi_1Y; 1+ h + bYee for some h € A with deg(h) < |a;_1]|. Now we
have gI = (b + b1 + -+ b1V, 1 +h+bYe)] =0 and el =0

sobop+01Yr+ - +b_1Yi 1 +h € £4(I). By induction hypothesis,
(bo+b1 Y1+ +b1Yies +h) = (bo+01Y1 + -+ b1Yi1 + h)e. So
we getg:bo+b1Y1+---+bt,1Y},1+h+thte: <b0+b1}/1++
bi_1Y;_1 + h)e + b Y;e = ge. Consequently, g = ge and (4(I) = eA.
Therefore, A is a quasi-Baer ring, and the proof is complete. 0

Corollary 4.12. [9, Theorem 1.2] Let R be a quasi-Baer ring. Then
A = R[x;0] is a quasi-Baer ring.
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In the following, we give an example of a ring R which is not quasi-
Baer, but the skew PBW extension A = o(R) (x4, ..., z,) is quasi-Baer.
So, the converse of Proposition 4.11 is not true in general.

Example 4.13. [27, Example 2.1 | Let F' be a field and for each positive
integer i, R; = F'[t;] be the polynomial ring with indeterminate t;. Let
R = [[Z, Ri. Then R is a reduced Baer (hence quasi-Baer) ring.
Consider skew PBW extension A = R[z;0]. Define 0 : R — R given

by U(fl(t1)7f2(t2)7f3(t3>7'") - (f1(0>7fl(t2)7f2<t3)7f3<t4)7"‘)' It is

easy to see that o is a non-surjective monomorphism of R. Also, one
can see that A = R[x; 0] is not a right p.q.-Baer ring, and hence it is
not quasi-Baer.

Acknowledgements: The authors would like to thank the referees
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