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HYPERIDEALS IN M-POLYSYMMETRICAL
HYPERRINGS

M. A. MADANI, S. MIRVAKILI* AND B. DAVVAZ

ABSTRACT. An M-polysymmetrical hyperring (R, +,-) is an alge-
braic system, where (R, +) is an M-polysymmetrical hypergroup,
(R,-) is a semigroup and - is bilaterally distributive over +. We
introduce the concept of hyperideals of an M-polysymmetrical hy-
perring and by using this concept, we construct an ordinary quo-
tient ring. Finally, the fundamental theorem of homomorphism is
derived in the context of M-polysymmetrical hyperrings.

1. INTRODUCTION

The concept of a hyperstructures was first introduced by Marty at
the 8" international Congress of Scandinavian Mathematicians. Unfor-
tunately Marty had a short life (1911-1940) and he died young, during
the Second World War when his airplane was shot down over the baltic
sea, while he was going on a mission to Finland. The hyperstructure
theory had applications to several domains of theoretical and applied
mathematics[2, 1]. Mittas in his paper[16], which has been announced
in the French Academy of Sciences, has introduced a special type of
hypergroup that he has named polysymmetrical. Also, in the same pa-
per, Mittas has given certain fundamental properties of this hyperstruc-
ture. Staring from the above paper and having called Mittas’ structure
M-polysymmetrical hypergroup (in order to distinguish this polysym-
metrical hypergroup from other types of polysymmetrical hypergroups)
Yatras has proceeded to a profound analysis of this hypergroup [23] and
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its subhypergroups[24] and homomorphisms[22]. The hyperings have
appeared as a new class of algebraic hyperstructures more general than
that of hyperfields, introduced by krasner[l2] in the theory of valued
fields. Different types of hyperrings have been proposed|[3, 5, 13, 19, 18].
Mittas and Yatras in [17] introduced M-polysymmetrical hyperrings
(M-P.HRs). In [5], the isomorphism theorems of ring theory are de-
rived in the context of Krasner hyperrings. Now, in this paper, we
investigate the hyperideals of M-polysymmetrical hyperrings.

An outline of the paper is as follows. After the introduction, in Sec-
tions 2 and 3, we briefly present introductory concepts concerning the
M-polysymmetrical hypergroups, M-polysymmetrical hyperrings, and
we recall some basic theorems. In Section 4, we introduce the hyper-
ideals of M-polysymmetrical hyperrings and show that every quotient
M-polysymmetrical hyperring by any hyperideal is a ring. In Section 5,
we give the isomorphism theorems in the context of M-polysymmetrical
hyperrings. Finally, in Section 6, we consider fundamental relations.

2. BASIC DEFINITIONS AND RESULTS

We recall the definition of M-polysymmetrical hypergroup of [23] as
follows.

Definition 2.1. A non-empty set H is called an M-polysymmetrical
hypergroup (M-P.H.) if it is endowed with a hyperoperation + : H X
H — P*(H), where P*(H) is the set of all non-empty subsets of H,
that satisfies the following axioms:

(1) + is associative, i.e, for every z,y, z € H we have z + (y + z) =
(z+y)+z

(2) + is commutative, i.e, for every x,y € H, z +y =y + ;

(3) there exists 0 € H such that for every x € H we have x € x+0;

(4) for every x € H there exists 2’ € H such that 0 =z + 2/, (2’ is
an opposite or symmetrical of x, with regard to considered 0,
and the set of all the opposites S(z) = {2’ | 0 = x + 2’} is the
symmetrical set of x);

(5) for every z,y,z € H, ' € S(x), ¥y € S(y) and 2’ € S(z), = €
y + z implies that 2/ € v/ + 2.

Note that in the above definition, if A and B are two non-empty
subsets of H and x € H, then
A+B=Ja+b z+A={a}+Aand A+2=A+ {z}.

acA
beB
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Theorem 2.2. [23] Let E be a set and G its subset with the structure
of an abelian group. Also let 0 be its neutral element and for each
x € G, —x be its opposite. If

(1) there exist a partition R of E and mapping one-to-one of quotient-
set E/R on G such as for every x € G, f~'(z) = Cgr(x), [where
Cgr(z) is the class of E mod R that contains the element x| and
(2) Cr(0) = {0},
then the hyperoperation x ®y = f~'[f(Cr(x)) + f(Cr(y))] defined on
E, through the group G gives in E the structure of a M-P.H of which
the group of reduction E/(0) coincides to E/R.

Lemma 2.3. [23]
(1) S(0)=0 therefore 0+0=0.
(2) For every x € H we have 0 € 04+ x = = = 0; more generally
foreveryx,ye Hycx+y=x=0.
(3) 0 is unique, named zero (of H).
(4) For every x,y,z,w € H we have

(z+y)Niz+w)#o=r+y=2+w.
(5) For every x,y,z,w € H we have
zerx+y=c+y=0+=z2
(6) For every x,y,z € H
zexty= (Vo €S(z)) [y€z+1x).

Theorem 2.4. [23] The sets C(x) = 0+ x, where x traverse H, form
a partition of H and we have v +y =0+zx4+y = (0+2) + (0+y).
Moreover, for every x,y € H, x +y is a class of the partition and the
set G ={C(x) | v € H} of these classes is an abelian group according
to the operation C(z) + C(y).

According to the induced hyperoperation into H, for every x,y € H,
we define x/y ={t e H |z €t+y}. So,texf/y=vect+y=te
x4y for every v € S(y). Also, t€ex+y =z €t+y=tez:y.
Consequently, z/y =z + ¢y and since x +y' =z + vy + 0=z + S(y),
it follows that x/y = = + S(y).

Note that every M-P.H. (H, +) has subhypergroups, for instance {0},
which is also M-P.H. (trivial case). Let h C H be a subhypergroup of H
and let € h. Then, obviously, by virtue of reproductiveness z+h = h,
there is y € h such that z € x + y and therefore y = 0. Thus, 0 € h.
Then we have 0 +x C h, i.e., C(x) C h, so the class mod 0 of H
that contains z being contained in h. By virtue of reproductiveness
of h, 0 € x +v. Consequently, there is a symmetric = € S(x) of
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in h. Thus we have 0 + 2’ = C(2’) = S(z) C h. Finally, it is clear
that h satisfies the axiom (5) and so we have the following important
Theorem.

Theorem 2.5. [23]

(1) Every subhypergroup of an M-P.H. is an M-P.H. with the same
zero.

(2) A non void subset h of the M-P.H. (H,+) is a subhypergroup if
and only if, for every x,y € h, x/y C h is valid.

(3) Consequently we have that every subhypergroup of an M-P.H.
is an M-polysymmetrical subhypergroup (M-P.SH.) of the same
M-P.H.

(4) A non void subset h of the M-P.H. (H,+) is a subhypergroup if
and only if, for every x,y € h, we have x + S(y) C h.

(5) A non wvoid subset h of H is an M-P.SH. if and only if it is
stable under the hyperoperation of (H,+) and if it contains an
element x of H, it includes also its symmetric set S(x).

We choose, for every class C', mod 0, of H one element z. as dis-
tinguished element of the class (axiom of choice), let it be G the set
of this elements. Then we consider the mapping f : G — G with
f(C) = z. € G. Obviously, it is one-to-one and by considering this
map, we define the following operation on G: = L y = f[C(x) + C(y)]
for every x,y € G. Clearly, the above operation is commutative and
associative. On the other hand, since C'(0) = {0}, it follows that 0 € G,
and C(0) + C(z) = 04+ 2 = C(z) holds 0 L & = z for every x € G.
Also, if 2 is a distinguished element of the class S(z), » € G, we have

S(x)=C(2") sox L' = f[C(x) + C(2")] = f[C(0)] = 0.
Finally, we observe that for every z,y € G we have
flC(z) + Cy)] = f(C(z)) L f(C(y)).
Consequently, we have the following theorem.

Theorem 2.6. [23] For every M-polysymmetrical hypergroup (H,+),
there is a subset G of H with abelian group’s structure (with the neutral
element zero of the hypergroup) isomorphic to the group of reduction
H/0. We call the group (G, L), the group of choice of (H,+).

3. M-POLYSYMMETRICAL HYPERRINGS

In [17], Mittas and Yatras introduced M-polysymmetrical hyper-
rings. We recall a non-empty set R is an M-polysymmetrical hyperring
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(M-P.HR) if it is endowed with a hyperoperation + : R x R — P*(R)
and an operation - : R x R — R that satisfies the following axioms:
(1) (R,+) is a M-polysymmetrical hypergroup,
(2) (R,-) is a semigroup,
(3) the multiplication is bilaterally distributive over addition, i.e,
forall z,y,z € R :

x-(y+z2)=z-y+z-zand (z+vy)-z=x-2+y-2.
If in (3) we have inclusions instead of equalities, then we say that the

M-polysymmetrical hyperring is weak.

Example 3.1. [17] Let (K, +,-) be a commutative algebraically close
field with characteristic p and n # 0 be a coprime to p number and &,
be the multiplicative group of the n-th roots of the unity of K. We
define the following hyperoperation in K:

r@y={z€ K:a"+y" =2"},
the x @ y is a class modulo &, in K and it holds that

@y = (26) ® (y€n)-

It can easily be proved that K endowed with the above hyperoperation
is a M-P.H. This M-P.H combined with the multiplication in K give
the hyperstructure (K, @, -) which is an M-P.HR.

The following theorem, which is described in [17], gives us a method
to construct an M-P.HR.

Theorem 3.2. Suppose that E is a set with the structure of a multi-
plicative semigroup whose has an absorbing element, having as a subset,
a ring (A, +,-) such that multiplication is the restriction of the corre-
sponding one of the semigroup (E,-) in A and the zero (0) of A is the
absorbing element of the semigroup (E,-). Then, if

(1) there is a partition R of E having the property
rCgr(y) = Cr(z)y = Cr(zy) for every x,y € E,

(2) there is a bijective mapping of the quotient set E/R on A such
that for every x € A

f_l(x) = CR(x)v
where Cr(z) is the class of E mod(R) that contains element x,
(3) Cr(0) ={0}.
the hyperoperation * ® y = f'[f(Cr(z)) + f(Cr(y))] defined on E
through the group (A, +) of the operation xoy = xy (that is the operation
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of the semigroup and the ring) makes E an M-P.HR whose ring of
reduction E/(0) coincides with E/R.

Example 3.3. Let £ ={0,1,a,b,¢,d, e} be a semigroup such that its
multiplication is according to the following table:

01 ab c de
0/j0 0O OO0 OO0
110 1 a b ¢ d e
al0 a1l ¢ b e d
b0 b ¢ 0 0 ¢ b
c|l0 ¢ b 00 b ¢
dl0 d e b c 1 a
el0 e d b c al

and (A ={0,1,b,e},+,-) is a ring according to the following tables:

+]0 1 b e |01 b e
00 1 b e 0/0 0 0 O
111 b e 0 110 1 b e
blb e 0 a b0 b 0 b
ele 01 b e|l0 e b 1

Now, if we get a partition R = {Cr(0) = {0}, Cr(1) = {1,a},Cr(b) =
{b,c},Cr(e) = {d,e}} of E, by using Theorem 3.2 we can construct
E as an M-P.HR such that the addition is according to the following
table

0 1 a b c d e

0  {l,a} {l,a} {b,c} {b,c} {d,e} {d,e}
{1,a} {b,c} {b,c} {d,e} {d,e} 0 0
{1,a} {b,c} {b,c} {d,e} {d,e} 0 0
{b,c¢} {d,e} {d,e} 0 0 {lL,a} {1,a}
{b,c¢} {d,e} {d,e} 0 0 {lLa} {1,a}
{d,e} 0 0 {l,a} {l,a} {b,c} {b,c}
ey 0 0 {La} {La} (b} {beh

Lemma 3.4. Let (S,-) be a semigroup with an absorbing element 0
and {A;}zes be a family of non-empty sets such that Ay = {0} and
for every x,y € S, A, NAy, = @. Fixx € Ay, for all z € S and
set K = UgesAy, then for every a,b € K there is x,y € S such that
ac A, be A, We define

a®b=7-y,Y(a,b) € A, X A,.

QUL T~ OH

Then (K, ®) is a semigroup with absorbing element 0.
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Proof. Let a,b € K, then since for all z,y € S, A, N A, = ¢, there
exists unique elements z,y € S where a € A,, b € A,. Thus there
exists unique element z = z -y such that a©b =7~y = Z. So (S5, ®) is
well defined. Also (S, ®) is associative, because for all a,b, c € K there
exists z,y,z € S such that a € A,, be Ay, c€ A, and so

(a0l eec=Tyoc=(z-y) - z=2-(y-2)=a0y-z2=a0 (bOc).
Finally, for all a € K there exists € S such that a € A, and so
a®0=2x-0=0. Similarly 0 ® a = 0. O

The following theorem states a method for construction an M-P.HR

of an arbitrary ring.

Theorem 3.5. Let (R,+,) be an arbitrary ring and {Az}.cr be a
family of sets such that Ay = {0} and for every x,y € R, A, NA, = @.
Set K = UzerAy, then for every a,b € K there is v,y € R such that
ac A, be A, We define

a @ b = A$+y,

then (K,®,®) is a weak M-P.HR, where ® is defined in Lemma 3./.
Moreover, if the sum of products is a singleton then (K,®,®) is an
M-P.HR.

Proof. Following [23, Theorem 3.1], (K, ®) is an M-P.H. Also, consid-
ering previous lemma (K, @) is semigroup. It only remains that show
(K,®,®) is weakly distributive. For every a,b,c € K there exists
z,y,z € Ssuchthat a e A;, be Ay, c€ A, and
a®bdc)=z-(y+2)=2-y+2-2CT-y®T-2=a0bdadec.
0

By using the above theorem we make the following example.

Example 3.6. Suppose that the ring (R, +, ) is defined according to
the following tables:

+/0 123 -0 1 23
0/0 123 0[0 000
110 3 2 110 000
212301 210 0 2 2
313210 310 0 2 2

we set
AO = {0} Ay = {CL, b} Ay = {C} A3 = {dv 6}
K ={0,a,b,¢,d, e}
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then (K, ®, ®) is made according to the following tables is an M-P.HR:

@ 0 a b c d e
0 0  {a,b} {a,0} ¢ {d,e} {d,e}
a|{a,b} 0 0 {de} ¢ c
b|{a,b} 0 0 {de} ¢ c
c c Ad,e} {d,e} 0 {a,b} {a,b}
d|{d,e} ¢ ¢ A{a,b} 0 0
e |{d,e} ¢ ¢ A{a,b} O 0
and

©|0 a b c d e

0/0 00000

a0 0 00 O0O0

b0 0 00 00

c|0 0 0 ¢c c ¢

dj0 00 ccc

el0 0 0 cc c

4. HYPERIDEALS IN M-P.HRs

In this section, for the first time we introduce the concept of hyper-
ideal of an M-P.HR and present some results in this respect. Moreover,
by using this concept, we construct a quotient ring.

Definition 4.1. Let I be a non-empty subset of R. We call [ is a
left (right)[bi-] hyperideal of R if I is a subhypergroup of (R, +) and
RI CI(IR CI)[RIR C I]. A hyperideal is a left and right hyperideal.

Theorem 4.2. [ is a left hyperideal if and only if
(1) x € I implies 2’ € I, for all 2’ € S(x);
(2) z,y € I implies x +y C 1,
(3) x € I implies rx € I, for all v € R.
Proof. By Theorem 2.5, we have [ is a subhypergroup of (R, +) if and

only if (1) and (2) hold. So, by the definition of left hyperideal, the
proof is completed. O

Remark 4.3. In the above theorem, (1), (2) are equivalent with x +
S(y) C I, that it means [ is also a subhypergroup of R.

Corollary 4.4. Let I be a hyperideal of an M-P.HR (R,+,-). Then,
(I,+,-) is an M-P.HR.

Example 4.5. Clearly (0) and R are hyperideals of R.

Example 4.6. Let (E, +,-) be the M-P.HR in Example 3.3. If we get
I =1{0,b,c} then I is a hyperideal of E.
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Example 4.7. Let (K,®,®) be the M-P.HR in Example 3.6. Set
I ={0,c} and J = {0, a,b}. Then I, J are two hyperideals of K.

Lemma 4.8. Let (R,+,-) be an M-P.HR. If {I;};c; is a family of
hyperideals of R, then NI; is also a hyperideal of R.

Proof. By Theorem 4.2, proof is straightforward. O

Definition 4.9. Let R be an M-P.HR and X a subset of R, then the
smallest, in the sense of inclusion, hyperideal of R which contains X
is called generated hyperideal by X and denoted by < X >. If X = ¢
then < X >= {0}.

By considering Definition 4.9 and using Lemma 4.8, we conclude that
< X >=nNI;, where {I,};c, is a family of hyperideals of R containing
X.

Proposition 4.10. If R is a commutative M-P.HR and X is a non-
empty subset of R, then the following set

Y:{t | tEZTiIi—f—ZZL‘iI ri € R, ZL‘ZEXUS(X)}
i=1 i=1
is a hyperideal of R containing X, where S(X) = UzexS(x).

Proof. We consider @ € Y 1" 7 + > i Tiy Y E Do Tl + Doy Yi
with 7, € R, x;,y; € X U S(X) then according to the definition of
M-PHR we have y/ € > riyi + > oy yi for v/ € S(y), yi € S(y;) and
Ay CY O iy Y Y Y = Z?g TiZi+ 2?21 <i
where z; € X US(X). Thusz+y' CY,i e, 2+ S(y) CY.

Also for every r,r; € R, x; € X U S(X) we have r(3 1", rix; +
S a) = S )z + Y rry = Y sz, C Y where s € R.
Thus Y is a hyperideal of R. Also (if in Y set r; = 0) Y is clearly
containing X. 0

Corollary 4.11. If R is commutative M-P.HR the hyperideal Y in the
above proposition is equal to < X >, namely

<X>={t|te) mm+» x:r€R € XUSX)}
i=1 i=1

because it is clear that < X >CY (because Y is one of the hyperideals
containing X ). Also Y C< X > because we have X C< X >
and since a hyperideal is also an M-P.SH then S(X) C< X >, thus
X USX) C< X > and so for every r; € R, z; € X US(X) we
have Y7 (rix; + ;) €< X >, therefore Y C< X >. Consequently
Y =< X >.
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Corollary 4.12. If R is a commutative and unitary M-P.HR and X
s a non-empty subset of R then

<X>:{t tEani: TiER, .TZEX}

i=1

If R is an arbitrary M-P.HR and X is a subset of R, then

(X)={t: te zm:rixi + ixisi +irixisi —|—ixi :ry, S8 € R},
i=1 i=1 i=1 i=1

where z; € X U S(X).

We remained that on an M-P.H H for every « € H the set Cy(x) =
0 + = construct a partition on H, which is denoted by mod(0) or (0),
such that

r =y mod(0) & Cy(z)=Co(y) & 0+z=0+y

and the set H/(0) = {Co(x) = 0+ 2 : = € H} is an abelian group,
which we call it group of reduction of H. For every x € H, 2/ € S(z)
we have S(x) = C(2).

Similarly, if & is an M-P.SH of H then the set Cj,(z) = z+h construct
a partition on H, which is denoted by mod(h) such that

r=ymodh) & Cux)=Chly) & x+h=y+h

and the set of equivalence classes H/(h) = {Cp(x) : € H} is an
abelian group, which we call it group of reduction of H by h.

Theorem 4.13. Let I be a hyperideal of an M-P.HR R. On the set
R/I ={Ci(z) =x+ 1 | x € R} of equivalence classes mod(I) if we
define

Cr(z) + Cr(y) = Cy(z) for all z € z +y,

Ci(z) - Ci(y) = Cr(zy),
then we have (R/I,+,-) as a ring which is called the ring of reduction
of M-P.HR R by I and is denoted by R(I).

Proof. The operation + is well-defined because

(1) The set {C;(z) : z € x+y} is a singleton, because z € z+y =
x+y=0+zand so

Cr(x)+Ciy) =xc+y+1=0+2+1=2+1=Cy(2).

(2) For every x1,y1,x2,y2 € R if Cr(x1) = Cr(xs) and Cr(y1) =
Cr(yo) then x1 + 2, C I and y; + y4 C I with 24, € S(xq), v €
S(y2) and therefore since S(z4 + y5) = Co((w2 + y2)') we have
r1+y1 + (ra+y2) €T and so x1 +y; + I = 29 + yo + [ which
means Cy(xy + y1) = Cr(xe + yo).
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Also the operation - is well-defined because if Cj(x;) = Cj(z3) and
Cr(y1) = Cr(yz) then z1 + 24, C I and y; + y5 C I. Since [ is a
hyperideal we have

iy +agye = v(yr + ) + (w1 +2h)y ST = 2y +0+ a5y, C T

Since xhys € S(xoye) and S(xay2) = 0+ xbys then x1y; + (r2y2)’ C
I. O

Theorem 4.14. Let I and J be two hyperideals of an M-P.HR R and
I C J. Then, Ci(J) is a hyperideal of the reduction of M-P.HR R.,

Proof. Let Cr(r) € R(I) and Cy(a) € Cr(J) then by Theorem 4.13,
Cr(a)Cy(r) = Cy(ar) € Cy(J), because J is a hyperideal and ar €
J. OJ

Corollary 4.15. Let R be an M-P.HR. On the set R/(0) = {Cy(z) =
04 x: 2z € R} of equivalence classes mod(0) if we define

Co(z) + Co(y) = Co(z) forall z ez +y
Co(z) - Coly) = Co(y),

then we have (R/(0),+,-) as a ring which is called the ring of reduction
of M-P.HR R denoted by R(0).

Proposition 4.16. If the M-P.HR R is M-polysymmetrical hyperfield
(M-P.HF) and I be a hyperideal of R then, the set R/1 of the equivalence
classes mod(I) is a field called field of reduction of M-P.HR R by I
denoted by F(I).

Proposition 4.17. If R is a commutative M-P.HR and I is a hyper-
ideal of R, then R/I is also a commutative ring.

Conversely we have the proposition:

Proposition 4.18. If the cancellation law for multiplication holds in
R then it holds in R/I as well.

5. HOMOMORPHISMS

In this section, we give the definition of homomorphism between
M-P.HRs and we present some its properties. Finally, we prove the
fundamental theorem of homomorphisms.

Definition 5.1. Let R, Ry be an M-P.HRs. A mapping ¢ from R into
R, is said to be a normal homomorphism if for all a,b € R

p(a+b) = p(a) + ¢(b) and p(ab) = p(a)p(b)
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Remark 5.2. ¢(0) = 0y, because ¢ ©(0+0) = ¢(0) + p(0) =

(0) = (0
p(0) + (#(0))" = #(0) + ¢(0) + (£(0)), where (£(0))" € 5(p(0)) =
01 = ¢(0) 4 01, therefore by [21], p(0) = 0;.

) =
Regarding the above definition we have the following propositions.

Proposition 5.3. (1) o(Co(x)) = Co(p(x)), thus p(S(x)) = S(p(z
(2) ¢(Cr(x)) = Cyny(p(x)), which I is a hyperideal of R.

o
Proof. (1) We have ¢(Cy(z)) = (0 + ) = ¢(0) + ¢(x) = 01 + ¢(x)
Co, (p(z)). Since p(2') € S(p(x)), where 2" € S(x), (p(x))" € S(p(x
(because 01 = ¢(0) = p(z + ') = p(z) + p(2')) = p(2') € S(p(x))
we have p(S(x)) = ¢(Co(2")) = ¢(0 + ') = 01 + p(z') = Cy, (p(2'))
S(p(x)).
(2) We have p(Cr(z)) = p(z + I) = o(x) + ¢(I) = Cpy(p(z)). O

Proposition 5.4. (1) The homomorphic image ¢(I) of every hy-
perideal I of R is a hyperideal of o(R) (and if ¢ is onto, a
hyperideal of Ry),

(2) The image inverse o~ (1) of every hyperideal I of p(R) is a
hyperideal of R and the kernel X,y = ¢ 1(01) C o *(I1).

Proof. (1) Let a1 € ¢(I) then there is a € I such that a; =
pla) = a1+ @(I) = ¢(a) + o(I) = pla+ 1) = @(I). Also
for all ry € p(R), a1 € ¢(I) there is r € R, a € I such that
ro=p(r), e = pla) = na = p(r)pla) = p(ra) € p(I).
If ¢ is onto and r € Ry there is r € R such that r; = ¢(r),
also for every a; € ¢(I) there is a € I such that a; = p(a) so
ra = ¢(r)p(a) = p(ra) € p(I).

(2) Let z,y € ¢ '(I;) then there is x1,y; € I; such that
z € o~ (1), y € o7 (y1)) so p(x + S(y)) = p(x) + ¢(S(y)) =
p(x)+5(e(y)) € el (1)) +5(0(e™ (11))) = 21+5(y1) € 1.
Also let r € R, a € ¢~ (I;) then there is r; € Ry, a; € I; such
that r = ¢~ (7“1), a =9 Yay) = ra= o (r)e Ha),
S0 @(ra) = (7t (r))e(e " (a1)) = ria; € I, therefore ra €

—1
o (1)

)

I == I

O

Corollary 5.5. The kernel Ry of the homomorphism @, is a hyperideal
of R.

Proposition 5.6. Let ¢ be a normal homomorphism from R into Ry
and X, = {0}, then

o(x) = p(y) mod(0,) < x =y mod(0),

conversely if ¢ is one to one then N,y = {0}.
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Proof. Let z,y € R be such that p(z) = ¢(y) mod(0;), then 01 +¢(z) =
m+wwﬁoﬂ@+w@ﬁ=ﬂw+w()WMmyGS()R%%%
that p(z + ') = oy +v') = ¢(0) = 0;. Thus, if X, = {0} then
r+y =0 = 0+2=0+y = ==y mod0). From right to left is
similarly proved.

For the converse, let z € N(,), then ¢(z) = 0; = ¢(0) and since ¢ is
one to one, x = 0. Thus, R, = {0}. O

In the following we state the isomorphism theorems in the context
of M-polysymmetrical hyperrings.

Theorem 5.7. Let ¢ be a normal homomorphism from R into Ry,
then R/N () = ¢(R)/(01) (where R/X, is the reduced ring of R by
N, and (R)/(01) is the reduced ring of ¢(R) ).

Proof. We define the mapping

¥ R/Ri) = o(R)/(01)
by setting (Ch,, () = Ci, (¢(x)) for all Gy () € R/R, Coy(o(x) €
p(R)/(01).

(1) We first prove that ¢ is well-defined and one to one,

Cx,, (z) = Cx,, () T+ Ry =y + Ry
z+y C R,
o(x+y') =0,

o)+ (y) =0,
01 + ¢(z) = 01 + »(y)
Co, (p(7)) = Co, (¢(y))-

(2) v is a homomorphism because

V(Cry, (2) + O, (y) = D[+ V) + (¥ + Ryl
{¢(Z+N(<P)): ZG.CE—{—Z/}
{p(2)+0;: z€ex+y}
o +y) + 0
p(x) + ¢(y) + 01

= (p(z) +01) + (p(y) + 01)

tteeTe

= OU1< ( >>+001(§0( ))
= P(Cx, (@) +P(Cx, (),
also
P(Cx,, () - Cx,(v) = (@ +Ry)) - (Y+R)]
= Y[(zy + X)) = p(zy) + 01
= @(@)e(y) + 01
= (p(x) +01) - (¢(y) +01)
= P(Cx, () - (Cr, ()
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(3) 9 is clearly onto.
0

Example 5.8. Let R; = {0,1,2,3,4} be an M-polysymmetrical hy-
perring by the following tables:

+] o 1 2 3 4 01 2 3 4
0] 0 {12} {12} 3 1 0[0 0000
1{1,2} 0 0 3 3 110 0000
2 {1,2} 0 0 4 3 7 200000
3| 3 4 4 0 {12} 3/000 33
4] 4 3 3 {1,2} 0 410 0 0 3 3

Also, let (K, ®,®) be the M-polysymmetrical hyperring studied in Ex-
ample 3.6. Define ¢ : K — Ry by ¢(0) = 0,¢p(a) = 1,¢(b) = 2,¢(c) =
3,0(d) = 4,¢(e) = 4. Then it is not difficult to see that X, = {0}.
Also, p(K) = Ry. So K/X(,) = K/(0). It is easy to see that K /R,y = R
and R;/(01) = R, when R is a ring defined according to the following
tables:

+/0 123 -0 1 2 3
0/0 1 2 3 00 0 00
1103 2, 110 000
212301 210 0 2 2
313210 310 0 2 2

Therefore, we have K/, = R;/(01).

Corollary 5.9. If the normal homomorphism ¢ : R — Ry is onto,
then R/N(W) = R1/<01)

Corollary 5.10. If X, = {0}, then the ring of reduction R/(0) and
©(R)/(01) are isomorphic.

Lemma 5.11. If R is an M-P.HR and I,J are hyperideals of R, then
I+ J is a hyperideal of R.

Lemma 5.12. If R is an M-P.HR and I, J are hyperideals of R such
that I C J, then I is a hyperideal of J.

Proof. By Theorem 4.2 and Corollary 4.4, the proof is straightforward.
OJ

Theorem 5.13. If R is an M-P.HR and I, J are hyperideals of R, then
the reduced ring I/(I N J) is isomorphic to reduced ring (I + J)/J.

Proof. We define the mapping
e I/INJ)—=T+J)/J
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by setting o(Cins(a)) = Cy(a) for all a € I, it is proved ¢ is a normal
isomorphism and so I/(INJ) = (I +J)/J. O

Lemma 5.14. If R is an M-P.HR and I, J are hyperideals of R such
that I C J, then J/I is an ideal of R/I.

Theorem 5.15. If R is an M-P.HR and I, J are hyperideals of R such
that I C J, then (R/1)/(J/I) = R/J.

Proof. We define the mapping
¢0:R/I = R/J

by setting ¢(Cr(x)) = Cy(z) for all € R, it is proved ¢ is an onto
normal homomorphism such that X, = J/I and so by using Corollary
5.9 the proof is completed. O

6. FUNDAMENTAL RELATION ON M-P.HRSs

The notion of fundamental relation on hypergroups was introduced
by Koskas [I1], and then studied by Corsini [!], Freni [7, 8, 9] and
Gutan [10], Vougiouklis [20, 21], Davvaz et. al. [06]. In [7], Freni
firstly proved that the relation [ is transitive in every hypergroup.
The relations v and ~* were firstly introduced and analyzed by Freni
[8]. He proved that the relation v on hypergroup is transitive and
v = ~*. Also, Freni [J] determined a family P,(H) of subsets of a
hypergroup H such that the geometric space (H, P,(H)) is strongly
transitive. The letter v already has been used for the corresponding

fundamental relation on hyperrings by Vougiouklis [20]. Thus, there
is a confusion on the symbolism. In 1990, Vougiouklis at the fourth
AHA congress [20], introduced the concept of fundamental relation ~y
on a hyperring, and then it studied by himself and many authors, for
example see [0, 6, 14, 21]. In this section, we use I" instead of 7 for
hyperrings.

Recently, Mirvakili and Davvaz [15] proved that the relation I" on ev-

ery hyperfield is an equivalence relation and I' = I'*. In [6], Davvaz and
Vougiouklis introduced a new strongly regular equivalence relation on
a hyperring such that the set of quotients is an ordinary commutative
ring and later some properties of relation « are studied[l].

Definition 6.1. [20] Let R be a hyperring. We define the relation T’
as follows :
Ty & IneN Ik €N Iry,...,¢q) € R¥ 1 <i<n,such that

{z.y} €305 (H?:l x”)
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Definition 6.2. [0] Let R be a hyperring. We consider the relation o
as follows:
ray < IneN, I(ky,...,k,) € N*, Jo €S,, and [I(z;1,...,Ti,) €

RY Jo; €Sy, (i=1,...,n)] such that z € > | <Hf:1 xij) and y €

k;
Z:‘L:I Aa(i), where AZ = H‘rim‘(j)'

j=1

The relation « and I' are reflexive and symmetric. Let a* and I'* be
the transitive closure of o and I'. Then we recall the following theorem:

Theorem 6.3. [20, Theorem 1][6, Theorem 4| Let (R, +,-) be a hyper-
TIng.
(1) T'* is the smallest equivalence relation on R such that the quo-
tient R/T™* is a ring.
(2) a* is the smallest equivalence relation on R such that the quo-
tient R/ is a commutative ring.

Theorem 6.4. I = mod(0) and so R/T* = R(0).

Proof. It easy to see that I'"(z) = Cy(z) for all x € R. Hence, I'* =
mod(0). O]

Theorem 6.5. In every R, By = 3. = I' = I'", and so I' is an
equivalence relation.

Proof. 1t is clear that if z(,y, then xI'y. Now, if xI'y, then there
exist n € N, k; € N, and (2;1,...,74,) € R*, where 1 < i < n such
that {z,y} C >, <Hf;1 ZL'U> But z, = Hf’zl x;; is singleton and
so {xz,y} C > "  w;. This means zf,y. Freni [3] proved that in any
hypergroup (R, +), B = B4+ and this completes the proof. O

Theorem 6.6. R/a* = R(0)/~*.

Proof. By Theorem 6.4, R/T* = R(0). Since + is commutative, it
follows that
R/a™ = R/I™/y" = R(0)/7.
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