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ON THE PROJECTIVE DIMENSION OF ARTINIAN
MODULES

Y. IRANI, K. BAHMANPOUR* AND G. GHASEMI

ABSTRACT. Let (R, m) be a Noetherian local ring and M, N be
two finitely generated R-modules. In this paper it is shown that
R is a Cohen-Macaulay ring if and only if R admits a non-zero
Artinian R-module A of finite projective dimension; in addition,
for all such Artinian R-modules A, it is shown that pdy A = dim R.
Furthermore, as an application of these results it is shown that

dep H;iRp (MPa Np) < de Hlij_dimR/p(M? N)

for each p € SpecR and each integer ¢ > 0. This result answers
affirmatively a question raised by the present authors in [13].

1. INTRODUCTION

Let R denote a commutative Noetherian ring with identity, I be
an ideal of R and M, N be two R-modules. Throughout this paper,
we denote by id, M and fd, M the injective dimension and the flat
dimension of M respectively. Furthermore, we denote by pd, M the
projective dimension of M. Also, for technical reasons, we interpret
the injective dimension, flat dimension and projective dimension of the
zero R-module as —1.

The following celebrated result, primarily known as Bass’ conjecture
(Bass, 1963), has been achieved by Peskine and Szpiro (1973) in the
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geometric case, by Hochster (1975) for all local rings containing a field,
and by Roberts (1987) in mixed characteristic.

Theorem 1.1 (Bass’ Theorem). A Noetherian local ring is Cohen-
Macaulay if and only if it admits a non-zero finitely generated module
of finite injective dimension.

In this paper first we prove an analogue result of this theorem. More,
precisely we prove that a Noetherian local ring is Cohen-Macaulay if
and only if it admits a non-zero Artinian module of finite projective
dimension. Also, we show that for any non-zero Artinian module A
over a Noetherian local ring R, either pd, A = oo or pd, A = dim R.

In 1970 the notion of generalized local cohomology was introduced
by Herzog in [12]. According to his definition, the ith generalized local
cohomology modules of M and N with respect to [ is defined as

Hi(M,N) = lim Ext%(M/I"M, N).
—
n>1

Clearly, this notion is a generalization of the usual local cohomology
functor and H%(R, N) is just the ordinary local cohomology module
Hi(N). There are a lot of articles concerning the generalized local co-
homology modules in the literature (see for example [1, 2, 4, 5, 7, 8, 9,

) Y ? Y ])'

The authors of the present paper, as a generalization of the main
result of [3], in [13] proved the following theorem:

Theorem 1.2. Let (R, m) be a Noetherian local ring and M, N be two
finitely generated R-modules. Then for each p € SpecR and each i > 0,
the following inequalities hold:

1) idRp HéRp(MW NP) S ldR H‘i‘{'_di.mR/p (Mv N)
ii) fd,, Hip (M, Ny) < fd, Ho ™ (M, N).
Then they asked the following question:

Question 1.3. Let (R, m) be a Noetherian local ring and M, N be two
finitely generated R-modules. Whether for each p € SpecR and each
integer 1 > 0, the following inequality holds?

dep H;Rp (MP7 NP) < de Hlil+dimR/p(M7 N)

The second aim of this paper is to present an affirmative answer to
this question in general.
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Throughout this paper, for each Noetherian local ring (R, m) the
symbol D(—) will always denote the Matlis dual functor Hompg(—, E),
where E := Egr(R/m) is the injective hull of the residue field R/m.
Also, we will denote the m-adic completion of R by R. For any unex-
plained notation and terminology, we refer the reader to [6] and [14].

2. THE RESULTS

The main purpose of this section is to prove Theorems 2.12 and 2.14.
In order to prove these theorems first we need to prove Proposition 2.9.
So, we start this section with some auxiliary lemmas, which are needed
in the proof of Proposition 2.9.

Recall that for each commutative ring R, the finitistic projective
dimension of R, is defined as:

FPD(R) :=sup{pd, M : M is an R-module with pd, M < oo}.

The following result shows that for any commutative Noetherian
ring R, FPD(R) is equal to the Krull dimension of R. The inequality
> was established by Bass in 1962, the other one was completed by
Gruson and Raynaud in 1973. Since there are examples of commutative
Noetherian rings with an infinite Krull dimension so in general the
finitistic projective dimensions of commutative Noetherian rings need
not to be finite.

Lemma 2.1. (See [15, Theorem 3.2]) Let R be a Noetherian ring. Then
FPD(R) = dim R.

Lemma 2.2. (See [11, Proposition 6]) Let R be a Noetherian ring and
Q) be a non-zero flat R-module. If FPD(R) < oo then pd, @ < oo.

Lemma 2.3. Let (R, m) be a Noetherian local ring and M be a non-zero
R-module. Then td, M < oo if and only if pd, M < oo.

Proof. Since R is a local Noetherian ring it follows that dim R < oo.
Hence, by Lemma 2.1 we have FPD(R) < oco. Thus by Lemma 2.2,
for each flat R-module (), we have pd, ) < oco. Now, assume that
fd, M := n < oo. By induction on n we prove that pdM < oo. If
n = 0, then M is a flat R-module, and so the assertion follows from
Lemma 2.2. Now suppose, inductively, that fd, M = n > 0 and we
have established the result for smaller values of n. Then there is an
exact sequence

0—K-—F—M-—0, (23.1)

for some free R-module F'. Then it is clear that fd, K =n —1 < 00
and so by inductive assumption we have pd, K < oco. Now since F'is a
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projective R-module, from the exact sequence (2.3.1) we deduce that
pd, M <1+ pd, K < oo. This completes the inductive step.
Conversely, assume that pd, M < oo. Then, since each projective
resolution of M is a flat resolution of M, it follows that fd, M <
pd, M < oc. OJ

Lemma 2.4. (See [12, Theorem 3.1.17]) Let (R,m) be a Noetherian
local ring and M be a non-zero finitely generated R-module. Ifid, M <
oo, then id, M = depth R.

Lemma 2.5. (See [16, Theorem 69]) Let (R,m) be a Noetherian local
ring and M be a non-zero finitely generated R-module. If id, M < oo,
then R is a Cohen-Macaulay ring.

Corollary 2.6. Let (R, m) be a Noetherian local ring and M be a non-
zero finitely generated R-module. If id, M < oo, then id, M = dim R.

Proof. The assertion follows from Lemmata 2.4 and 2.5. O

Lemma 2.7. (See [0, Theorem 10.2.10]) Let (R,m) be a Noetherian
complete local ring and M be an Artinian R-module. Then D(M) is a
finitely generated R-module.

Lemma 2.8. (See [11, Theorem 2.5|) Let (R, m) be a Noetherian local
ring. Then each projective module over R is free.

The following result plays a key role in the proof of our main results.

Proposition 2.9. Let (R,m) be a Noetherian local ring and M be a
non-zero Artinian R-module. If pd, M < oo then pd, M = dim R and
R is a Cohen-Macaulay ring.

Proof. Assume that pd, M = n < oo. Then by Lemma 2.8, M has
a finite R-free resolution of length n. Now, using the fact that R is
a flat R-algebra it follows that the R-module M ®r R has a finite
R-free resolution of length n, and so pdg M ®gr R < n. Since by the
hypothesis M is an Artinian R-module it follows that M has an R-
module structure and there is an isomorphism of R-modules as M ~
M ®pr E, whence we get

pdﬁM:pdﬁM®R§§deM<oo.

Now by Lemma 2.1 we can deduce that pdg M < pd, M < dim R.
Now, let pdg M =t and assume that

0—Qt— -+ — Qo — M — 0,



PROJECTIVE DIMENSION OF ARTINIAN MODULES 17

is a E—projective resolution of the B-module M. Then by effecting the
exact functor Dz(—) to this exact sequence we get an exact sequence

0 — Dp(M) — Dg(Qo) — -+ — Dp(Q1) — 0,
which is an ﬁ—injective resolution of the R-module D #(M). Therefore,
idg Dp(M) <t < 0o. Now, since idg D5(M) < oo and by lemma 2.7,
Dg(M) is a finitely generated R-module, it follows from Lemma 2.5

that R is a Cohen-Macaulay ring. But this means that R is a Cohen-
Macaulay ring. Also, by Corollary 2.6 we get

idg Dp(M) = dim R = dim R,
and so
dim R = idﬁDﬁ(M) <t= pdf{M < dim R.
Thus ¢ = dim R and hence dim R =t = pdg M < pd, M < dim R,
which means that pd, M = dim R. 0

Corollary 2.10. Let (R, m) be a Noetherian local ring and M be a non-
zero Artinian R-module. Then either pd, M = oo or pd, M = dim R.

Proof. The assertion follows from Proposition 2.9. OJ

Lemma 2.11. Let (R, m) be a local Cohen-Macaulay ring. Then there
exists a non-zero Artinian R-module M such that pd, M < oo.

Proof. Set d := dim R. If d = 0, then M = R satisfies the condition
of the lemma. Now assume that d > 0 and let x4, ...z4 be a system of
parameters for R. Then by [14, p. 151], the Koszul complex

0—R—R'"— - — R"— R— R/(21,...,x4) — 0,

with respect to x1, ..., x4 provides an R-free resolution of the Artinian
R-module R/(xy,...,x4). Therefore, pd, R/(z1,...,24) < oo and hence
M = R/(x1,...,x4) satisfies the condition of the lemma. O

The following theorem is the first main result of this paper.

Theorem 2.12. Let (R,m) be a Noetherian local ring. Then R is a
Cohen-Macaulay ring if and only if and only if R admils a non-zero
Artinian R-module of finite projective dimension.

Proof. The assertion holds by Proposition 2.9 and Lemma 2.11. 0

Lemma 2.13. (See [10, Theorem 2.2 |) Let (R,m) be a Noetherian
local ring, and M, N be two finitely generated R-modules. Then the
R-module H: (M, N) is Artinian, for all i > 0.
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Now we are ready to state and prove the second main result of this
paper, which answers affirmatively a question raised by the present
authors in [13].

Theorem 2.14. Let (R,m) be a Noetherian local ring and M, N be
two finitely generated R-modules. Then for each p € SpecR and each
integer v > 0, we have:

pdy, Hy p (M, Ny) < pd,, HiF™ 8P (M, N).

Proof. If H;Rp(MpaNp) = 0 then the assertion is clear. So, we may
assume that Hyp (M,, N,) # 0. Then by [13, Theorem 2.11] we have
HEFm B (v NY £ 0. |

First, suppose that pd, H, R,,(Mpa N,) = oo. Then by Lemma 2.3,
fd,, Hyp,(My, Ny) = 00 and so by [13, Theorem 2.11], we have

oo = fdg, H;Rp(Mp»Np)

fd,, HIFmE 2 (A N)
pdy, H (M N),

IAINA

which means that pd, Hiram e P(M,N) = oo and so the assertion is
clear in this case. So, in order to prove the assertion we can make the
additional assumption that dep Hy Rp(Mm Ny) < oco. Now if

pdy, Hy (M, N) = oo,
then there is nothing to prove. So we may assume that
pd, HiF "™ /% (M, N) < 0o and pd, H, g (M,, Ny) < oo.
Then by Proposition 2.9 and Lemma 2.13, we get

pdy, Hyp, (M, N,) = dim R,
= heightp
dim R
pd,, Hy P (M, N).

IN

O

Corollary 2.15. Let (R,m) be a Noetherian local ring and N be a
finitely generated R-module. Let p € SpecR and i > 0 be an integer.
Then

pd,, Hy p (Ny) < pd, Hyt ™ F/P(N).
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Proof. Replacing M by R, the assertion follows immediately from The-

or

em 2.14. O

Acknowledgments

The authors are deeply grateful to the referee for a very careful reading

of

10.

11.
12.

13.

14.

15.

16.

the paper and many valuable suggestions.

REFERENCES

. J. Asadollahi, K. Khashyarmanesh, and S. Salarian, On the finiteness properties
of the generalized local cohomology modules, Commun. Algebra, 30 (2002),
859-867.

M. Asgharzadeh, K. Divaani-Aazar, and M. Tousi, The finiteness dimension
of local cohomology modules and its dual notion, J. Pure. Appl. Algebra, 320
(2008), 1275-1287.

K. Bahmanpour, A note on homological dimensions of Artinian local cohomol-
ogy modules, Canad. Math. Bull., 56 (2013), 491-499.

M. H. Bijan-Zadeh, A common generalization of local cohomology theories,
Glasgow Math. J., 21 (1980), 173-181.

K. Borna, P. Sahandi, and S. Yassemi, Cofiniteness of generalized local coho-
mology modules, Bull. Aust. Math. Soc., 83 (2011), 382-388.

M. P. Brodmann, and R. Y. Sharp, Local Cohomology: An Algebraic Intro-
duction with Geometric Applications, Cambridge University Press, Cambridge,
1998.

L. Chu, Cofiniteness and finiteness of generalized local cohomology modules,
Bull. Aust. Math. Soc., 80 (2009), 244-250.

K. Divaani-Aazar, and A. Hajikarimi, Cofiniteness of Generalized local coho-
mology modules for one-dimensional ideals, Canad. Math. Bull., 55 (2012),
81-87.

K. Divaani-Aazar, and R. Sazeedeh, Cofiniteness of generalized local cohomol-
ogy modules, Collog. Math., 99 (2004), 283-290.

K. Divaani-Aazar, R. Sazeedeh, and M. Tousi, On vanishing of generalized local
cohomology modules, Algebra Collog., 12 (2005), 213-218.

C.U. Jensen, On the vanishing of lim« (i), J. Algebra, 15, (1970), 151-166.

J. Herzog, Komplexe, Aufiésungen und Dualitit in der lokalen Algebra, Habili-
tationsschrift, Universitiat Regensburg, 1974.

Y. Irani, K. Bahmanpour, and G. Ghasemi, Some homological propertis of
generalized local cohomology modules, J. Algebra Appl., 18 (2019), Article ID:
1950238, (10 pages).

H. Matsumura, Commutative ring theory, Cambridge University Press, Cam-
bridge, UK, 1986.

L. Gruson and M. Raynaud, Critéres de platitude et de projectivité Techniques
de "platification” d’un module., Invent. Math., 13 (1971), 1-89.

C. Peskine and L. Szpiro, Dimension projective finie et cohomologie locale,
Publ. Math. .LH.E.S. (Paris) 42 (1973), 47-119.



20 YAVAR IRANI, KAMAL BAHMANPOUR AND GHADER GHASEMI

17. N. Suzuki, On the generalized local cohomology and its duality, J. Math. Kyoto
Univ., 18 (1978), 71-78.

18. S. Yassemi, Generalized section functors, J. Pure. Appl. Algebra, 95 (1994),
103-119.

19. S. Yassemi, L. Khatami, and T. Sharif, Associated primes of generalized local
cohomology modules, Commun. Algebra, 30 (2002), 327-330.

20. N. Zamani, On graded generalized local cohomology, Arch. Math., 86 (2006),
321-330.

Yavar Irani
Department of Mathematics, Faculty of Sciences, University of Mohaghegh Ard-
abili, 56199-11367, Ardabil, Iran.
Email: yavarir@ymail.com

Kamal Bahmanpour
Department of Mathematics, Faculty of Sciences, University of Mohaghegh Ard-
abili, 56199-11367, Ardabil, Iran.
Email: bahmanpour.k@gmail.com

Ghader Ghasemi
Department of Mathematics, Faculty of Sciences, University of Mohaghegh Ard-
abili, 56199-11367, Ardabil, Iran.
Email: ghghasemil397@gmail.com



Journal of Algebraic Systems

ON THE PROJECTIVE DIMENSION OF ARTINIAN MODULES
Y. IRANI, K. BAHMANPOUR AND G. GHASEMI
) ladsan (5 an o)l
B 5367 5 5 ear JLST (1l L)
olel (Juny) o hos s G o 8iils sk 2l Y

il (2l g L dsse- R 0 N M 5 555 5 mdge sail> S (R,m) a8 (558
el = R 31 i 5 81 el Jampn S R il o8 col ud asls yles dlia ol
O:L?J“’d‘f.’ &S Sl oad esls QLi..': 53313.3 .x..LL, :)?}Au.bt:.odx}«aj.u.’: L A M\AMJ:.:
olis s ol 51 g, 8 olye & of yosMe .pdpA = dim R ol A il sl Jsaa- R

&S ol s aals

pdg, Hip, (My, Ny) < pdg Hi W %P (M, N).

4> o sp€SpecRyl 5

2 Sl ars Bl ean md g0 (gFsl 300 S Usko (xS0 (53550058 Use isadS DS
LSS x5 (5 S



	1. Introduction
	2. The results
	References

