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SOME PROPERTIES ON DERIVATIONS OF LATTICES
M. F. KAWAGUCHI AND M. KONDO*

ABSTRACT. In this paper we consider some properties of deriva-
tions of lattices and show that (i) for a derivation d of a lattice
L with the maximum element 1, it is monotone if and only if
d(z) < d(1) for all x € L (ii) a monotone derivation d is char-
acterized by d(x) = z A d(1) and (iii) simple characterization the-
orems of modular lattices and of distributive lattices are given by
derivations. We also show that, for a distributive lattice L and
a monotone derivation d of it, the set Fixy(L) of all fixed points
of d is isomorphic to the lattice L/ker(d). We provide a counter
example to the result (Theorem 4) proved in [3].

1. INTRODUCTION

A notion of derivations of algebras with two operations + and -
has introduced as an analogy of derivations of analysis and then some
properties of derivations are considered. For an algebra A = (A, +,-),
amap f: A— Ais called a derivation if it satisfies the conditions, for
all z,y € A,

flx+y) = flz)+ f(y)
fle-y)=flz)-y+z-f(y).

The notion of derivation is important in the theory of rings ([5]). After
that, it is applied to lattices ([1]), where operation + and - are inter-
preted as lattice operations V and A, respectively. Following the naive
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interpretation, the derivation d of a lattice L may be defined by

(a) d(xVy)=d(z)Vdy)
(b) d(z Ay)=(d(z) ANy)V (z Ad(y)).

As proved in [4, (], the condition (a) represents monotonicity of d and
the condition (b) is equivalent to the condition d(z A y) = d(z) A y.
Hence, as proved later, a monotone derivation f : L — L is charac-
terized by f(x Ay) = f(x) Ay for all z,y € L. It follows from the
result that a monotone derivation d has the form of d(z) = z A d(1) if
L has the maximum element 1 and thus every monotone derivation is
determined completely by the value d(1).

In order to obtain more interesting properties of derivations of lat-
tices, we adopt another definition of derivations according to [1, 2, 3, 7]
and prove some fundamental properties of them, from which we get
new results about derivations of lattices and provide accurate state-
ments described in [1, 2, 3, 6, 7]. Moreover, we consider properties of
generalized derivation ([1, 2]) and of f-derivation ([3]) from our view
point and give some results which have simpler proofs than those of
3],

Concretely, we prove that
(i). For a derivation d of a lattice L with the maximum element 1, it
is monotone if and only if d(x) < d(1) for all x € L.

(ii). A monotone derivation d is just the form of d(z) = = A d(1).
(iii). For any lattice L and a derivation d, the condition

d is monotone < d(d(x) Vy) =d(x) Vd(y) (Vx,y € L)
is equivalent to that L is a modular lattice.
(iv). For any lattice L and a derivation d, the condition
d is monotone < d(z Vy) = d(z) Vd(y) (Vz,y € L),

is equivalent to that L is a distributive lattice.

We also show that, for a distributive lattice L and a monotone deriva-
tion d of it, the set Fixy(L) = {x € L|d(z) = z} of all fixed points of
d is isomorphic to the lattice L/ ker(d).

Lastly, we provide a counter example to the result (Theorem 4)
proved in [3].

2. DERIVATION

According to [0, 7], we give a definition of derivation of a lattice. Let
L= (L,V,A) be alattice. A map d: L — L is called a derivation of L
if it satisfies the condition

dz Ny) = (d(z) Ny) V (z Ad(y)) (Vz,y € L)
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Moreover, a derivation d is called monotone if
r<y=d(z)<dly) Vz,yel).

We note that the notion of monotone is called isotone in [1, 2, 3, 7])

Example 1. Let L be a lattice and a € L. If we define a map
dy : L — L by d,(x) = x Aa, then d, is a monotone derivation. Indeed,
for all z,y € L, we have d,(z Ay) = (z Ay) ANa= ((z Na) Ay) V (x A
(yAa)) = (da(z) Ay) V (z Ada(y))-

Example 2. ([3]) Let L = {0,a,b,1}, (0 <a<b<c<1). We
define d : L — L by

It is clear that d : L — L is the derivation of L.
We have basic results about derivations of lattices.

Proposition 2.1. Let L be a lattice and d be a derivation of L. For
all z,y € L,

) d(z) <z
a(d(x)) = d(z)
If1 € L, then d(x) = d(x) V (x Ad(1))
Iflel, thend(l) =1 d=idy
d(2) A d(y) < d(x A y) < d(z) v d(y)
d(d(x) A d(y)) = d(x) A d(y)
If d is monotone, then d(d(x) V d(y)) = d(x) V d(y)
) If d(d(x) V y) —d( )V d(y), then d is monotone.

)-
(

(1

(2)
(3)
(4)
()
(6)
(7)
(8

Proof. We only prove (7) and (

8
(7) If d is monotone, since d x), d(y) < d(z) V d(y), then we get
d(d(x)),d(d(y)) < d(d(x) v d(y)). By d(d(r)) = d(x) and d(d(y)) =
d(y), we have d(z),d(y) < d(d(z) V d(y)) and d(x) V d(y) < d(d(z) V
;ZE )). It is clear from (1) that d(d(z) V d(y)) < d(z) V d(y). Hence,

8) Suppose that z < y. Since d(z) < x < y, we have d(y) =
d(d(z) Vy)=d(z)Vd(y) and thus d(z) < d(y). O

We note that the derivation d,(x) = x Aa in Example 1 is monotone.
Moreover, any monotone derivation d has just the form of d(z) = z Aa
for some a € L. In order to prove this fact, we deeply think about
properties of monotone derivations.

Y
y
C(Z() d(y)) = d(x) v d(y).
d

Theorem 2.2. For any derivation d, the following conditions are equiv-
alent to each other.
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(1) d is monotone ;
(2) d(z Ay) =d(x) Ad(y)  (Vo,y € L);
(3) d(z) Vd(y) <d(zVvy) (Vz,ye€ L)

Proof. We only show the case (1) = (2). The other cases can be proved
easily.

Since z Ay < x,y, we have d(z Ay) < d(x),d(y). On the other hand,
since d(z A y) < d(x) Nd(y) < x Ay, we get d(xz ANy) = d(d(z Ny)) <
d(d(z) Nd(y)) < d(x Ay). Thus d(x Ay) = d(d(z) Ad(y)). It follows
that

From the result above, a monotone derivation can be characterized
as follows.

Theorem 2.3. Let L be a lattice and f : L — L be a map. Then the
following conditions are equivalent.

(1) f is a monotone derivation;
(2) flzAy)=[flx) Ny (Yo,y € L);
3) flz) =z A f(1) (Vze€L)

Proof. Since (2) = (3) and (3) = (1) are clear, we show (1) = (2).
Let f be a monotone derivation. Since z Ay < x,y, we get f(z A
y) < f(x), fly) and f(z Ay) < flx) Ay,x A fly) by flz Ay) <
x ANy < x,y. On the other hand, since f is the derivation, we have
flaAny) = (flx) Ny) V(A fly) > f(x) ANy, A f(y). This means
that f(z Ay) = flz) Ay =a A f(y). O

Corollary 2.4. If L has a mazimum element 1 and d is a derivation,
then the following conditions are equivalent.

(1) d is monotone;
(2) d(x) =x ANd(1) for all z € L;
(3) d(x) < d(1) for all x € L.

Proof. Since (1) = (3) and (2) = (1) are clear, we only show the
case (3) = (2). Let d(z) < d(1). Since d is the derivation, we have
d(z) < x and thus d(x) < x A d(1). This implies d(z) = d(z A 1) =
(dx) A1)V (zAd(L)) =d(z)V (zAd(1)) =z Ad(1). O
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Corollary 2.5. If d is a monotone derivation of L, then d(d(x) V
d(y)) = d(x) VvV d(y) for all z,y € L.

Proof. The proof follows from d(z)Vd(y) = d(d(x))Vvd(d(y)) < d(d(z)V
d(y)) < d(z) V d(y). -

Unfortunately, the converse of the result above does not hold, namely,
d may not be monotone even if d(d(z) Vd(y)) = d(x) V d(y) holds. We
have a counter example. Let L = {0,a,b,1} with 0 < a < b < 1. If we
define d : L — L by d(0) = d(1) = 0,d(a) = d(b) = b, then it is easy to
show that d is a derivation and d(d(x) V d(y)) = d(x) V d(y), but d is
not monotone.

Remark 2.6. A map f : L — L for a lattice L is called an interior
operator if

(iol) z <y = f(x) < f(y)

(i02) f(z) <=

(i03) f(f(z)) = f(x)
It follows from our result above that a monotone derivation is an inte-
rior operator.

Remark 2.7. Similar results to our Theorem 2.2 are already proved in
[7] as Theorem 3.19 and Theorem 3.21.

Theorem 3.19. Let L be a modular lattice and d be
a derivation of L. Then the following conditions are
equivalent:

(1) d is monotone;

(2) d(x A y) = d(z) A d(y):

(3) If d(z) = =, then d(z vV y) = d(x) V d(y),
where a lattice L is called modular if

r<z=zV(@yAz)=(@Vy Az (foral z,y z € L).

Theorem 3.21. Let L be a distributive lattice and d
be a derivation of it. Then the following conditions are
equivalent:

(1) d is monotone.
(2) d(z Ay) = d(x) Ad(y).
(3) d(zVy) =d(x) Vd(y).

Our results are stronger than those of above, because our results
say that monotonicity is equivalent to the condition (2) d(z Ay) =
d(x) Ad(y) for all lattices L, namely, we do not assume modularity nor
distributivity to get such results.

Moreover, we obtain a following identity condition instead of (3) If
d(z) =z, then d(x Vy) = d(z) V d(y) in Theorem 3.19 in [7].
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Theorem 2.8. Let L be a modular lattice and d be a derivation. Then
d is monotone < d(d(z) Vy) =d(z)Vd(y) (Vx,y € L)
Proof. Suppose that d is monotone. Then we have
d(y) = d(y A (d(z) Vy))
= {d(y) A (d(z) Vy))} v {y Ad(d(z) vV y)}
=d(y) V{y Ad(d(z) Vy)} (dy) <y <d(z)Vy)
= (d(y) Vd(d(z) Vy)) ANy (modularity)
=y Add(r)Vy)
and thus
d(z) v d(y) = d(z) V{y nd(d(z) V y)}
= (d(z) Vy) Nd(d(z) Vy) (modularity)
=d(d(z) Vy).
Conversely, suppose d(d(x)Vy) = d(z)Vd(y). If x <y, since d(x) <

x <y, then we have d(z)Vy =y and d(y) = d(d(x) Vy) = d(x) Vd(y).
Therefore d(z) < d(y) and d is monotone. O

Moreover we prove the converse.

Theorem 2.9. A lattice L in which any derivation d satisfies the
identity

d(d(z) Vy) =d(x) Vd(y) (Vo,ye€ L)
1s a modular lattice.

Proof. For every z € L, if we consider a map d,(z) = x A z then it is a
monotone derivation. By assumption, the map d, satisfies

d.(d.(r) Vy) =d.(v) Vd.(y) (Vo,y€ L)

and hence ((xAz)Vy)Az = (xAz)V(yAz). This implies that if x < z
then (xVy) Az=2xV (y A z). Therefore L is the modular lattice. [

We also have a similar result about distributive lattices.

Theorem 2.10. Let L be a distributive lattice and d be a derivation.
Then we have

d is monotone < d(z Vy) =d(x)Vd(y) (Vz,y € L).
Conversely,

Theorem 2.11. A lattice L in which any derivation d satisfies the
identity
d(z Vy) =d(z)Vd(y) (Vz,y € L),



SOME PROPERTIES ON DERIVATIONS OF LATTICES 27

1s a distributive lattice.

The above results provide characterization theorems of modular lat-
tices and of distributive lattices in terms of derivations.

Remark 2.12. If d is a monotone derivation then a subset
Fix4(L) = {x € L|d(x) = x}
of L is an ideal of L, that is, Fix,(L) satisfies the conditions
(I1) 0 € Fixy(L)

(12) x € Fixq(L),y <z = y € Fixy(L)
(I3) z,y € Fixq(L) = xVy e Fixq(L).

In the case of d being monotone, we have a following result.

Theorem 2.13. If d is a monotone derivation of a lattice L, then
Fixy(L) is a lattice.

Proof. For all z,y € Fixy(L), since d is monotone, we have d(z A y) =
d(z) Nd(y) = x Ay and hence x Ay € Fixy(L). O

Remark 2.14. We note that (Fixs(L), A, V) is a lattice for a monotone
derivation d, but it is not always a sublattice of L if L has the maximum
element 1. Because, if 1 € L, then (Fixq(L),A,V,0,d(1)) is also a
lattice, however d(1) = 1 does not hold in general.

Corollary 2.15. If L is a bounded distributive lattice and d is a mono-
tone derivation of L, then the quotient lattice L/ker(d) is isomorphic
to the lattice Fixq(L), that is,

L/ker(d) = Fixy(L).

Proof. Let L be a bounded distributive lattice and d be a monotone
derivation. Since d is monotone, d(z) = zAd(1) for all z € L. It follows
that d(zVy) = (xVy)Ad(1l) = (zAd(1))V(yAd(1)) = d(x)Vd(y). This
means that a map f : L — Fixy(L) defined by f(x) = d(z) for all z €
L is a surjective homomorphism. It follows from the homomorphism
theorem of lattices that L/ker(f) = Fixy(L) and ker(f) = ker(d),
where z/ ker(d) = y/ ker(d) is defined by d(x) = d(y) for all z,y € L.
Therefore, we have L/ ker(d) = Fixy(L). O

3. OTHER DERIVATIONS

Some types of derivations, such as generalized derivation, generalized
(f, g)-derivation and f-derivation, are defined and properties of them
are considered in [I, 2, 3]. For instance, a map D : L — L is called a
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generalized derivation in [1] if it satisfies the condition: For a derivation
d,
D(z Ay) = (D(x) Ay) V (z Ad(y))
We get basic results about a generalized derivation D without diffi-
culty.

Proposition 3.1 (cf. Proposition 3.4, 3.9 [1]). Let d be a derivation
and D be a genemlz’zed derivation. Then we have

1) d(z) < D(x) <

(D(x)) = (fﬂ);

(z) A D(y) < D(x Ay);

(z) A D(y) = D(D(x) AN D(y));

(z) = d(z) V (z A D(1)).

We also have a new result about a generalized derivation D.

D
D
D
D

Proposition 3.2. Let d be a derivation and D be a generalized deriva-
tion. Then we have Dod=d <do D

Proof. Since
(Do d)(x) = D(d(x))

we get Dod =d.
For d o D, we have d(D(x)) = d(z A D(x)) = (d(z) A D(x)) V (z A
d(D(z)) =d(x) Vd(D(x)) > d(z) and hence d < do D. O

It follows from our result that a characterization theorem about
monotone generalized derivations can be proved similarly.

Proposition 3.3 (Proposition 3.12 [1]). For a generalized derivation
D, the following conditions are equivalent to each other:

(1) D is monotone.

(1) D(z Ay) = D(x) A D(y).

(1) D(x) v D(y) < D(x V y).

(1) D(x) =2 A D(1) if L has a mazximum element 1.

Proposition 3.4. If L has a maximum element 1, then any generalized
derivation D has a following form

D(z) = (D(1) Az) V d(z).
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Corollary 3.5. D(1) =1 < D =1id,

Lemma 3.6. If L has a maximum element 1 and d(x) < D(1) for all
x € L, then
D(z) =z N D(1).

In this case, the generalized derivation D is monotone. Conversely,
if D is monotone then d(z) < D(1) for all x € L. Therefore, we have
another characterization of monotone generalized derivations.

Theorem 3.7. For any generalized derivation D,
D is monotone < d(x) < D(1) (Vx € L).

Corollary 3.8. If d is monotone, then so D is.

Proof. We assume that d is monotone. Since d(z) = zAd(1) (Vz € L),
we have d(z) = zAd(1) < zAD(1) < D(1) and thus D is monotone. [J

We may ask whether the converse holds, that is, if a generalized
derivation D is monotone then so d is 7

Unfortunately, this does not hold by the following example.

Example 3 Let L ={0,a,b,1}, (0<a<b<1l)andd,D:L— L
be maps defined by

d(x) = (z=0,1)

SRR
(

xr=0,a,b
D(x) = {b (x=1) )

It is easy to show that d is a derivation and D is a generalized deriva-
tion. Moreover D is monotone. However, it is obvious that d is not
monotone.

In the previous section, we provide characterization theorems of
modular lattices and of distributive lattices in terms of derivations.
We also have similar results about generalized derivations.

Theorem 3.9. Let L be a modular lattice and D be a generalized
derivation. Then, D is monotone if and only if D(D(x)Vy) = D(z)V
D(y).
Proof. Suppose that D is monotone. Since
D(y) = D((D(z) Vy) Ay)
={D(D(z)Vy) Ay)V (D(x)Vy) Ady))}
= (D(D(x) Vy) Ay) Vd(y)
=y AD(D(z)Vy),

~

T
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we have

D(z) Vv D(y)

D(z) V (y A D(D(x) Vy))
D(D(x)) V (y A D(D(x) V y))
= (D(z) Vy) AND(D(x) Vy) (modularity)
D(D(z) Vy).

Conversely, suppose D(D(z) V y) = D(z) V D(y) for all z,y € L.
If © <y, since D(z) < x < y, then we have D(x) Vy = y and
D(y) = D(D(x)Vy) = D(z) V D(y). Therefore D(z) < D(y) and D is

monotone. O

Theorem 3.10. A lattice L in which any generalized derivation D
satisfies the identity
D(D(x) Vy) = D(x) VvV D(y) (Vo,y € L)

is a modular lattice.

Proof. For every z € L, if we define maps d, and D, by d,(z) =
Az = D,(z) for all z € L. It is clear that d, is a derivation and
D, is also a generalized derivation. Since D, is monotone, it follows
from assumption that D,(D.(x) Vy) = D.(x) V D,(y) and thus ((x A
Z)Vy) ANz = (x Az)V (y A z). This implies that if x < z then
(xVy)ANz=uaV (yAz). Therefore L is the modular lattice. O

We also have a similar result about distributive lattices.
Theorem 3.11 (Theorem 3.14 [1]). Let L be a distributive lattice and

D be a generalized derivation. Then we have
D is monotone < D(x Vy) = D(z)V D(y) (Vx,y € L).

Conversely,

Theorem 3.12. A lattice L in which any generalized derivation D
satisfies the identity

D(zVy)=D(x)V D(y) (Va,y € L)

1s a distributive lattice.

The above results provide characterization theorems of modular lat-
tices and of distributive lattices in terms of generalized derivations.

We also consider another type of derivation, f-derivation, according
to [3]. Amap d: L — L is called an f-derivation if there exists a map
f L — L such that

dz Ny) = (d(z) A f(y) Vv (f(z) Ad(y) (Vo,y € L).
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It is clear that if f = idy then an f-derivation is the same as the
derivation defined in the previous section.
As basic results about f-derivations, we have

Proposition 3.13 (Proposition 1,2 [3]). Let d : L — L be an f-
derivation. Then, for all x,y € L,

(1) d(z) < f(z);
(2) d(z) Nd(y) < d(z Ay) < d(x) Vd(y);
E) (() d(1), f(1) =1 = d(z) = f(x);

4) d(1) =1 = d = f, hence d is monotone.
We also have similar results about monotone f-derivations.

Proposition 3.14 (c¢f. Theorem 1 [3]). For an f-derivation d, the
following conditions are equivalent:

(1) d is monotone;

(2) d(z)Vd(y) <d(xVy) (Vz,y € L),
(3) dlz Ay) =d(z) Nd(y) (Vz,y € L);
(4) d(x) = f(x) Nd(xVy) (Vx,y€L).

Proof. We only show that (1) is equivalent to (4). Suppose that d is
monotone. Since d(x) < f(z) and d(z) < d(z V y), we get d(z) <
f(z) Ad(x Vy). On the other hand, since d(z) < d(z Vy) < f(z Vy),
we have

d(z) =d(z N (zVy))
=(dx)N f(zVy)V(flx)Nd(zVy)) (. disan f—derivation)
= d(x) vV (f(z) Nd(zVy)) (o d(z) < fleVy)).
This means that f(z) Ad(z Vy) < d(z). Therefore, we get d(x) =
flx) Nd(zVy).
Conversely, we assume that d(z) = f(z) Ad(x Vy) (Vz,y € L). If
r <y, then d(z) = f(z) Nd(z Vy) = f(z) Nd(y) < d(y). Hence d is

monotone.

O

We note that the result above was already proved in [3] as Theorem 1
under the conditions f(1) = 1 and f(zAy) = f(z)Af(y) forallz,y € L.
Our result shows that the conditions are redundant. Moreover, our
result implies that the modularity condition is also redundant in the
Theorem 2 (a) in [3], where it said that

Theorem 2. Let L be a modular lattice and d be an
f-derivation on L.

(a) d is a monotone f-derivation if and only if d(z Ay) =
dz N\ dy.
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In cases of modular lattices and of distributive lattices, we have
following results.

Theorem 3.15. Let L be a modular lattice and d : L — L be an f-
derivation. Then, d is monotone if and only if d(x) V d(y) = (d(x) V
f) Nd(xVy) forall x,y € L.

Proof. Suppose that d is monotone. Sinc
have d(z) V d(y) = d(x) V (f(y) Nd(x V y
by modularity.

Conversely, assume that d(z) V d(y) = (d(x)
z,y € L. If o < ythend(z) <d(z)Vd(y) = (d(z)V f(y)) Ad(y) < d(y)
and thus d is monotone. 0J

Corollary 3.16. Let L be a modular lattice and d : L — L be a
derivation. Then, d is monotone if and only if d(d(x)Vy) = d(x)Vd(y).

~— (D
~—
I
—~
SS9
8

Proof. For an f-derivation d of a modular lattice L, if we take f = idy,
then d is a derivation of L and thus d o d = d and d(x) < z for all
x € L. It follows from the above that d(x) Vd(y) = (d(x) Vy) Ad(zVy)
for all z,y € L. By use of these facts, if d is monotone, then we
have d(x) V d(y) = d(d(x)) v d(y) = (d(d(z)) V y) A d(d(z) V y) =
(d(z) Vy) ANd(d(z) Vy) =d(d(z)Vy). The converse is obvious. O

For the case of distributive lattices, we also have a following result.

Theorem 3.17. Let L be a distributive lattice and d be an f-derivation.
Then, d is monotone if and only if d(x)Vd(y) = (f(z)V f(y))Ad(zVy)
for all x,y € L.

Proof. Let d be a monotone f-derivation. Since d(z) = f(z) Ad(xV y)
and L is the distributive lattice, we have d(z) V d(y) = (f(x) A d(x V
vV ([fy) Nd(xVy)) = (f(z) vV [y) Ad(zVy).

Conversely, suppose that d(z) Vd(y) = (f(x)V f(y)) Ad(zVy) for all
z,y € L. If x <y, thend(z) < d(z)Vd(y) = (f(z)Vf(y))Ad(y) < d(y).

Therefore d is monotone. O

Corollary 3.18. Let L be a distributive lattice and d be a derivation.
Then, d is monotone if and only if d(x)Vd(y) = d(xVy) for allz,y € L.

Remark 3.19. The following result was proved as theorem 4 which was
one of the main results of [3].

Theorem 4. Let L be a lattice. If there exists an f-
derivation d on L such that d(z V y) = d(z) V d(y) for
all x,y € L and f is an epimorphism, then L is a dis-
tributive lattice.
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Unfortunately, this is not true, because we have a following counter
example. Let L = Ny = {0,a,b,¢,1}, (0 <a<1,0<b<c<1)and
f =d=1idy. Then it is trivial that d and f satisfy the assumption of
the theorem, but the lattice L is neither distributive nor modular.
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