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LEFT ABSORBING HYPER K-ALGEBRAS
S. MADADI AND M. A. NASR-AZADANT*

ABSTRACT. In the present manuscript, we introduce a type of hy-
per K-algebra which is called left absorbing hyper K-algebra and
investigate some of the related properties. We also show that set
of all types of positive implicative and commutative hyper K-ideal
form a distributive latttice and study their diagrams when positive
implicative and commutative hyper K-ideal are a hyper K-ideal and
the hyper K-algebra is left absorbing.

1. INTRODUCTION

The concept of BCK-algebra that is a generalization of set differ-
ence and propositional calculi was established by Imai and Iséki [1] in
1966. In [5], Jun et al. applied the hyper structures BCK-algebra. In
1934, Marty [7] introduced for the first time the hyper structure the-
ory in the 8th congress of Scandinavian Mathematicians proceedings.
In [3], Borzooei et al. introduced the generalization of BCK-algebra
and hyper BCK-algebra, called hyper K-algebra. They studied prop-
erties of hyper K-algebra. In [9], Roodbari et al. defined 27 different
types of positive implicative and 9 different types of commutative hy-
per K-ideal. In [2], Borzooei et al. studied lattices structures on ideals
of a BCK-algebras. In this article, we introduce left absorbing hyper
K-algebra and investigate some related properties. Moreover, We show
that all types of positive implicative and commutative hyper K-ideals
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that defined in [9], form a distributive latttice and study their diagrams
when the hyper K-agebra is left absorbing. Section 2, concerns defini-
tions and theorems that are needed in the sequel. Section 3, we give
definition of left absorbing hyper K-algebras and then we investigate
some properties of them.

2. PRELIMINARIES

In this section, we give concerns definitions and theorems that are
needed in the sequel.

Definition 2.1. [3] Let H be a nonempty set and “o” be a hyper
operation on H, that o is a function from H x H to P*(H) = P(H)\{0}.
Then H is called a hyper K-algebra iff it contains a constant “0” and
satisfies the following axioms:

(HK1): (zoz)o(yoz)<zoy,

(HK2): (xroy)oz=(xoz)oy,

(HK3): z <z

(HK4): s <y, y<z =z =y,

(HK5): 0 <=z
for all z,y,2 € H, where x < y means 0 € x oy and for every A, B C
H, A < B is defined by da € A, 3b € B such that a < b. If A, B C H,
then Ao B:=J paob.

a€A,be

Theorem 2.2. [3] Let (H,o0,0) be a hyper K-algebra. Then for all
x,y,z € H and for all nonempty subsets A, B and C' of H the following
statements hold:

rxoy<z&roz <y,
ii) (w0 2)o (zoy) <oz,

ii)xo (xoy) <y,

vi)x € x o0,
vii) (Ao C)o (Ao B) < BoC,

(
(
E
(v AC B=A<B,
(
(
(viti) Ao B<C & Ao C < B.

Definition 2.3. [I1] Let H; and Hy be two hyper K-algebras. A
mapping f : H; — Hs is said to be a homomorphism if

(1) f(0) =0,

(2) flzoy) = f(x)o f(y),Va,y € Hi.
Theorem 2.4. [11]| Let (Hy,01,0) and (Ha,09,0) be two hyper K-

algebras and H = Hy x Hy. Then (H,o0,0) where (ay,by) o (asg,bs) =
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(a1 01 ag, by 09 be) for all (a1, b1), (az,bs) € H is a hyper K-algebra, and
it 1s called the hyper K-product of Hy and Hs.

Definition 2.5. [10] A hyper K-algebra (H, o,0) is called simple if for
all distinct elements a,b € H\ {0}, a £ b and b £ a, otherwise is called
normal.

Theorem 2.6. [10] Let (H,0,0) be a simple hyper K-algebra. Then
forallz € H, x 00 = {z}.

Definition 2.7. [1] Let (H,0,0) be a hyper K-algebra. Then (H,o,0)
is called:

(1) weak implicative, if for all z,y € H, x < z o (y o x),

(77) implicative, if for all x,y € H, z € x o (y o x).

Definition 2.8. [3, | 1] Let I be nonempty subset of a hyper K-algebra
such that 0 € I. Then [ is said to be a hyper K-ideal (weak hyper K-
ideal) of H if zoy < I(xoy C I)and y € I imply = € [ for all
x,y € H.

Theorem 2.9. [9] Let I be a hyper K-ideal of hyper K-algebra (H,o,0)
and A, B be nonempty subsets of H, then Ao B < I iff Ao BN I # ().

Notation 2.10. Let A and I be two nonempty sets, we set ARl :=
ACI, ARy I = ANIT+# 0 and AR3I .= A< 1.

Definition 2.11. [9] Let I be a nonempty subset of a hyper K-algebra
(H,o,0) such that 0 € I. Then [ is called a positive implicative hyper
K-ideal of type (7,7, k) of H and we write [ — PIHKI(i, j, k), if (z o
y) o zR;I and y o zR;I imply that x o 2RI for all x,y,z € H,i,j,k €
{1,2,3}.

Definition 2.12. [9] Let I be a nonempty subset of a hyper K-algebra
(H,0,0) such that 0 € I. Then I is called a commutative hyper K-ideal
of type (i,7) and we write [ — CHKI(i,j), if (roy)ozR; I and z € I
imply that x o (yo (yox))R;I for all z,y,z € H,i,j € {1,2,3}.
Definition 2.13. [1] Let I be a nonempty subset of a hyper K-algebra
(H,0,0) such that 0 € I. Then [ is called an implicative (weak im-
plicative) hyper K-ideal if (zoz)o(yox) < I((zoz)o(yox) C I) and
ze€limplyz €[, forall x,y,z € H.

Theorem 2.14. [1]| Let I be a hyper K-ideal of hyper K-algebra H. Then
I is an (weak) implicative hyper K-ideal if and only if (x o (yox) C
DNz o (yox) < I implies that x € I, for any x,y € H.

Definition 2.15. [6] Let p be a relation defined on a set X. Then
converse of p (denoted by p) is defined by apb < bpa, a,b € X.
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Definition 2.16. [0] If (X, p) be a partially ordered set (poset) then
the poset (X, p), where X = X and p is converse of p is called dual of
X.

Definition 2.17. [0] Let (L, <) be a partially ordered set. Then L
is called a chain if every two members are comparable, i.e. z < y
or y < zx for all z,y € L, and it is said to be a lattice if for every
a,b € L, Sup{a,b} and Inf {a,b} exist in L, in this case, we write
Sup{a,b} =aVband Inf{a,b} =aAb.

Definition 2.18. [(] A lattice L is called a distributive lattice if a A
(bVe)=(aAb)V(aANc)forall a,b,ce L.

Theorem 2.19. [6] A chain is a distributive lattice.

Theorem 2.20. [6] Two lattices L and M are distributive lattices iff
L x M 1is distributive lattice.

3. Left absorbing hyper K-algebras

In this section we define the concept of left absorbing hyper K-
algebras. Also, some related properties are investigated.

Definition 3.1. Let H be a nonempty set and "o” a hyper operation
on H. Then 70" is called a left absorbing hyper operation if x € z oy
for all z,y € H.

”. 9
(0]

Theorem 3.2. Let H containig 0 be a set and a left absorbing
hyper operation on H. Then (H,o0,0) is hyper K-algebra iff satisfies
the following azxioms:

(1) (xoy)oz=(roz)oy,

(2) z <=,

B)r<yy<z=zxz=y.
forall x,y,z € H.

Proof. Let H be a hyper K-algebra, it is clear (1), (2) and (3) hold.
Conversely, since 7 o ” is a left absorbing hyper operation on H, we
have zoy C (zoz)o(yoz) then (roz)o(yoz) <xoy,also0 € 0oz,
for all z,y,z € H, so (HK1) and (HK5) hold and (H,o,0) is a hyper

K-algebra. U

The following examples show that properties (1) and (2) in the above
theorem are independent from each other.

Example 3.3. Let H = {0,1,2} and consider the following Cayley
tables:
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o] 0 1 2 os| 0 1 2

0] {0y {0} {0} 0 {0y {0} {0}

11{1,2} {1,2} {0,1} 1 {12} {01} {1,2}

2] {2 {2} {02} 2] {20 {2} {02}
Hyper operations o; and og are left absorbing on H. In (H,01,0) the
properties 1 and 3 hold, but 1 £ 1 and in (H,o0y,0) the properties 2
and 3 hold but (105 0) 092 # (1052)050.

Definition 3.4. The hyper K-algebra which has been introduced in
theorem 3.2 is called a left absorbing hyper K-algebra.

Example 3.5. Let H = {0,1,2} and consider the following Cayley
tables:

o] 0 1 2 o 0 1 2

01{0.1} {0} {0} 01{0y {0} {0}
Ll {1} {01} {1} LI{p {0} {1}
2 {12} {02} {02} 2 {2} {01} {012}

Then (H, o1,0) is a left absorbing hyper K-algebra, but (H, oq,0) is not
a left absorbing hyper K-algebra, since 2 ¢ 2 oy 1.

Theorem 3.6. Let (Hy,01,0) and (Hs,09,0) be a left absorbing hyper
K-algebra and a hyper K-algebra respectively, and f : Hy — Hy be
an onto homomorphism. Then (Hs,09,0) is a left absorbing hyper
K-algebra.

Proof. Let t,s € Hy. Since f is an onto homomorphism, there exist
zr,y € Hy that f(x) = t and f(y) = s. Since (Hy,o01,0) is a left
absorbing hyper K-algebra, we have z € x oy y. So f(z) € f(x oy
y) = f(z)os f(y) = t oy s and (Hs,09,0) is a left absorbing hyper
K-algebra. OJ

Theorem 3.7. Let H, and Hy be two left absorbing hyper K-algebras.
Then H = Hy x Hy is a left absorbing hyper K-algebra.

Proof. By Theorem 2.4, H is a hyper K-algebra. Since x; € x1 o1 x5

and y; € y1 0292 we have (z1,y1) € (210172, Y102Y2) = (1, Y1) 0 (22, Y2)
and the proof is complete. |

Theorem 3.8. Let (H,0,0) be a left absorbing hyper K-algebra. Then
the hyper operation o is order preserving, i.e. if y < z then xoy < xoz
andyox < zox, forallx,y,z € H. Alsoif B < C then AoB < AoC
and Bo A < Co A, for all subsets A, B and C of H.
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Proof. Since x € x ot for all x,t € H we get zoy < zxoz. Alsoy < z
implies yox < zox, since y € yox and z € z o x. The proof of the
other cases are similar. O

Theorem 3.9. Let (H,0,0) be a simple hyper K-algebra. Then H is
a left absorbing hyper K-algebra.

Proof. Let x,y € H. By Theorem 2.2 (iv), we have z o y < x, so there
exist a € x oy where a < z. Since H is simple we get a = 0 or a = .
If a = 0 then 0 € z oy which is a contradiction to the simplicity of H.
Thus a =z and x € x o y. 0

Theorem 3.10. Let (H,0,0) be a simple left absorbing hyper K-algebra.
Then for allx € H, 0o 0 C xoux.

Proof. By (HK2), (HK3) and Theorem 2.6, we have 000 C (zox)o0 =
(xo0)ox =zoux. O

In Example 3.5, (H,01,0) is a left absorbing hyper K-algebra but it
is not simple and 007 0 € 2 oy 2.
It is clear that any implicative hyper K-algebra is weak implicative hy-
per K-algebra but the converse is not true. For example, (H,05,0) in
Example 3.5, is weak implicative hyper K-algebra but it is not implica-
tive hyper K-algebra. The following theorem shows that these concepts
are equivalent when the hyper K-algebra is left absorbing.

Theorem 3.11. Let (H,0,0) be a left absorbing hyper K-algebra. Then
H is implicative hyper K-algebra.

Proof. Since x € x o (yox), by definition 2.7(iii), H is implicative. [

Theorem 3.12. Let (H,0,0) be a left absorbing hyper K-algebra and
0e I CH. Then I is a weak hyper K-ideal.

Proof. Let x oy C I and y € I. Since H is a left absorbing hyper
K-algebra we have x € I. O

The left absorbing condition in Theorem 3.12 is necessary, since I =
{0,1} is not weak hyper K-ideal of (H,09,0) in Example 3.5, because
2091 C T and 2 ¢ I. Even, under condition of Theorem 3.12, I may
not be hyper K-ideal of H. Because I = {0, 1} is not a hyper K-ideal
of (H,o01,0) in Example 3.5, since 207 1 < [ and 2 ¢ I. Now, we
want to study the relationship between all types of positive implicative
and commutative hyper K-ideals. We show that all types of these two
hyper K-ideals form a distributive lattice. Also, we investigate these
relationships in a left absorbing hyper K-algebra.
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3.1. Lattice of I — PIHKI(i,j, k) and left absorbing hyper K-
algebras.

Theorem 3.13. Let A and I be two nonempty subsets of a hyper
K-algebra H. Then AR;I imply AR;I iff i < j wherei,j, k € {1,2,3}.

Proof. Since AC I = ANI+# 0 = A < I, by notation 2.10, we have

Theorem 3.14. Let H be a hyper K-algebra and L be a set of I —
PIHKI(i,j, k) on H, such that I is fized and i,j,k € {1,2,3}. Then
(L, C) is a distributive lattice where (i,7,k) T (¢, 5/, k') iffi >d', j > §
and k < k'.

Proof. Let L = ({(i,,k)|i, 5,k € {1,2,3}},C) and L, = ({1,2,3}, <)
where < is usual order and L, is dual of L;. Then it is clear that L,
and Ly are chains, so (L, C) is isomorphic to Ly X Ly X L; and by
Theorems 2.19 and 2.20, (L, C) is a distributive lattice. O

The diagram of the lattice introduced in Theorem 3.14 is as Figure
1 (for simplicity, we use ijk instead of I — PIHKI(i,j,k)), if I be
a hyper K-ideal of H, then by Theorems 3.15, 3.17, 3.18 and 3.19 in
Ref. [9], ARsI is equivalent to AR3I and in this case, its diagram is as
Figure 2. In the following diagrams, any two comparable elements are
joined by lines and non-comparable elements are not joined. Moreover,
in such a way that if ijk < i'j'k’ then ijk lies left i'j’k’ in the Figure
1.

Theorem 3.15. Let (H,0,0) be a left absorbing hyper K-algebra and
0l CH. Thenlisal— PIHKI(1,j,k) where j, k € {1,2,3}.

Proof. Let (xoy) oz C I. Since H is left absorbing hyper K-algebra
we have, x 0z C (xoy)oz C I and by Theorem 3.13 the proof is
complete. O

The following example shows that in Theorem 3.15, the left absorb-
ing condition of H is necessary.

Example 3.16. Consider a hyper K-algebra H = {0, 1,2} with Cayley
table as follows. Then (H,o,0) is not left absorbing and I = {0, 1} is
not a I — PIHKI(1,1,3). Since (201)o0={1} CTand 100 C I
but 200 &£ I.

If H be a left absorbing hyper K-algebera then all - PIHKI(1,j,k)
where j, k € {1,2,3} are equivalent to each other and the diagram of



144 MADADI AND NASR-AZADANI

112

313

133
PE . 122

222

112

132 24 ZZ

o
¥
[~

312

)
/
N/

[

21

— |21 121

Fes ant
131 231 L7
321 371

331

FIGURE 2. Diagram of
FIGURE 1 . Diagram of I — PIHKI(i,j, k) I — PIHKI(i,j, k’), when I is

a hyper K-ideal

0 1 2

{0} 10} {0}
L1{1} {0} {0.1}
2 {2} {1} {012}

[en) 6]

I — PIHKI(i,j,k), is as Figure 3. when [ is a hyper K-ideal, its
diagram is as Figure 4.

3.2. Lattice of [-CHK(i, j) and left absorbing hyper K-algebras.

Theorem 3.17. Let H be a hyper K-algebra and L' be a set of I —
CHKI(i,j5) on H, such that I is fivred and i,j € {1,2,3}. Then (L', <)
is a distributive lattice where (i,7) = (¢',j") iff i > and j < j'.

Proof. The proof is similar to the proof of Theorem 3.14. OJ

The diagram of the lattice introduced in Theorem 3.17 is as Figure
5 and if I is a hyper K-ideal of H, then its diagram is as Figure 6.

Theorem 3.18. Let (H,0,0) be a left absorbing hyper K-algebra. Then
every nonempty subset of H containing 0 is o I — CHKI(1,j);j €

(2,3}

Proof. By according to Figure 5, it is sufficient to prove the theorem
for type (1,2). Let 0 € I C H and (xoy)oz C I,z € I. Since H is left
absorbing hyper K-algebra, we have 2 € I. So zo(yo(yoz))NI # (. O
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I - PIHKI(i,5,k), when H
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121

212

222 211

221

FIGURE 4. Diagram of
I — PIHKI(i,j,k), when H
is left absorbing and I a hy-
per K-ideal

11 22

21

FIGURE 6. Diagram of
I - CHKI(%,j), when I is a
hyper K-ideal

The following example shows that in Theorem 3.18, the left absorb-

ing condition of H is necessary.

Example 3.19. In Example 3.16, (H, o, 0) is not a left absorbing hyper
K-algebra and I = {0,1} isnot a [ — CHKI(1,3). Since (200)o1 =

{1} CTbut20(00(002)) =42} £ 1.
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By considering Theorem 3.18 and Figure 5, we see that [ —CHKI(1, j)
where j € {2,3} are equivalent to each other, so Figure 5 changes to
Figure 7 and when [ is a hyper K-ideal its diagram is as Figure 8.

12

33 11 i 22
32 21
31 21
FIGURE 7. Diagram of FIGURE 8. Diagram of
I — CHK](’L,]), when H I — CHKI(’L,‘]), when H is
is left absorbing left absorbing and I a hyper
K-ideal

Theorem 3.20. Let (H,o,0) be a left absorbing hyper K-algebra. Then
I={0}isal —CHKI(,j);1i,j€{2,3}.

Proof. Considering Figure 5, it is sufficient to prove the theorem for
type (3,2). Let (xoy)o0 < I = {0}, by Definition 2.1, there exists
a € x oy such that ao0 < {0}. Soa € ao0 = {0} and 0 € z o y.
Since H is left absorbing, we have x oy C x o (yo (yox)) and 0 €
(xo(yo(yox))NI#(. Thusxo(yo(yoxz))NI#Pand I ={0}is
al—CHKI(3,2). O

The following example shows that in Theorem 3.20, the left absorb-
ing condition of H is necessary.

Example 3.21. In the following hyper K-algebra, we see that H =
{0,1,2,3} is not left absorbing and I = {0} isnot a I — CHKI(2,3).
Since (302)o0={0,1} NI # P but 30(20(203)) ={3} £I.

o]0 1 2 3

01{0.1} {0,1} {0.1} {0.1}
{1} {01} {1} {1}
2 {2} {12} {01} {2}
31{3} {3+ {01} {01}
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Theorem 3.22. Let (H,0,0) be a left absorbing hyper K-algebra and
ICHbal-CHKI(i,1);i€{2,3}. Then I is a weak hyper K-ideal
of H.

Proof. Let x oy C I and y € I. Since H is left absorbing, we have
zoy C (zoy)o0, by Theorem 3.13, (z oy)oOR;I where i € {2,3}, by
assumption we have x o (yo (yox)) C I. Since H is left absorbing, we
get x € I and [ is a weak hyper K-ideal. 0

Theorem 3.23. Let (H,0,0) be a left absorbing hyper K-algebra and
ICHbeal—-CHKI(3,1). Then I is a hyper K-ideal of H.

Proof. Let x oy < I and y € I. Since H is left absorbing, we have
zoy C (xoy)ol, so (xroy)ol < I. By assumption of theorem, we
have x € z o (yo (yox)) C I and the proof is complete. O

The following example shows that the converse of the above theorem
is not true in general.

Example 3.24. Consider H = {0,1,2}. Then (H, 0,0) is a left absorb-
ing hyper K-algebra. It could be easly seen that I = {0,1} is a hyper
K-ideal of H, but is not I —CHKI(3,1). Because, (100)o0 = {1,2} < I
and 1o (0o (001))={1,2} €I

ol0 1 2
01{0}y {0} {0}
1){12} {01} {0,1}
21 {2} {2} {0,1,2}

Theorem 3.25. Let (H,0,0) be a left absorbing hyper K-algebra. Then
the only implicative hyper K-ideal of H is H.

Proof. Let I C H be an implicative hyper K-ideal of H and = € H.
Since H is left absorbing, we have x € xox and so 0 € xox C xo(xox)

and consequently z o (z o x) < I. By assumption x € [ and H C I, so
I=H. O

The following table shows that the converse of the above theorem is
not true in general.

Example 3.26. The following table shows a hyper K-algebra structure
on H = {0,1,2}, but not left absorbing hyper K-algebra. I = {0},
{0,1} and {0,2} are not Since 20 (202) < {0,1} but 2 ¢ {0,1}. So
I ={0,1} is not an implicative hyper K-ideal of H. Similarly, I = {0}
and I = {0, 2} are not an implicative hyper K-ideal of H. Consequently,
I = H is the only implicative hyper K-ideal of H.
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ol0 1 2

01{0}y {0} {0}
L1y {02} {2}
2 {2} {01} {01}

Theorem 3.27. Let (H,0,0) be a left absorbing hyper K-algebra. Then
every nonempty subset of H containing 0 is a weak implicative hyper
K-ideal of H.

Proof. Let 0 € I C H and x o (yox) C I. Since H is left absorbing
hyper K-algebra we have x € x o (yox) C I. So z € I and the proof
is complete. O

Example 3.28. Let H = {0, 1,2} and consider the following table. We
see that H is not left absorbing hyper K-algebra and I = {0, 2} is not
a weak implicative hyper K-ideal of H. Since (102)0(201) = {0} C I
but 1 ¢ I.

ol 0 1 2
01{oy {0} {0}
Li{1}y {0y {0}
21{2y {1} {01}

OPEN PROBLEM: Under what suitable condition a left absorbing
hyper operation satisfies axiom (HK2)?

Conclusion. In this study, authors reduced the conditions neces-
sary to be hyper K-algebra of a hyper operation by introducing left
absorbing hyper K-algebras and proved the theorems related to them.
Also it was showed that the types of positive implicative and commu-
tative hyper K-ideals form a distributive lattice. Theorems 3.18 and
3.20 is proved by using the figures of these lattices.
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