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DISTANCE LAPLACIAN SPECTRUM OF THE
COMMUTING GRAPHS OF FINITE CA-GROUPS

M. TORKTAZ AND A. R. ASHRAFI*

ABSTRACT. The commuting graph of a finite group G, C(G), is a
simple graph with vertex set G in which two vertices x and y are
adjacent if and only if zy = yz. The aim of this paper is to compute
the distance Laplacian spectrum and the distance Laplacian energy
of the commuting graph of finite C'A-groups.

1. BAasic CONCEPTS AND NOTATIONS

We start by definition of some basic concepts and technical terms
that are used freely throughout the paper. Let I" be an undirected
graph with vertex set V(I') = {vy,...,v,}. The adjacency matriz A(T")
and the Laplacian matriz L(I') are two important n by n matrices
associated to the graph I'. The adjacency matrix of I' is defined as
A(l') = (ai;), where a;; = 1 if and only if v; and v; are adjacent in
['. The Laplacian matriz L(T") is defined as L(I') = A(T") + Deg(T),
where, Deg(T") is the diagonal matrix of I' in which entries are degrees
of vertices in I, see [7] for details.

Suppose I' is a connected graph. The distance dr(v;,v;), @ # j, is
defined as the length of a shortest path connecting v; and v;. Note
that d(v;,v;) = 0, where 1 < i < n. The distance matrix D = D(I)
is an n X n matrix such that its (¢, j)-th entry is d;; = dr(v;, vj). The
eigenvalues of D(I") are called the D—eigenvalues of T' and the multi
set of all such quantities together with their multiplicities is called the
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D—spectrum of I' denoted by DSpec(I'). We refer to an interesting
review paper of Aouchiche and Hansen [3] for the recent results about
D—eigebvalues and D—spectrum of graphs.

Follow paper [2], the distance Laplacian matriz D = D®(T) of a
connected graph I' is defined as D = Tr — D, where Tr(T") is the
diagonal matrix whose diagonal entries are the transmissions in I and
Trr(v;) = Y27 d(vi,v;). Since the matrix D is real and symmetric,
all of its eigenvalues can be written in the form Al >\l > ... > AL =
0.

Theorem 1.1. [1] Let T' be a connected graph on n wvertices with
diameter 2 and Ay > Xo > -+ > A\o_1 > A, = 0 be the Lapla-
cian spectrum of I'.  Then the distance Laplacian spectrum of T' is
MN— A1 > 2n— Ao > - 2> 2n— X\ > )\ﬁ = 0. Moreover, for every
i€ {1,2,...,n} the eigenspaces corresponding to A\; and to 2n — \,_;
are the same.

Aouchiche and Hansen [5] studied the distance Laplacian eigenval-
ues of connected graphs with a given number of vertices and a fixed
chromatic number. They presented some lower bounds on the distance
Laplacian spectral radius in terms of n and y, where x is used for the
chromatic number of the graph under consideration.

Let G be a connected graph of order n. The distance Laplacian
energy of G, LED(G), is a new graph parameter that was introduced
by Gutman et al. [14] as LEp(T) = Y0 |AL = L57%  Tr(v;)|. The
commuting graph of a finite group G, C(G), is a graph whose vertices
are all elements of G and two distinct vertices  and y are adjacent if
and only if zy = yz. If ) # A C G then the induced subgraph of C(G)
with vertex set A is denoted by C(G, A). The group G is defined to be
an abelian central group, C'A-group, if the centralizer of non-central
elements of GG is abelian.

In the present paper, the characteristic polynomial of distance Lapla-
cian matrix of the commuting graph of a given finite C'A-group will be
computed. As a consequence, the distance Laplacian energy of this
graph is calculated for certain finite C'A-groups.

Mirzargar and Ashrafi [ 1] proved that the commuting graph C(G, G\
Z(@)) is a union of complete graphs if and only if G is an C'A-group.
Authors in [10] computed the automorphism of commuting graph of a
finite C'A-group.

Suppose 'y and I's are two simple graphs with disjoint vertex sets.
The graph union I'y U 'y has V(I';) U V(I'g) as vertex set and two
vertices x and y are adjacent in I'; U 'y if and only if ({z,y} C V(I'y)
and z,y are adjacent in I'y) or ({z,y} C V(I'g) and x,y are adjacent in
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['y). The join I'y + I'y is a simple graph with vertex set V(I'y) U V(I'y)
in which two vertices x and y are adjacent in I'y + I'y if and only if
(x,y € V(I'1) and zy € E(I'y)) or (z,y € V(I'y) and xy € E(I'9)) or
(x € V(I'y) and y € V(I'y)).

For the sake of completeness we mention here a result of [6] which is
crucial throughout this paper.

Lemma 1.2. [0, Lemma 3.1] Let G be a CA-group and T' = C(G).
Then I' = Cpyy + (Cry U Cppy U -+ - U Cyy, ), where Cpyy is the induced
subgraph of T by Z(G) and Cy,,,1 < i < s, are components of the graph
C(G,G\ Z(@)).

The aim of this paper is to compute the Laplacian spectrum of the
commuting graph of C A—groups. In certain cases, the energy of such
graphs will be computed.

2. FINITE CA-GROUPS

In this section, the characteristic polynomial of distance Laplacian
matrix of a finite non-abelian C'A-groups will be computed.

Theorem 2.1. Let G be a C A-group and Cy+(Chy, UC,, U---UC,,.).
The determinant of the matriz D*(I') — M, is computed as follows:

A(=320m)) ™ TT (=2 X motmsma) ™ (=23 mo-+mo)
i=0 1=0

i=0 j=1

s—1

Proof. Suppose u and v are distinct vertices of I'. Then d(u,v) = 2 if
and only if v and v are not adjacent in I'. If v € V(C,,, ), for some k
such that 1 < k < s, then,

Trp(v) = Z d(v,u)

ueV(T)

= Z Z d(v,u)
7=0 u€V (Cm;)

= Z Z d(v,u) + Z d(v,u) + Z d(v,u)
j=1j#k ueV(Cr,) wEV (Crny,) UEV (Crmg)

S
= 2 Z (mj)—I—mk—l—l—mo
Jj=Lj#k
= 2|G| —mp —mp— 1.
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Set O = DE(T') — MI,,. It is easy to see that, if v € V(C,,,) then
Trr(v) = |G| — 1. Note that for 0 < k < s, C,,, is a complete graph of
order my. Define I, = T'rr(v), where v € V(Cy). Therefore,

(ZO - )‘)Imo - D(Kmo) _Jm0><m1 e _Jmo Xmg
o _Jml Xmg (ll _)‘)Iml _D(Kml) _2Jm1 Xmg
_Jmsxmo _2Jms><m1 (la _>\)I'm‘S _D(K'ms)
==Y (m)™ [N = +1)m!
i=0 j=1
mo(s+1)— A\ —my —meg e —mg
—Mmyo ll — m + 1-— )\ —2m2 e —2ms
% —MMyo —2mq lo—mo+1—X --- —2my
—myg —2m —2mes e g —me+1-—X
=AA =Y ma)™ [T = G+ 1) A =2 (my) +mo)*
i=0 j=1 =1
This completes our argument. O

Theorem 2.1 implies that the largest distance Laplacian eigenvalue
is 2|G| — |Z(G)|. As an example, we assume that I' = Ky + (K; U
K3 U Ky). A simple program by Gap [I3] shows that Specpr(I') =
{01,102, 143, 152, 182},

Corollary 2.2. If G is a C'A-group, then the Laplacian spectrum of
C(G) is computed as follows:

SpeCL(C(G)> - {017 m(s]—l) (ms + m(])ms_l? ) (ml + m0>m1—1’ |G’m0}
Proof. Apply Theorem 2.1 to deduce that

Specpr(C(G)) = {04,1G™, (2IG] = my —mo)™ ", - -+,
(2G| = my —mo)™ 1, (2|G| — mo)* '}

Now the proof follows from Theorem 1.1. O

Corollary 2.3. If A = K, + (rK,; U Kg), then the distance Laplacian
characteristic polynomial of A is as follows:

det(DY(A) = AL,) = M\ = (rs+d+p))"(A = (2rs — s + 2d + )"~V
x A=@2rs+d+p)TtN— (2rs+2d+p))".
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3. EXAMPLES

In this section, we apply our results given Section 2 to compute the
distance Laplacian energy of the commuting graph of C(Ds,), C(SDs,),
C(Ty,) and two other groups denoted by U, ,, and V,. These groups
can be presented as follows:

{
{a,b|a*™ =b*=1,b""ab = a® 1),
Ty = {a,bla® =1,a" =V bab™' =a™ "),
(a,b|a® =b™ =1,aba"" = b 'ba),
(a,b|a® =b*=1,ba=a'b" b a=a'h).

Example 3.1. For computation of the distance Laplacian energy of
the commuting graph C(Ds,), we note that,

Ko+ (2K, UK, 5) 2|n

C(Dan) = {Kl + (K UK,—1) 2f{n’

We now apply Theorem 2.1 to compute the distance Laplacian char-
acteristic polynomial of C(Ds,), when n > 2. To do this, we note
that,

det(D*(C(Day)) — M,,) =
A —2n)(A = 3n)" (A —4n + 1)" 2tn
AMA =202\ —dn+4)2(A=3n)" 3\ —4n+2) 2|n’

and

2n
™m?*—8n 2|n
§ Tr( Z_E o= .
r(v ! {7n Sn 24n

i=1

Thus,
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2n 2n
1
LEp(T) =Y |6/ - > > Tr(v)]
=1 =1

—In+4[+22n—In+4+(n—%)|dn —4— In+4|
= S+(n=3)Bn—In+4/+ 24n -2 — In+4] 2|n
|=T855] + 2n — 5] 4 (0 — 1)| 52| + nf4n — 1 - 53] 24n

(13n —24 3<n<82|n
n>+2n n>82|n
10n—10 3<n<52fn’
(n?+3n n>521n

Example 3.2. Consider the semi-dihedral group S Dg,, of order 8n,n >
3. By [12, Lemma 2.10], the commuting graph of SDg, can be written
as follows:

K2 -+ (27’LK2 U K4n—2> 2 | n

Dyg,,) = .
C(S s ) {K4 + (TLK4 U K4n—4) 2 'f n

Apply Theorem 2.1 to deduce that
det(DL(C(SDSR)) - )‘In)

AN = 8n)2(A — (16n — 4))?" (X — 12n)4"=3(\ — (16n — 2))** 2| n
A = 8n)4(A — (16n — 8))3" (A — 12n)4n=3(\ — (16n — 4))*  24n

Therefore,

8n 8n
1
LEp(C(SDs,)) = Z|5§—%2Tr(vi)|
=1 =1

8n 1 n
ML

28”1\51—411271 —32n)] 2|n

"6 — & (112n% — 56n)| 24n
\—14n+2|+2]—6n+2|+2n\2n—2|+
(4n — 3)| — 2n + 2| + 2n|2n| 2|n
| — 1dn + 72| + 4| — 6n + 7| + 3n|2n — 1|+
(4n —5)| = 2n 4+ 7| + n|2n + 3| 2tn

~ J16n*+8n 2|n
| 16n? 2¢n’
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Example 3.3. Consider the dicyclic group T}, of order 4n, n > 2. By
[12, Lemma 2.7], C(T4,) = K3 + (nKs U Ky, _»). Therefore,

det(DY(C(Tun)) — M) = A\ —4n)?(A —8n+4)" (A — 6n)*"3(\ — 8n — 2)"

4n o1 an

0 — — Tr(v;
;lz 4n; (vi)]
= |—2n+4]+2| - 3n+4]|+nn|
+ (2n—=3)|—n+4|+nn+2|
= 4n® +4n.

Example 3.4. Consider the group Vg,. By [12, Lemma 2.10], the
commuting graph of Vg, can be written as follows:

C(V ) . K2 + (2TLK2 U K4n_2) 2 T n
sn) K4 -+ (TLK4 U K4n74) 2 ‘ n .

Apply again Theorem 2.1 to deduce that
det(DL(C(VSn)) - )‘In)

A =8n)2 (X = (16n — 4))" (A — 12n)* 3 (X — (16n — 2))** 2{n
A =8n) (A — (161 — 8))" (A — 12n)* 5 (A — (16n — 4))" 2 |n’

Therefore,

8n 8n
1
LEp(C(Vsn)) = 2155—%ZT?”(%)!
i=1 i=1

8n 1 n
_ 1 l
S SRS o
=1 =1

Sl — L (112n2 - 32n)| 24n
8
Sty 0] — g (1120° — 56n)| 2| n

| — 14n + 2| + 2| — 6n + 2| + 2n|2n — 2|+

(4n — 3)| — 2n + 2| + 2n|2n| 2¢n
)| - 14n 4 72| + 4] — 60+ 7| +3n|2n — 1|+

(4n —5)| —2n + 7| + n|2n + 3| 2|n
~ J16n*+8n 2fn
| 1602 2|n

Example 3.5. Consider the group U, ,,. By [!2, Theorem 2.3|, the
commuting graph of U, ,, can be written as follows:

C(Umm) _ {KQn + (%KQTI U Kmn—Zn) 2 | m

K, + (mK, U Kn_n) 2tm
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We now apply Theorem 2.1 to deduce that

A\ = 2mn)?" (X — (dmn — 4n))Z =D 2| m

det(DY(C(Unm)) — M) = X (A — 3mn)™=2n=1(\ — (4mn — 2n)) %

A\ = 2mn)™ (X — (dmn — 2n))mn—m 2¢m’
X (A = 3mn)™ "= Y\ — (4mn — n))™
Therefore,
2mn 2mn
LEp(C(Upm)) = Z\ - % ZTr ;)|
2nm

- Z ‘51 2nm Z(sl

B ZQm” 0t — 52— (Tm?n? — 6mn? — 2mn)| 2 |m
et - 52— (Tm?n? — 3mn? — 2mn)| 2{m

In? —2mn® + imn+3n+1 m>6,2|m
6mn? —12n2 +7mn —10n -2 2<m <6,2|m
m?n? — mn? + 4mn m>4,2tm '
3mn? — 3n% 4+ Tmn — 5n — 2 2<m<3,2fm

We end this section by the following open question:

Question 3.6. Is it possible to find a closed formula for the distance
Laplacian energy of the commuting graph of a C'A-group?

4. CONCLUDING REMARKS

In this paper, the distance Laplacian spectrum of the commuting
graph of C'A-groups is computed. Our results were checked by com-
puting the distance Laplacian spectrum of the commuting graph of
some known C'A-groups containing dihedral, semi-dihedral, dicyclic
and some meta-cyclic groups.
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