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SOME INEQUALITIES FOR POLYNILPOTENT
MULTIPLIER OF POWERFULL p-GROUPS

M. ALIZADEH SANATI

ABSTRACT. In this paper, we present some inequalities for the or-
der, the exponent, and the number of generators of the polynilpo-
tent multiplier, the Baer invariant with respect to the variety of
polynilpotent groups of class row (c1, ..., ) of a powerful p-group.
Our results extend some of Mashakekhy and Maohammadzadeh’s
in 2007 to polynilpotent multipliers.

1. INTRODUCTION

Let R — G — F be a free presentation of an arbitrary group G. If V
is the variety of polynilpotent groups of class row (c1,...,¢), Ney e
then the Baer invariant of group G with respect to this variety which
we call it the polynilpotent multiplier of G is as follows:

RN ey o (F)
'/\/’C ..‘CtM G ~ 1,€2,.--,Ct ,
e M) B F)

where Ve, coct(F) = Yert1 (oo (Yegt1 (Yey41(F))) ... ) is the term of

iterated lower central series of F' and by corollary 6.14 of [5], we have
Yerseaner (s F) = [Rocy Foey Yey 11(F); -+ ses Ve a1 (- Ve a1 (F) -2 )]

In particular, if ¢ = 1 and ¢; = ¢ then the above notation will be the

c-nilpotent multiplier of G, N, (M (G)) ~ (RN 7e41(F)) /[R,. F]. Also,
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the case ¢ = 1 is the much studied Schur multiplier of G and denoted
by M(G).

Historically, there have been several papers from the beginning of the
twentieth century trying to find some structures for the well-known
notion the Schur multiplier and its varietal generalization the Baer
invariant of some famous products of groups, such as the direct product,
the free product and the nilpotent product. Determining these Baer
invariants of a given group is known to be very useful for classification
of groups into isologism classes. Also structures of Baer invariants are
very essential for studying varietal capability and covering groups.

In the Mid-20th Century the relationship between the exponent of
the Schur multiplier of a p-group and the exponent of the group itself
was examined, whether e (M(G)) < e(G). In 1973 a group of exponent
4 was constructed [1] whereas its Schur multiplier has exponent 8, hence
the conjecture is not true in general. In 1973 Jones [6] proved that the
exponent of the Schur multiplier of a finite p-group of class ¢ > 2 and
exponent p°® is at most p*c~Y. A result of Ellis [3] shows that if G is
a p-group of class k > 2 and exponent p¢, then exp(M(G)) < pel*/2,
where [k/2] denotes the smallest integer n such that n > k/2. Forc =1,
Moravec [12] showed that [k/2] can be replaced by 2[log.k| which is an
improvement if £ > 11. Also he proved that if G is a metabelian group
of exponent p, then exp(M(G)) divides p. Kayvanfar and Sanati [7]
proved that exp(M(G))|exp(G) when G is a finite p-group of class 3,
4 or 5 under some arithmetical conditions on p and the exponent of
G. In 1987 Lubotzky and Mann [3] presented some inequalities for the
Schur multiplier of a powerful p-group. They gave a bound for the
order, the exponent and the number of generators of the Schur multi-
plier of a powerful p-group. Then Mashayekhy and Mohammadzadeh
generalized Lubotzky and Mann’s results to the nilpotent multipliers.
Their consequences improve the previous inequalities for powerful p-
groups. In this paper we will extend some results of Mashayekhy and
Mohammadzadeh [10] to the polynilpotent multipliers and give some
upper bounds for the order, the exponent and the number of genera-
tors of the polynilpotent multiplier of a d-generator powerful p-group
G. Finally, by giving some examples of groups we will show tightness
of our results.

2. MAIN RESULTS

This section deals with prerequisite concepts and results which will
be used in the next section. We use techniques involving the concept
of basic commutators. Here is the definition. Let X be an arbitrary
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subset of a free group, and select an arbitrary total order for X. The
basic commutators on X, their weight w,;, and the ordering among
them are defined as follows:

(1) The elements of X are basic commutators of weight one, ordered
according to the total order previously chosen.

(17) Having defined the basic commutators of weight less than n, a basic
commutator of weight n is ¢ = [b, a], where:

(a) b and a are basic commutators and wy(b) + wi(a) = n, and

(b) b > a, and if b = [by, bs], then a > by.

(73i) The basic commutators of weight n follow those of weight less than
n. The basic commutators of weight n are ordered among themselves in
any total order, but the most common used total order is lexicographic
order; that is, if [b1, a1] and [by, as] are basic commutators of weight n,
then [bl, al] < [bg, CLQ] if and only if by < by or by = by and a1 < as.

Theorem 2.1. (M . Hall [1]) Let F be a free group on {x1,zs,...,x4}.

n(F
Then for all1 < i <n, L(F)’) is a free abelian group freely generated
Tn+i
by the basic commutators of weights n,n+1,...,n+1—1 on the letters

{ZIZ’l,CCQ, Ce ,ilj'd}.

Theorem 2.2. (Witt Formula [1]). The number of basic commutators
of weight n on d generators is given by the following formula:

1 n
(d) == dm
(@)= 5 3l
where p(m) is the Mobious function which defined to be
1 ;m=1
pu(m) = 0 s m=p"py?---pp* Ja;>1
(—=1)* 5 m=pipz--ps,

where the p; are distinct prime numbers.

Powerful p-groups were introduced in 1987 by Lubotzky and Mann.
A number of applications are given, including results on Schur multi-
pliers. Powerful p-groups are used in the study of automorphisms of
p-groups, the solution of the restricted Burnside problem, the classifi-
cation of finite p-groups via the coclass conjectures, and provided an
excellent method of understanding analytic pro-p-groups. We will dis-
cuss some of them in this section. A finite p-group G is called powerful,
if

G' C GP; pisodd
{ G'CGY: p=2.
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It can be easily proved that N is powerfully embedded in G if and only if
N/[N, G, G| is powerfully embedded in G/[N, G, G] ( Theorem 1.1, [3]).
Hence to prove that a normal subgroup N is powerfully embeddeding
G we can assume that (i) [N,G,G] =1, (i1) N? = 1(N* =1 for p = 2)
and try to show that [N, G] = 1, and (i7)[N, G]? = 1 whenever p = 2.

Any powerfully embedded subgroup is itself a powerful p-group and
must be normal in the whole group. Also a p-group is powerful exactly
when it is powerfully embedded in itself. This property is not subgroup-
inherited [3], but it is closed with respect to homomorphic image and
direct sum. We will require some standard properties of powerful p-
groups in the following lemma.

Lemma 2.3. The following statements hold for a powerful p-group G.
(i) %(G),G", GP = ¢(G) (the Frattini subgroup of G) are powerfully
embedded in G. _ S ,
(i1) If G =< ay,as, ...,aq >, then G* =< a? b |-~ d¥ > .
(1ii) If H < G, then d(H) < d(G).

In order to prove the main results we need the following lemma,
which is proved by Mashayekhy and Mohammadzadeh [10].

Lemma 2.4. Let F'//R be a free presentation of a powerful d-generator
p-group G. Let Z = R/[R,. F] and H = F/[R,. F|, so that G ~ H/Z.
Then Yer1(H) is powerfully embedded in H and d(~ey1(H)) < Xer1(d).

The next theorem is an interesting result of this lemma.

Theorem 2.5. Let G be a powerful p-group d-generators and R —

R
F — G be a free presentation for G. Put Z = and
7 Ver,ezrme (B F)
H = . Then G = H/Z and ey cy...c, (H) is powerfully

Yercare (12, F)

embeded in H and d(Ve, cy....ci(H)) < Xert1 (-« (Xey41(d)) - ).

Proof. Consider Hy = F/[R,., F] and Z; = R/[R,, F] and apply
Lemma 2.4 for G = Hy/Z;. One conclude v, +1(F/[R,., F]) is pow-
erfully embedded in H; and d(ye,+1(H1)) < Xe41(d). Now, consider
By = 9y 1(F), Ry == [R,, F] and G, := 7,1(H;). By Nielsen-
Schreier’ theorem F} is a free group and R, — F; — G is a free pre-
sentation. Put Hy = F1/[Ri.c, F1] = Yey41(F)/[Ryey Frey Yer+1(F)] and
Zy = Ri/[Ri,e, F1]. Then G7 = Hy/Zs and by noting that d(G7) <
Xe;+1(d), Lemma 2.4 for G states

Ve +1(H2) = Yet1 (Ve +1(F)) /[val Fic, '701+1(F)] = Yei,e2 (F)/’Ych@ (R, F)

is powerfully embedded in Hy and d(7ye,11(H2)) < Xegt1(Xey+1(d)). By
continuing this method the result holds. 0



SOME INEQUALITIES FOR POWERFULL p-GROUPS 263

An interesting corollary of this theorem is as follows.

Theorem 2.6. Let G be powerful p-group with d(G) = d. Then
ANy, M(G)) < Xepr1 (- (Xer+1(d)) -+ ) -

Proof. Let F//R be a free presentation of G with Z = R/, c...c;, (R, F)
and H = F/Ye 0., (R, F'). Then G ~ H/Z and the above result and
Lemma 2.3(iii) implies that

d <Rm')’01702 ----- o (R, F)) < Yerca,enner (F)
Yer,ea,.., «(R, F) Yer,ea,.., (R F

Hence the result follows. O

o M(G))exp(G).

) <t (- (@),

Theorem 2.7. For each powerful p-group G, exp(N,

.....

By applying Theorems 2.6 and 2.7 we have

Theorem 2.8. Let G be a powerful d-generator p-group and exp(G) =
p¢. Then

N, o M(G)] < chtJrl(-..(XclJrl(d))-..)e‘

If in the above theorems ¢t = 1, we have the following results of
Mashayekhy and Mohammadzadeh [10].

Corollary 2.9. Let G be powerful p-group with d(G) = d with exp(G) =

p°. Then

ANM(G)) < Xera(d) , exp(NM(G))leap(G) , [NeM(G)] < prest@e,
We give an explicit example showing the tightness of our results. By

[9] the polynilpotent multiplier of finitely generated abelian groups can
be calculated explicitly as follows:

Lemma 2.10. Suppose that G = 2" @ Ly, B L, D - - - D Ly, is finitely

generated abelian group where n; 1|n; for all1 <i<d—1. Then
M(G) = 7,(fm) @Z(fmﬂffm) @Z(£m+2*fm+1) ®- - ‘@Z(fm+d7fm+d71)

Ct ni n nd )

where fi = Xe1(Xery41(- - (Xey21(2)) .. 2)) and 7% denotes the direct
sum of s copies of the cyclic group Z,,.

.....

We apply the above result for finite abelian p-groups and by noting
that m = 0 and fy = fi; = 0 conclude the following facts.

Example 2.11. Consider finite abelian p-group G' = Zya1 ©Zper B+ - -

ZLpea Where o, ag, . .., g are positive integers and o; > ag > -+ - > ay.
Then
NepoooM(G) =2 @ 2P @ @ 2 (x),
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(1) ANy, M(G)) = fi = Xerr1(Xeroi41( - (Xer+1(d)) -+ ), where
d = d(G). Hence the bound of Theorem 2.6 is attained and the best
one in the abelian case.

(i1) exp(Ney...e, M(G)) = p*2, whereas exp(G) = p**. Hence the bound
of Theorem 2.7 is attained when o; = a5 and it is the best one in the
abelian case.

of Theorem 2.8 is attained if and only if oy = g = -+ = .

We are going to give two nonabelian powerful p-groups in order to com-
pute explicitly the number of generators, the order and the exponent
of their (2,2)-nilpotent multipliers and then compare these numbers
with bounds obtained.

Example 2.12. (i) The finite group G = (a,b: a®> = 1,aba = b™3) is
a powerful 2-generated 2-group with the order 16 and the exponent
8. By [[2], Fig.2, § 13] NooM(G) = NoM (Zy @ Z3) = Zs, and hence
NooM(G)| = 2,d(N2pM(G)) =1, and exp(No2M(G)) = 2. Tt is seen
that the bound of Theorem 2.6 is attained.

(i1) Consider the finite 3-group G = (a,b:a*>=1,a"ba =07%). Tt
is easy to see that G is a powerful 3-group and |G| = 27,d(G) =
2,exp(G) =9. By [[2], Fig.2, § 40] Nop M(G) = NoM (Z3 & Zs) = Zs,
and hence |[No o M (G)| = 3,d(N22M(G)) = 1, and exp(N2 oM (G)) = 3.
It is also seen that the bound of Theorem 2.6 is attained.

The next example shows that one cannot omit the powerfulness con-
dition in the theorems 2.6 and 2.8.

Example 2.13. Let p be any odd prime and let s, ¢ be positive integers
with s > t. Consider the following finite d-generator p-group with
nilpotency class 2:

Ps,t:
<y17"'7yd : yfs - [yj7yk?]pt - [[yj)yk]ayz] = ]-a]- S i7j7k S d?] ?é k>

Clearly P, = 1 and so in general P, is not a powerful p-group. By
[11] the ¢i-nilpotent multiplier of Ps, is as follows: N, M(Ps;) =

Z(en@) gy (@) b g (d) and dy = xess(d). By

P pt

applying (*) when ¢ = 1 we have
'/\/’C17C2M(P5’t> = NC2M <Z£z(c1+1(d)) & Z(Xc1+2(d)))

pt

— N M (23 & Z(?))
_ Zlgbf)@zz(f?ibﬂ@' _ _@Z;Zdl *bdlfl)@ziﬁdﬁrl*bdl)@. ) _@ngﬁd;ﬁbdﬁdrl)’
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where b; = X¢,+1(7). Now we have the following relations.

(1) d(Ner.owM(Pst)) = Xest1(Xer+1(d) + Xerr2(d)) > Xery1(Xer1(d)).-
Hence the condition of being powerful cannot be omitted from Theorem
2.6.

(i1) €xp (Noy o M(P..)) = p* = eap(Pyy).

(ii1) |Ney.ey M (Psy)| = P8 DXep+1(d1) Fxep +1(d1+d2) 5 pysXert1(Xey +1(d))

It means powerfulness is also a necessary condition for the bound of
Theorem 2.8.
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