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VOLUNTARY GE-FILTERS AND FURTHER RESULTS
OF GE-FILTERS IN GE-ALGEBRAS

A. BORUMAND SAEID, A. REZAEI R. K. BANDARU* AND Y. B. JUN

ABSTRACT. Further properties on (belligerent) GE-filters are dis-
cussed, and the quotient GE-algebra via a GE-filter is established.
Conditions for the set ¢ to be a belligerent GE-filter are pro-
vided. The extension property of belligerent GE-filter is composed.
The notions of a balanced element, a balanced GE-filter, an anti-
symmetric GE-algebra and a voluntary GE-filter are introduced,
and its properties are examined. The relationship between a GE-
subalgebra and a GE-filter is established. Conditions for every
element in a GE-algebra to be a balanced element are provided.
The conditions necessary for a GE-filter to be a voluntary GE-
filter are considered. The GE-filter generated by a given subset is
established, and its shape is identified.

1. INTRODUCTION

The notion of Hilbert algebra was introduced in early 50-ties by
L. Henkin and T. Skolem for some investigations of implication in
intuitionistic and other nonclassical logics. In mathematics, Hilbert
algebras occur in the theory of von Neumann algebras in: Commu-
tation theorem and Tomita—Takesaki theory. Hilbert algebras are an
important tool for certain investigations in algebraic logic since they
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can be considered as fragments of any propositional logic contain-
ing a logical connective implication (—) and the constant 1 which is
considered as the logical value “true”. As can be seen in references
[3, 4, 5, 6, 7, 8, 10, 11, 12], some researchers have studied various
things about Hilbert algebra. The study of generalization on a given
algebraic structure is also an important research process in algebra. As
a generalization of Hilbert algebras, R.K. Bandaru et al. [2] introduce
the notion of GE-algebras. They studied the various properties and
filter theory of Hilbert algebras. In [1], R.K. Bandaru et al. introduced
the concept of belligerent GE-filter of a GE-algebra and investigate its
properties. They studied the relation between GE-filter and belligerent
GE-filter of a GE-algebra.

In this paper, we consider further properties on (belligerent) GE-
filters. We make the quotient GE-algebra via a GE-filter. We take a
special set ¢ = {r € X | ¢ <z} for an element ¢ in a GE-algebra X,
and provide conditions for the set ¢ tobea belligerent GE-filter of X.
We discuss the extension property of belligerent GE-filter. We define a
balanced element and show that the set of all balanced elements forms a
GE-filter. We introduce the notion of balanced GE-filters and examine
its properties. We look into the relationship between a GE-subalgebra
and a GE-filter, and explore what conditions are necessary for a GE-
subalgebra to be a GE-filter. We introduce the concept of antisymmet-
ric GE-algebras and investigate related properties. We provide condi-
tions for every element in a GE-algebra X to be a balanced element.

We construct a subset F° := [ c¢® where ¢® = {z € X | 2+c = 1}
ceF
and F is a subset of X, and we look at the several properties of this

set. We find the condition under which F*° is a GE-filter for any subset
F of a GE-algebra. We introduce the voluntary GE-filter and further
investigate the related properties. We discuss the conditions necessary
for a GE-filter to be a voluntary GE-filter. We construct a GE-filter
generated by a given subset, and identify its shape.

2. PRELIMINARIES

Definition 2.1 ([2]). A GE-algebra is a non-empty set X with a con-
stant 1 and a binary operation * satisfying the following axioms:
(GE1l) uxu=1,
(GE2) 1 xu = u,
(GE3) u* (v*w) =ux (vx*(u*w))
for all u,v,w € X.
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In a GE-algebra X, an order relation “<” is defined by
Ve,ye X)(z<y & zxy=1). (2.1)
Definition 2.2 ([2, 1]). A GE-algebra X is said to be

e i(ransitive if it satisfies:

(Vo,y,z€ X)) (zxy < (zxx)*(2xy)). (2.2)
e commutative if it satisfies:

Vr,y e X) ((z*xy)*xy= (y*xx)*x). (2.3)
e left exchangeable if it satisfies:

(Vr,y,z€ X)(xx(y*x2)=yx* (v*2)). (2.4)

e belligerent if it satisfies:
(Va,y, 2 € X) (2% (yx 2) = (xxy) * (x5 2)). (2.5)

Note that every self-distributive BE-algebra is a GE-algebra (see [2]),
and every left exchangeable GE-algebra is a BE-algebra (see [9]).

Proposition 2.3 ([2]). Every GE-algebra X satisfies the following
items.

Vue X)(uxl=1). (2.6)
(Vu,v € X) (u* (uxv) =ux*v).
(Vu,v € X) (u <vxu).
If X is transitive, then
Vu,v,w e X)(u<v = wxu<w*v, viw<uxw). (2.9)
(Vu,v,w € X) (uxv < (vkw)* (u*w)). (2.10)

Definition 2.4 ([2]). A subset F' of a GE-algebra X is called a GE-
filter of X if it satisfies:

leF, (2.11)
Ve,ye X)(xxye F,z € F = yeF). (2.12)

Lemma 2.5 ([2]). In a GE-algebra X, every filter F' of X satisfies:
Ve,ye X) (e <y, z€F = yel). (2.13)

Definition 2.6 ([!]). A subset F' of a GE-algebra X is called a bel-
ligerent GE-filter of X if it satisfies (2.11) and

(Ve,y,z € X)(zx(yx2) €F, xxy€F = x*xz € F). (2.14)
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Lemma 2.7 ([1]). If a GE-filter F' of a GE-algebra X satisfies:
(Vo,y,ze X)(zx(yx2) € F = (zxy)x(zxz) € F), (2.15)
then F is a belligerent GE-filter of X.

3. FURTHER PROPERTIES ON GE-FILTERS

In this section, we first consider the quotient GE-algebra X/F of a
GE-algebra X by a GE-filter F.

For a given GE-filter F' of a transitive GE-algebra X, let ~p be a
binary relation on X defined by

Ve,ye X)(z~py & xzxy e F, yxx € F). (3.1)

Then ~p is an equivalent relation on X. In fact, it is clear that ~p
is reflexive and symmetry. Let z,y,z € X be such that z ~p y and
y~pz Thenxxye F,ysz € F,yxz € Fand zxy € F. Since
zxy < (y*xx)*(zxx) and xxy < (y*2) * (z* 2) by (2.10), it follows
from Lemma 2.5 that (yxz) * (2% 2) € F and (y* 2) x (x x 2) € F.
Since F'is a GE-filter of X, we have x x z € ' and zxx € I, and so
x ~p z. Therefore, X can be decomposed by the equivalence relation
~p. The equivalence class of a in X under ~p is denoted by F,, that
is,

F,={reX|a~pua}.

The collection of all such equivalence classes is denoted by X/F', that
is,

X/~p={F,|a€ X},
which is called the quotient set of X by ~p.

Theorem 3.1. Let F be a GE-filter of a transitive GE-algebra X.
Given an element a € X, let F, be the equivalence relation on X which
is defined by (3.1). Then F = Fy and (X/~p,*p, F1) is a GE-algebra
where *p is defined by F, xp F,, = F,, for every F,, F, € X/~p.
Moreover it is transitive.

We say that (X/~p, xp, F1) is the quotient GE-algebra via F', and it
is also denoted by (X/F, g, F1) because the relation ~p was defined
using a given GE-filter F'.

Proof. If v € Fythen lxx =2 € Fandxx1=1¢€ F. Thus 1 ~p z,
ie,x e F,. Ifx € I, then 1xx € FFandsox € F. Hence ' = F}. Let
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Fo,F,F, € X/~p Then F, sp F), = Fip = F1, Fi xp F, = Fl, = F,
and
Fp xp (Fy *F Fz) = I, *p Fy*z = Fm*(y*z)
= Fra(ye(aez)) = Fo *F Fyu(anz)
= F, xp (Fy *p Fp.,)
= F, xp (Fy *p (Fy *p F,)).
Hene (X/~p,*p, 1) is a GE-algebra. Now we will prove:
Ve,ye X)(x<y = F, <p F,) (3.2)

where F, <p F, means I, xp F}, = Fy. If x <y for all z,y € X, then
z*y = 1 and hence F, xp F, = F,,, = F, that is, F,, <p F,. If X is
transitive, then z xy < (z % x) * (z x y) for all z,y,z € X. It follows
from (3.2) that

Fx*FFy = Fx*y <r F(z*m)*(z*y) = Fz*x*FFz*y = (FZ*FFI)*F<FZ*FFy)
Therefore (X/~p, xp, F}) is a transitive GE-algebra. O
The following example illustrates Theorem 3.1.

Example 3.2. Let X = {1,a,b,c,d} be a set with a binary operation
x in the following table:

QL O o8 | *x
e R
Q Q. —= R
== o o o

S el e
Q Q-

1 10 1

Then (X, *, 1) is a transitive GE-algebra and F' = {1, a, d} is a GE-filter
of X. Let
~r ={(1,1),(a,a),(b,b),(c,c),(d.d),(1,a),(1,d), (a,1), (a,d),
(b,¢), (¢,b),(d,1),(d, a)}.

Then ~ is an equivalence relation on X. Also,

F={l,ad =F =F
and F, = {b,c} = F.. Hence F; = F and X/~p = {F1,F,}. Then
(X/~p,*p, F1) is a transitive GE-algebra where xp is given in the
following table:
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Theorem 3.3. Let F' be a GE-filter of a transitive GE-algebra X . If
X is commutative, then so is the quotient GE-algebra.

Proof. Straightforward. 0J

Given an element ¢ of X, consider the set ¢ := {z € X | ¢ < z}. In

general, the set ¢ is not a GE-filter of X (see [1]), and so it is not a
belligerent GE-filter of X.

In the following theorem, we provide conditions for the set ¢ to be
a belligerent GE-filter of X.

Theorem 3.4. Given an element ¢ in a GE-algebra X, the following
are equivalent.

(i) The set ¢ :={x € X | ¢ <z} is a belligerent GE-filter of X.
(il) X satisfies:

(Ve,y,z € X)(c<zx*x(y*xz), c<axxy = c<x*2). (3.3)

Proof. Assume that ¢ := {z € X | ¢ < z} is a belligerent GE-filter of
X. Let z,y,z € X be such that ¢ < x % (y * z) and ¢ < z xy. Then

T (y*z) € ¢ and z * Yy € ¢. Since ¢ is a belligerent GE-filter of X,
it follows from (2.14) that 2 % z € ¢. Hence ¢ < z * .

Conversely, suppose that X satisfies (3.3). Clearly 1 € ¢. Let
z,y,7 € X be such that 2 (yxz) € ¢ and z*y € ¢. Then ¢ < z*(yxz2)
and ¢ < z * y, which imply from (3.3) that ¢ < z 2. Thus z %z € ¢,
and therefore ¢ is a belligerent GE-filter of X. 0J

Theorem 3.5. (Extension property for the belligerent GE-filter) Let
F and G be GE-filters of a left exchangeable GE-algebra X such that
F CG. If F is a belligerent GE-filter of X, then so is G.

Proof. Let x,y,z € X be such that x * (y * z) € G. Using (2.4) and
(GE1) induces

px(ys(@x(ye2)s2) = (@x(yr2) s @ (ys2) = 1€ F
Since F'is a belligerent GE-filter of X, it follows from (2.4) and Lemma
2.7 that

(@ (y*2)) x (2 xy) * (2 x2)) = (@ xy) o (25 (yx2)) * (2 2))

—(@ry) s (@x (@ (ye2)*z) € FCE.

Since G is a GE-filter of X, we have (x xy) * (z * z) € G. Therefore G
is a belligerent GE-filter of X by Lemma 2.7. 0J
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Corollary 3.6. In a left exchangeable GE-algebra, the trivial GE-filter
{1} is a belligerent GE-filter if and only if every GE-filter is a belligerent
GE-filter.

Definition 3.7. An element b of a GE-algebra X is said to be balanced
if it satisfies:
VeeX)(b£xz = bxx=ux, xxb=0). (3.4)

Let B(X) denote the set of all balanced elements of a GE-algebra X,
and it is called the balanced part of X.
It is obvious that 1 € B(X) for every GE-algebra X.
Example 3.8. Consider a GE-algebra (X, *,1), where
X ={1,a,b,¢,d, e}
and the binary operation * is given by the following Cayley table.

x|1 a b ¢ d e
11 a b ¢ d e
all 1 b ¢c ¢ e
bl a 1 d d e
c|ll 1 b 1 1 e
dil1 1 111 e
ell a b c d 1

It is routine to calculate that 1 and e are balanced elements of X.

Theorem 3.9. The balanced part of a GE-algebra X is a GE-filter of
X.

Proof. Let B(X) be the balanced part of a GE-algebra X. Clearly,
1 € B(X) as mentioned in the above. Let x,y € X be such that
rxy € B(X) and 2 € B(X). If y # x, then y = z * y since z € B(X),
and so y € B(X). If y = 2, then y = x € B(X). Hence B(X) is a
GE-filter of X. O

Definition 3.10. A GE-algebra X is said to be balanced if its balanced
part is X itself.

Example 3.11. Let X = {1,2,a,b,c} be a set with the following
Cayley table:

x11 2 a b c
111 2 a b ¢
2|11 a b ¢
all 2 1 b ¢
bll 2 a 1 ¢
cll 2 a b 1
It is routine to verify that X is a balanced GE-algebra.
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Definition 3.12. A (belligerent) GE-filter F' of a GE-algebra X is said
to be balanced if F' contains the balanced part of X.

Example 3.13. Consider the GE-algebra X in Example 3.8. Then
F:={1,a,b,e} is a GE-filter of X and B(X) = {1,e} C F. Thus F is
a balanced GE-filter of X.

By Definitions 3.10 and 3.12, we know that there does not exist a
proper balanced GE-filter in a balanced GE-algebra.

Theorem 3.14. The intersection of balanced (belligerent) GE-filters
of a GE-algebra is also a balanced (belligerent) GE-filter.

Proof. Let {F; | i € A} be a family of balanced (belligerent) GE-filters
of a GE-algebra X where A is any index set. Then B(X) C F; for all
i € A, and so B(X) C [ F;. Obviously 1 € (F;. Let z,y € X be
i€ (IS
such that zxy € (F; and x € (| F;. Then z %y € F; and x € F; for
ieA IS
all i € A, which imply from (2.12) that y € F; for all i € A. Hence
y € () Fi, and therefore () F; is a balanced GE-filter of X. Now, let
i€EA €A
z,y,2 € X be such that x * (yx2) € (| F; and x xy € () F;. Then
i€A 1SN
rx(yx*xz) € F;and z xy € F; for all i € A. Since F; is belligerent, it
follows that x xz € F; for all i € A. Thus x* 2z € (| F; and hence () F;
ieA ieA
is a balanced belligerent GE-filter of X. 0
The following example shows that the union of balanced GE-filters

of a GE-algebra is not a balanced GE-filter.

Example 3.15. Let X = {1,a,b,¢,d,e, f, g} and the binary operation
x is given by the following Cayley table.

x|1 a b ¢c d e f g
111 a b c de f g
all 1 1 c e e 1 1
b|l a 1 d d d g g
c/1 1111111
djir 1111111
e/l 1 111111
fll a1 e e e 1 1
g|l a b d dd b 1

Then (X, *,1) is a GE-algebra. Let F} = {1,b} and Fy = {1,g}. Then
Fy and F, are GE-filters of X and B(X) = {1}. Hence F} and F,
are balanced GE-filters of X. But Fy U Fy = {1,b, ¢} is not a balanced
GE-filter of X since gxf =b € FiUFyand g € F{UF, but f ¢ FiUF;.
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In the following example, we know that any GE-subalgebra F' of a
GE-algebra X, that is, x xy € F for all z,y € F, is not a GE-filter of
X.

Example 3.16. Let X = {1,a,b,¢,d} and the binary operation * is
given by the following Cayley table.

QUL O R =%
e e e e R
—Q Q = Q|
== O
— =0 o0
— =R 0 |

Then (X, *,1) is a GE-algebra and F' = {1,b,d} is a GE-subalgebra of
X. But F'is not a GE-filter of X since bxc=d € F and b € F but
c¢F.

We provide conditions for a GE-subalgebra to be a GE-filter.

Theorem 3.17. Fvery GE-subalgebra of a balanced GE-algebra is a
GE-filter.

Proof. Let F' be a GE-subalgebra of a balanced GE-algebra X. Then
l=x%xx € Fforall x € F. Let z,y € X be such that x xy € F and
x € F. Since x is balanced, we have y = x xy € F'. Therefore F is a

GE-filter of X. O

We define a binary operation “+” on a GE-algebra X as follows:
F:XxX =X, (z,y) — (z*y)*y. (3.5)

For every subset F' of a GE-algebra X, we define a new subset F*° of
X as follows:

o= (3.6)
cel
where ¢® := {z € X | z+c=1}.
It is clear that 1 € F°, 1° = X, X° = {1} and 1,2 € z° for all
reX.

Definition 3.18. A GE-algebra X is said to be antisymmetric if the
binary relation “<” is antisymmetric.
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Example 3.19. Let X = {1,a,b,c} be a set with binary operation x
given in the next Cayley table.

*‘1abc
111 a b ¢
all 1 1 1
b1l a 1 ¢
cll a 1 1

It is routine verify that (X, *,1) is an antisymmetric GE-algebra.
Proposition 3.20. Fvery GE-algebra X satisfies:
(Ve e X) (14t =2+l =1, zta=1). (3.7)
(Va,y € X) (z+(z*xy) =1, z4+(yx2) =y*x).
(Vo,y,2 € X)(z <y = xtz<ytz).

If X is antisymmetric, then

(Va,be X)(a<b = b Ca) (3.10)
If X is commutative, then
(Vz,y € X)(zty = y+a). (3.11)
If X s a left exchangeable, then
(Vz,y € X) (3.12)

(z* (z+y) = z = (y+z) = 1, s+(zty) = vty, s+(y+z) = y+z).

Proof. Using (GE1), (GE2) and (2.8) induces the results (3.7) and
(3.8). Let z,y,z € X be such that x < y. Then y* 2z < x % z by
(2.9), and so 242 = (x*2) x 2 < (y * 2) * 2 = y+z. Thus (3.9) is
valid. Assume that X is antisymmetric and a < b for a,b € X. Let

—
x € b. Then 1 = bxz < axxz by (2.9), and thus a x x = 1, that is,

—

a < z. Hence z € a, and therefore b C a which proves (3.10). (3.11)
is straightforward. (3.12) can be induced by using (GE1), (2.4) and
(2.6). O

Proposition 3.21. If X is commutative and antisymmetric GE-algebra,
then every element a € ¢ with a # ¢ is a balanced element of X .

Proof. Let a be an element of ¢° that is a # c¢. Then 1 = a+4-c = (axc)*c,
ie., a*xc < c¢. Since X is antisymmetric, it follows fom (2.8) that

a % c = c. Since X is commutative, we have ¢ x a = a. Hence a is a
balanced element of X. O
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In a GE-algebra X, the set F*° is not a GE-filter of X for any subset
F of X as shown in the following example.

Example 3.22. Consider the GE-algebra X in Example 3.16 and let
F ={1,a,b}. Then b= {1,a} is a GEfilter of X, but @ = {1,b, ¢} is
not a GE-filter of X since ¢ € @ and ¢xd = 1 € a while d ¢ a. Also, if
we take F' = {1,a}, then F=1na=Xn {1,b,¢} = {1,b, ¢}, which is
not a GE-filter of X.

We find the condition under which F*° is a GE-filter for any subset
F of a GE-algebra.

Theorem 3.23. For every subset F' of an antisymmetric transitive
GFE-algebra X, the set F° is a GE-filter of X.

Proof. Let F' be a subset of an antisymmetric transitive GE-algebra X.
Obviously, 1 € F°. We first show that

reF° & (Vee F)(zxc=c). (3.13)

If x € F°, then x € ¢, i.e., (% c)xc=x+c=1 for all c € F. Hence
zxc < c Also, ¢ < xxcby (2.8). Since X is antisymmetric, it follows
that x x ¢ = ¢ for all ¢ € F. Conversely, if x x ¢ = ¢ for all ¢ € F,
then z+c = (z*c) xc = 1, that is, z € ¢ for all ¢ € F. Therefore

r € [ =F° Let x,y € X be such that x xy € F° and x € F°.
ceEF
Then (z*y)*c =cand x*xc = ¢ for all ¢ € F by (3.13). Hence

yxc< (zxy)*x(rxc)=(rxy)*c=c It follows from (2.8) and the
antisymmetry of X that y xc = ¢ for all ¢ € F. Thus y € F°, and
therefore F° is a GE-filter of X. 0

The following example illustrates Theorem 3.23.

Example 3.24. Consider the GE-algebra X in Example 3.19. It is
routine to verify that X is an antisymmetric transitive GE-algebra.
Then 1° = {1,a,b,c}, a® = {1,b,¢}, b° = {1} and ¢® = {1,b}. It can
be easily observed that F*° is a GE-filter of X for every subset F' of X.

Proposition 3.25. For two subsets F' and G of an antisymmetric

transitive GE-algebra X, we have
() ]fF C G, then G° C F°.

i) F'C (F°)°.

(i) F = ((F*)°)".

(iv) (FUG)° =F°nG°.

v) If F is a GE-filter of X, then F'n F° = {1}.

(Vi) If F' and G are GE-filters of X, then F NG = {1} if and only

if ' C G°.
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Proof. (i) If z € G°, then = € d° and so x+d = 1 for all d € G. Since
F C G, it follows that z+d = 1 for all d € F. Hence z € d° for all

de F. Thus z € () d° = F°. Therefore G° C F°.
deF
(ii) First, (3.6) is equivalent to

Fe={ze€ X |ztc=1forallce€ F}.

Let a € F. Then z4+a = 1 for all z € F°, and so a € (F°)° which
shows that (ii) is valid.

(iii) This is straightforward by (i) and (ii).

(iv) Using (i), we have (FUG)° C F° and (FUG)° C G°. Hence
(FUG)* C F°NG°. Let x € F°NG°. Then x € F° and x € G°
which imply that 24c =1 and a4d =1 forallc € Fand d € G. It
follows that z+e = 1 for all e € F U G, that is, z € (F U G)°. Hence
F°NG° C (FUG)°. This shows that (iv) is valid.

(v) Suppose that F' is a GE-filter of X and let x € F'N F°. Then
v € Fandz € F°. Hencewx = 1o = (v*z) 2 = 24z = 1, and
therefore F'N F° = {1}.

(vi) Assume that F and G are GE-filters of X. If FNG = {1}, then
F C G° by the definition of G°. If F' C G°, then FNG C G°NG = {1}
and thus F'NG = {1}. O

Question 3.26. In an antisymmetric transitive GE-algebra X, if F'is a
GE-filter of X, is F' = (F°)°?

The following example shows that the answer to Question 3.26 is
negative.

Example 3.27. Consider the GE-algebra X in Example 3.19. It is
routine to verify that X is an antisymmetric transitive GE-algebra and
F :={1,b} is a GEAfilter of X. Then F° = {1} and (F°)° = {1,a,b, c}.
Hence F' # (F°)°.

Definition 3.28. Let X be an antisymmetric transitive GE-algebra.
A GEAfilter F of X is said to be voluntary if F' = (F°)°.

Example 3.29. (1) {1} and X are voluntary GE-filters in every anti-
symmetric transitive GE-algebra X.
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(2) Let X ={1,a,b,c,d} and the binary operation * is given by the
following Cayley table.

x|1 a b c d
11 a b ¢ d
all 1 b ¢ d
bl a 1 1 1
cll a b 1 d
dil a b ¢ 1

It is routine to verify that X is an antisymmetric transitive GE-algebra
and F = {l,a} is a GE-filter of X. Then F° = {1,b,¢,d} and
(F°)° = {1l,a}. Hence F' = F°°, and so F is a proper voluntary
GE-filter of X.

In Example 3.27, we examined that any GE-filter may not be a
voluntary GE-filter. So we need to find conditions in which a GE-filter
can be a voluntary GE-filter.

For every elements x and a in a GE-algebra X, we denote

a"sxx:=ax(---x(ax(axx)) ) (3.14)

where a occurs n times.
We discuss the conditions necessary for a GE-filter to be a voluntary
GE-filter.

Theorem 3.30. Let X be an antisymmetric commutative and transi-
tive GE-algebra in which if

r<axr<a’sx<--<a" O sxx<axr<---

Y

then there exists a natural number k such that a* ' xx = a* xx. Then

every GE-filter is a voluntary GE-filter.

Proof. Let F be a GE-filter of X. Then F C (F°)° by Proposition
3.25(ii). Let x € X be such that = ¢ F. If there exists a € F such
that a x x € F, then x € F since F' is a GE-filter of X. This is a
contradiction, and so axx ¢ F for all a € F. If there exists a € F' such
that a®+x € F, then z € F since F is a GE-filter of X. Hence a*sz ¢ F
for all a € F. By repeating this process, we obtain a sequence {a" * x}
with a” x x ¢ F. Then

x<a*x<a2*x<'--<a”*“*x<a"*x<...

Y

k % x for some natural number k. It follows that

soa"lxxr =a
F=lyq ) = a’“*x = aftxz foralla € F. Hence a*'xz € F°. Since
N(F°)° = {1}, we know that a* (a*?xx) = a* 1«2 & (F°)°. Since
e F'C

C (F°)° and (F°)° is a GE-filter of X, we get a* 2%z ¢ (F°)°.

and
(
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o

Repeated implementation of this process induces z ¢ (F°)°. Hence
(F°)° C F, and therefore F' is a voluntary GE-filter of X. O

Definition 3.31. Let F' be a subset of a GE-algebra X. The GFE-
filter of X generated by F' is denoted by (F') and is defined to be the
intersection of all GE-filters of X containing F'.

Example 3.32. Let X = {1,a,b,¢,d,e, f} be a set with the binary

Wy ”

operation “x” in the following Cayley Table.

x|1 a b ¢ d e f
1{1 a b c de f
all 1T 1 ¢ e e 1
b1l a 1 d d d f
cl/l1 1 b1 111
dil a1 1 1 1 f
ell a b1 1 1 1
fll a b e d e 1

Then (X, *,1) is a GE-algebra. If we take a subset G = {1,a} of X,
then the GE-filter of X generated by G is (G) = {1,a,b, f}.

The following theorem shows how (F') is constructed.

Theorem 3.33. If F' is a non-empty subset of an antisymmetric left
exchangeable GE-algebra X, then (F) consists of x’s that satisfy the
following condition:

(Jai, a9, ,a, € F)(ap* (- % (ag* (a; xx))---)=1), (3.15)

that s,
(Fy ={z € X | ap*(---*(agx(ar*x))---) =1 for some ay,as,- - ,a, € F}.
Proof. Let
G:={x € X |ap*x(---*(agx(ayxx))---) =1 for some ay,a9,- - ,a, € F}.
Obviously, 1 € G. Let z,y € X be such that x xy € G and = € G.
Then there exist a1, a9, -+ , am, b1,b9,- -+ ,b, € F' such that
Ay % (- % (ag % (a1 % (xxy))) -+ ) =1, (3.16)
by # (- % (byx (by xx))---) = 1. (3.17)

If (2.4) is used repeatedly, (3.16) changes as follows.
Tk (A (% (ag* (ap xy))--+)) =1,
that is,
T <y * (- (ag % (a1 xy)) ). (3.18)
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If we multiply both sides of (3.18) by b; from the left, then
by *x < by ok (am * (- % (ag * (ag xy)) -+ +)). (3.19)
If we repeat this process n times, we have
L="0bpx (- x(bgx(byxx))---)
by (- x(by*(am* (- x(ag*x(arxy))---))) ).
Since X is antisymmetric and z < 1 for all x € X, it follows that
by % (-« % (by % (@ x (- % (ag * (a1 xy))--+)))--+) = L.
Hence y € G, and therefore G is a GE-filter of X. It is clear that
F C G. Let H be a GE-filter of X containing F'. If x € G, then

Cp* (o x(co*(cr®x))--+)=1€ H for some cy,co,--+ ,¢, € F C H.
It follows that © € H. Hence G C H. This shows that G = (F'). O

For any GE-filters F' and G of an antisymmetric transitive GE-
algebra X, F° U G° may not be a GE-filter of X as shown in the
next example.

Example 3.34. Let X = {1,a,b,c,d, e} and the binary operation * is
given by the following Cayley table.

x|1 a b ¢ d e
11 a b ¢ d e
all 1 b c d e
bl a 1 ¢ d d
c|ll 1 b1 1 b
dil a b ¢ 1 b
ell a1l ¢ 1 1

Then (X, *, 1) is an antisymmetric transitive GE-algebra, and we have
1° = X, a° = {l,bd,e}, b° = {l,a,¢,d}, ¢ = {1,a,b,d, e},
d° ={1,a,b}, e ={1,a}. Let F ={1,b} and G = {1,a,c,d}. Then F/
and G are GE-filters of X. Now F° = {1, a,¢,d} and G° = {1,b}. But
F°UG® ={1,a,b,c,d} is not a GE-filter of X since dxe =b € F°UG®
and d € F°UG"° but e ¢ F°UG".

Theorem 3.35. Let X be a left exchangeable GE-algebra which is
antisymmetric and transitive in which every GE-filter is voluntary. If

F and G are GE-filters of X, then (F N G)° = (F°UG®).

Proof. Since FNG C F and FNG C G, we have F° C (FFNG)° and
G° C (FNG)° by Proposition 3.25(i). Hence F°UG° C (FNG)°, and
so (F°UG°) C (FNG)°. Note that F° C F°UG° C (F°UG®) and
G° C FPUG® C (F°UG°). It follows from Proposition 3.25(i) and
assumption that (F°UG®)° C (F°)° = F and (F°UG®)° C (G°)° =G.
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Thus (F°UG®)° C FNG, and so (FNG)° C ((FPUG®)°)° = (FPUG®)
by Proposition 3.25(i) and assumption. Therefore

(FNG)° = (F°UG°).
O

Theorem 3.36. Let X be a left exchangeable GE-algebra which is
antisymmetric and transitive in which every GE-filter is voluntary.
Then (F) = (F°)° for every subset F' of X.

Proof. Let F be a subset of X. Then F' C (F°)° by Proposition 3.25(ii).
Since (F°)° is a GE-filter of X, it follows that (F) C (F°)°. Since
F C (F), we have (F)° C F° by Proposition 3.25(i). It follows from
the hypothesis and Proposition 3.25(i) that (F°)° C ((F)°)° = (F).
Therefore (F) = (F°)°. O
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