Journal of Algebraic Systems
Vol. 10, No. 1, (2022), pp 95-110

GRADED SEMIPRIME SUBMODULES OVER
NON-COMMUTATIVE GRADED RINGS

P. GHIASVAND* AND F. FARZALIPOUR

ABSTRACT. Let G be a group with identity e, R be an associa-
tive graded ring and M be a G-graded R-module. In this article,
we introduce the concept of graded semiprime submodules over
non-commutative graded rings. First, we study graded prime R-
modules over non-commutative graded rings and we get some prop-
erties of such graded modules. Second, we study graded semiprime
and graded radical submodules of graded R-modules. For example,
we give some equivalent conditions for a graded module to have
zero graded radical submodule.

1. INTRODUCTION

The study of graded rings arises naturally out of the study of affine
schemes and allows them to formalize and unify arguments by induc-
tion. However, this is not just an algebraic trick. The concept of
grading in algebra, in particular graded modules is essential in the
study of homological aspect of rings. Much of the modern develop-
ment of the commutative algebra emphasizes graded rings. Graded
rings play a central role in algebraic geometry and commutative alge-
bra. Gradings appear in many circumstances, both in elementary and
advanced level. In recent years, rings with a group-graded structure
have become increasingly important and consequently, the graded ana-
logues of different concepts are widely studied (see [1], [4], [9], [12] and
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[13]). Graded primary ideals of a commutative graded ring have been
introduced and studied in [11]. Graded prime submodules of graded
modules over commutative graded rings have been studied in [2], [3],
[8] and [10]. Also graded prime submodules over non-commutative
graded rings have been introduced and studied by R. Abu-Dawwas
and M. Bataineh in [1]. Then graded 2-absorbing submodules over
non-commutative graded rings have been studied in [(]. Here we intro-
duce and study the concept of graded semiprime submodules of graded
modules over non-commutative graded rings and give a number of its
properties. First, we recall some basic properties of graded rings and
graded modules which will be used in the sequel. Let G be a group
with identity e and R be a ring. Then R is said to be G-graded if
R = D,cq Ry such that Ry Ry, C Ry, for all g, h € G, where R, is an
additive subgroup of R for all g € G. The elements of R, are homo-
geneous of degree g. Consider supp(R,G) = {g € G | R, # 0}. For
simplicity, we will denote the graded ring (R, G) by R. If r € R, then
r can be written as » ., 74, where r, is the component r in R,;. More-
over, R, is a subring of R and 1 € R,. Furthermore, h(R) = J,cq Ry-

Let I be a left ideal of a graded ring R. Then [ is said to be a graded
left ideal of R, if I = @geG(IﬂRQ), ie,forrel, x= deG x4, where
x4 € I for all g € G. The following example from [I] shows that a left
ideal of a graded ring need not to be graded.

Example 1.1. Consider R = Ms(K) (the ring of all 2 x 2 matrices
with entries from a field K') and G = Z4 (the group of integers modulo
4). Then R is G-graded by

K 0 0 K
ROZ(O K)’RQ:(K 0) CL?’LdezRg:{O}

Counsider the left ideal I = (} })> of R. Note that (i i) el

and (1 1) = ((1) (1]) + ((1) (1)> If I is a graded left ideal of R, then
10

01
R.

) € I which is a contradiction. So [ is not a graded left ideal of

A proper graded ideal I of a graded ring R is said to be graded prime
if whenever J and K are graded ideals of R such that JK C I, then
either J C I or K C I (see [1]). If R is commutative, this definition
is equivalent to: a proper graded ideal I of a graded ring R is said
to be graded prime if whenever rys; € I for some rg, s, € h(R), then
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rg € 1 or s, € I [I1]. Assume that M is a left R-module. Then
M is said to be G-graded if M = @geG M, with R,M;, C My, for
all g,h € G, where M, is an additive subgroup of M for all g € G.
The elements of M, are called homogeneous of degree g. Also, we
consider supp(M,G) = {g € G | M, # 0}. It is clear that M, is an
Re-submodule of M for all g € G. Moreover h(M) = |J,cq M,. Let
N be an R-submodule of a graded R-module M. Then N is said to
be a graded R-submodule if N = @, ,(N N M,), ie., for m € N,
m=> gec Mg, where my € N for all g € G. The following example
shows that an R-submodule of a graded R-module need not be graded

(see [1]).

Example 1.2. Consider R = M = My(K) and G = Z4. Then R and
M are G-graded as in Example 1.1 and similarly, N = <(1 1)> is
an R-submodule of M which is not graded.

A proper graded submodule N of a graded R-module M is said to
be graded prime, if K C N for some graded ideal I of R and graded
submodule K of M, then K C N or I C (N : M). It is easy to show
that this definition is equivalent to: a proper graded submodule N of a
graded R-module M is graded prime, if r,Rm;, C N where 7, € h(R)
and my € h(M), then my € N or r, € (N : M). If N is a graded
prime submodule of M, then (N : M) = P is a graded prime ideal
of R. In this case, we say that N is a P-graded prime submodule
of M. If R is commutative, this definition is equivalent to: a proper
graded submodule N of a graded R-module M is said to be graded
prime, if r;m; € N where r, € h(R) and my, € h(M), then m; € N
orry € (N : M). A graded R-module M is called graded prime, if the
zero graded submodule is graded prime in M. The graded radical of a
graded submodule N of a graded R-module M, denoted by Grad(N),
is defined to be the intersection of all graded prime submodules of M
containing of N. If there is no such graded prime submodule of M,
then we write Grad(M) = M. For graded submodule N of M, if
Grad(N) = N, then we say that N is a graded radical submodule of
M. A graded R-module M is called graded Noetherian, if it satisfies
the ascending chain condition on graded submodules.

In the second section of this article, we discuss direct sums of graded
prime submodules and give some of their properties. In the third
section, we study on graded semiprime submodules. We investigate
when a graded semiprime submodule of a particular graded module
is a graded radical submodule. In the last section of our article, we
consider graded modules over commutative graded rings and give a
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characterization for graded semiprime submodules of graded Noether-
ian modules to be graded radical by using the notion of graded primary
decomposition.

Throughout this work, all rings are assumed to be associative graded
rings with identity, and all modules are unitary graded left R-modules.

2. GRADED PRIME R-MODULES

In this section, we study graded prime modules over non-commutative
graded rings.

We need the following lemma proved in [/, 11].

Lemma 2.1. Let M be a graded module over a graded ring R. Then
the following hold:

(i) If I and J are graded ideals of R, then I + J and I()J are
graded ideals of R.

(ii) If I is a graded ideal of R, N is a graded submodule of M and
x € h(M), then Rz, IN are graded submodules of M.

(ili) If N and K are graded submodules of M, then N + K and
NAOK are also graded submodules of M and (N : M) is a
graded ideal of R.

(iv) Let {Nyx}rea be a collection of graded submodules of M. Then
>y Na and (N, Ny are graded submodues of M.

Lemma 2.2. Let R be a graded ring and M be a graded R-module. Let
{N,}ier be a family of graded prime R-modules contained in M with
distinct annihilators in R. Then the sum ), ; N; is direct.

Proof. 1t is enough to show that for any finite collection { Ny, No, ..., N, }
of graded prime R-modules in M with distinct annihilators the sum
N1+ ---+ N, is direct. To see this, we use induction on n. If n = 2,
and N1 N Ny # 0, then ann(Ny) = ann(Ny N No) = ann(N2), a con-
tradiction. Now assume that n > 2 and the sum of graded prime
modules in any proper subset of { Ny, No,..., N,} is direct. We show
that N = NyN(Na @ --- @ N,,) = 0, and this will complete the proof.
Suppose that Ny N (Ny @ --- @ N,) # 0. By induction hypothesis,
NiN(Ns@---@ N,) =0, and hence N can be embedded in N,. Thus
N is graded prime R-module with ann(N) = ann(Ny). On the other
hand, since N is a non-zero graded submodule of N;, we also have
ann(N) = ann(N), a contradiction. O

Lemma 2.3. Let M be a graded module over a graded ring R, P a
graded prime ideal of R, and {Ny}taer a family of graded prime R-
modules contained in M such that ann(N,) = P for any « € I. If
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the sum ) ., Ny is direct, then it is a graded prime R-module with
annihilator P.

Proof. Let N = @, Na. It is clear that N is a graded R-module since
for any o, N, is a graded R-module and also, we get
ann(N) = P. Assume that there exist r, € h(R) — P and
0 # ny, € h(INV) such that r,Rnj, = 0. Now, we have nj, € N,, ®---BN,,
for some a; € I (1 < j < k). Sincery € h(R)—P and ry(Ny,NRny) =0
(1 <j <k), then Ny, N Rny, = 0 for 1 < j < k. In this case, Rnj can
be embedded in N, for some 1 < j < k. This gives ann(Rn,) = P, a
contradiction. O

Lemma 2.4. Let R be a graded ring and {Ny}acr be a family of
graded prime R-modules. If K is a graded prime R-module contained
in @, c; Na, then ann(K) = ann(Ng) for some € I.

Proof. Say N = @,.; No- By Lemma 2.3, the direct sum N can
be reduced to one whose terms are all graded prime R-modules with
distinct annihilators. Since NN K = K # 0, by Lemma 2.2,

ann(K) = ann(N N K) = ann(N) = (e, ann(Ny).

Since ann(K) is a graded prime ideal of R, so ann(K) = ann(Ng) for
some [ € [. O

Theorem 2.5. Let R be a graded ring and let {Ny}aer be a family
of graded prime R-modules with distinct annihilators . If {Nj}ges be
another family of graded prime R-modules with distinct annihilators

such that
M= N. =P N,

ael peJ
then there is a one-to-one correspondence between these two families
such that corresponding graded modules are isomorphic.

Proof. Take oy € I. By Lemma 2.4, there exists fy € J such that
ann(Ny,) = ann(Nj ). Consider the composition

Noo & N4 5 N,

where 1 and ¢ denote restrictions of standard projections. Let
0 # 2, € Nyy,. Then we have z, = y, + y, for some y, € Nj and
Yy € D, Np- If y, = 0, then clearly, ¢p(zy) = 4. Now, let y; # 0.
Then there exist finitely many f8y,...,8; € J — {fo} such that y, be-
longs to the direct sum N - -- € Nj, where {4, .., 3;} is minimal
with respect to this property. Let P = ann(Nj) (1 < i < t) and
Po, = ann(Nq,). Then clearly P,, C Py N---N P . Let
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Th € (Pg, N+ N Pg )N (M(R) — Pay).

Then r,Ry; = 0 C D, .y, Na- Since D, No is a Py -graded prime
submodule of M, we must have y, € P, 2o Na- Therefore,

oY(g) = d(V(yy + ;) = ¢(yg) = (g — y,) = 74

and so for any x € N,,, we write x = x4, +- - -+x,, where z,, € h(N,,),
then

ov(x) = ou(zg, + - +ay,)
= ¢y, + o+ d(zg,)
= Tgy o T,

= X.

Hence ¢y = idy,, . Using symmetric arguments, we may also show
that ¢ = idN/go- Thus No, = Nj, . O

Definition 2.6. A graded submodule N of a graded R-module M
is said to be a graded essential submodule of M, if for every graded
submodule K of M, NN K = {0}, then K = {0}.

Definition 2.7. Let M be a graded left R-module. We say that M is
a graded uniform R-module, if for every non-zero graded submodules
N and K, NN K # 0.

Definition 2.8. Let M be a graded R-module. We say that M has
graded finite uniform dimension, if there exists a finite set of graded
uniform submodules U; (1 < ¢ < n) of M such that @], U; is a graded
essential submodule of M.

Lemma 2.9. Let M be a graded module over a graded ring R. If the
set {ann(N) | 0 # N < M} has a mazimal element, say ann(Ny), then
Ny is a graded prime R-module.

Proof. Let IK = {0} where I is a graded ideal of R and K a graded
submodule of Ny and let K # {0}. So I C ann(K) C ann(Ny) since
ann(Np) is a maximal member of {ann(N) | 0 # N < M}. Hence N
is a graded prime R-module. O

Remark 2.10. If either R is a commutative graded ring and M is a
graded Noetherian module or R has ascending chain condition (a.c.c)
on its graded two-sided ideals, then every non-zero graded submodule of
M contains a graded prime R-module, and in this case, every maximal
independent family of graded prime submodules contained in M has
essential sum in M.
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We say that a graded ideal P of a graded ring R is an associated
graded prime of a graded R-module M if there exists a graded prime
submodule N of M such that ann(N) = P. The set of all associated
graded primes of M in R is denoted by Gass(M).

Proposition 2.11. Let R be a graded ring with a.c.c. on graded ideals,
and let M be a graded module. Then M has graded finite uniform
dimension if and only if |Gass(M)| < oo and every graded prime R-
module contained in M has graded finite uniform dimension.

Proof. If M has finite graded uniform dimension, then by Lemma
2.2, clearly, |Gass(M)| < oo. On the other hand, assume that
|Gass(M)| < oo and every graded prime module M has graded finite
uniform dimension. Consider a maximal independent family of graded
primes in M. By using Lemma 2.3, and the fact |Gass(M)| < oo, this
direct sum can be written as a direct sum of finitely many graded prime
modules in M with distinct annihilators. By Remark 2.10, this direct
sum is essential in M. This completes the proof. O

Definition 2.12. Let M be a graded R-module and L be a graded
submodule of M. We say that a graded prime submodule N of L can
be lifted to M if there exists a graded prime submodule K of M such
that N =K nN L.

Definition 2.13. Let M be a graded R-module. A graded submodule
K of M is called a complement of a graded submodule N in M provided
that K is a maximal with respect to the property K N N = 0.

Lemma 2.14. Let M be a graded module over a graded ring R and
L be a graded submodule of M such that L is graded prime R-module
with ann(L) = P. If LN PM = 0, then any complement to L in
M containing PM 1is a graded P-prime submodule of M i.e., the zero
graded submodule of L can be lifted to M.

Proof. Let K be a complement to L in M containing PM. Clearly,
K # M. Let IN C K for a graded ideal I of R and a graded submodule
N of M such that K C N. Then LNN # 0and I[(LNN) C LNK = 0.
Since L is a graded prime module, I C P and hence IM C PM C K,
so K is a graded prime submodule of M. 0

Lemma 2.15. Let M be a graded R-module. If the zero graded submod-
ule is a graded radical submodule of M, then the zero graded submodule
of graded prime module contained in M can be lifted to M.

Proof. Let (;c; Ki = 0 where K is a graded prime submodule of M for
all i € I. Let L be a graded prime R-module in M with P = ann(L).
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Since PL =0 C K; (i € I), we have PM C K; or L C K; (i € I).
Thus LN PM C K; (i € I), and so LN PM = 0. By Lemma 2.14,
there exists a graded prime submodule K of M such that LN K = 0.
This completes the proof. O

Theorem 2.16. Let M be a graded R-module. Suppose that M con-
tains a graded essential submodule which is a direct sum of graded prime
R-modules. Then the following statements are equivalent:

(i) The zero graded submodule is a graded radical submodule of M ;
(ii) The zero graded submodule of every graded prime module con-
tained in M can be lifted to M
(iii) For every graded prime R-module L contained in M,
LNPM =0, where P =ann(L);
(iv) For every graded prime R-module L contained in M, L & PM,
where P = ann(L).

Proof. (i) = (ii) Apply Lemma 2.15.

(i1) = (i4i) Let L be a graded prime R-module with ann(L) = P,
and K be a graded prime submodule of M such that L N K = 0. Since
PL=0C K, then PM C K.

(731) = (i7) Apply Lemma 2.14.
(13i) = (iv) It is straightforward.

(1v) = (ii7) Let L be a graded prime R-module contained in M such
that L N PM # 0 where ann(L) = P. Since L is graded prime and
LN PM is contained in L, L N PM is again a graded prime R-module
with the sum annihilator P. This contradicts (iv).

(i1) = (i) It is similar to (i¢) = (i) of [15, Theorem 2.9] for non-
graded case. O

Corollary 2.17. Let M be a graded R-module. Suppose that either R
has a.c.c. on graded ideals or R is commutative and M is graded Noe-
therian. Then the zero graded submodule is a graded radical submodule
of M if and only if the zero graded submodule of every graded prime
module contained in M can be lifted to M.

3. GRADED SEMIPRIME SUBMODULES

In this section, we study graded semiprime submodules over non-
commutative graded rings.

Definition 3.1. Let M be a graded R-module. A graded submodule
N of M is said to be graded semiprime, if N # M and whenever
roRrymy, C N for some r, € h(R) and my, € h(M), then rym;, € N.
A graded module M is called graded semiprime if the zero graded
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submodule of M is graded semiprime. It can easily be seen that, for
a proper graded left ideal I of R, I is graded semiprime submodule of
rR if and only if ryRry C I implies r, € I for every v, € h(R) if and
only if J? C I, then J C I for every graded left ideal J of R. We call
such a proper graded left ideal a graded semiprime left ideal of R.

z Z) |a,b€K} where K

is a field and G = Z4 (the group of integers modulo 4). Then R is

G—gradedbyRoz{(g 2) ]aEK} andRQI{(g 8) \bEK}

and Ry = Ry = {0}. Let M = R, then M is G-graded by M, = R,.
Then M is a graded semiprime R-module.

Proof. Let r,Rr, = {0} where r, € h(R) = Ry U R3. We show that

ry = {0}. We have either r, = (g g) or vy, = (2 g) where
x,y € K. In the first case, since R has identity,

30626002 -60)

and so 2% = 0, then x = 0 since K is a field. Hence r, = 0. Similarly,
in the second case, we get r, = 0 and so M is a graded semiprime
R-module. ]

Lemma 3.3. Let M be a graded R-module and N be a graded submodule
of M. The following statements are equivalent:

Example 3.2. Consider the ring R = { <

(i) N is a graded semiprime submodule of M
(ii) For every graded left ideal I of R and m, € h(M), if I*m, C N,
then Img C N;
(iii) For every my € h(M) — N, (N :my) ={re R|rmy, € N} is
a graded semiprime left ideal of R.

Proof. (i) = (ii) Let a € I. Then we can write a = ), . a, where
ap € I NAh(R). Thus for any h € G; apmy € Im,. So

apRapmg C ]2mg CN,

and hence apmy, € N since N is graded semiprime. Therefore
amg =Y ,ccapmg € N, and so Imy, C N.

(4i) = (i11) (N :my) # R since my € N. Let I? C (N : my,) where [
is a graded ideal of R. Hence I?m, C N, so by hypothesis, Im, C N.
Thus I C (N :my), as needed.

(i13) = (i) Let rgRrymy, € N where 7, € h(R) and m, € h(M). So
roRry € (N @ my,), hence r, € (N : my,) since (N : my) is a graded
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semiprime ideal of R. Therefore r,m; € N, so N is a graded semiprime
submodule of M. O

Let R be a graded ring and M be a graded R-module. For a graded
submodule N of M and a graded ideal I of R, the set
{m € M | Im C N} is denoted by (N :py I) or (N : I). It can
easy to see that (IV :3; I) is a graded submodule of M.

Lemma 3.4. Let M be a graded R-module and I be a graded ideal of
R. If N is a graded semiprime submodule of M, then either IM C N
or else (N :pr 1) is a graded semiprime submodule of M.

Proof. Let IM € N. Then (N :p I) # M. Now we show that (N :p, I)
is a graded semiprime submodule of M. Let r,Rrymy,z C (N 3 1)
where r, € h(R) and my € h(M), hence I(r,Rrymy) C N. Let a € 1,
S0 @ =) . an where a, € I N h(R). We have (axry)R(apag)my € N
for every h € G, so apagmy € N for any h € G. Therefore, ar;my € N,
sorgmg € (N 1y ). Hence (N :p 1) is a graded semiprime submodule
of M. O

Let M be a graded uniform R-module. We may construct a subset
P={reR:rN =0 for some graded submodule N of M} of R. It is
clear that P is a graded ideal of R, and we call it the assassinator of
M.

Lemma 3.5. Let M be a graded uniform R-module and P be an as-
sassinator of M. If PK = 0, for some non-zero graded submodule K
of M, then P is a graded prime ideal of R.

Proof. Let I.J C P for some graded ideals I and J of R and let I ¢ P,
so there exists a € I such that a € P. Let b € J. Thus ab € I.J, hence
ab € P. Therefore a(bN) = (ab)N = 0 for some non-zero graded
submodule N of M. Then bN = 0 since a ¢ P, so b € P, as required.

O

Lemma 3.6. Let M be a graded uniform R-module. Then M is a
graded prime R-module if and only if M is a graded semiprime R-
module.

Proof. 1t is clear that every graded prime R-module is a graded
semiprime R-module. Let M be a graded semiprime R-module. Let
roRmy, = 0 for some r, € h(R) and my, € h(M). Suppose that 7, M # 0
and 0 # my. Then RrgM N Rmy, # 0 since M is a graded uni-
form R-module. Hence there exist sy,t,» € h(R) and ny € h(M)
such that 0 7é Sg!TgNp = tg//mh. Thus ng/rgnh/ = Rtg//mh Q Rmh,
and so syryRsgrgny C sgrgRmy = 0. As M is graded semiprime,
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sgrgny = 0, a contradiction. Hence M is a graded prime R-module.
O

Theorem 3.7. Let L be a graded semiprime submodule of a graded
R-module M. If M/L has finite uniform dimension then the following
statements are equivalent:

(i) L is a graded radical submodule of M ;

(ii) L can be lifted to M whenever it is contained as a graded prime
submodule in a graded submodule of M ;

(iii) For every graded uniform submodule U/L of M/L, there exists
a graded prime submodule K of M such that UNK = L;

(iv) For every graded uniform submodule U/L of M/L with assas-
sinator P, UNPM C L;

(iv) For every graded uniform submodule U/L of M/L with assas-
sinator P, U Q L+ PM.

Proof. Without loss of generality, we may assume that L = 0. Thus
M is a graded semiprime R-module having finite uniform dimension.
Since any graded uniform submodule of M is graded prime by Lemma
3.6, then the implications (i) = (ii) = (iii) < (iv) < (v) hold by
Theorem 2.16.

(17v) = (i) Since M has graded finite uniform dimension, so by Lemma
3.6, there exist a (finite) direct sum of graded prime modules which is
essential in M. Let L be a graded prime R-module contained in M
with annihilator P. Suppose that L N PM # 0. As M has graded
finite uniform dimension, L N PM contains a graded uniform module
U. Clearly, P is the assassinator of U. By (iv), U N PM = 0, which is
impossible, because U C PM. Hence every graded prime R-module L
contained in M with ann(L) = P, we must have L N PM = 0. Then
by Theorem 2.16, the proof holds. O

4. GRADED MODULES OVER COMMUTATIVE GRADED RINGS

Throughout this section, R will denote a commutative G-graded ring
with identity. In this section, we study graded semiprime submodules
of graded modules over commutative graded rings.

Lemma 4.1. Let R be a commutative graded ring with identity and
M be a graded R-module. Then N is a graded semiprime submodule
of M if and only if rimy € N, where ry € h(R) and my, € h(M), then
rgmp € N.

Proof. The proof is completely straightforward. 0
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We know that every graded prime submodule is a graded semiprime
submodule, but the converse is not true in general. Consider the fol-
lowing example.

Example 4.2. Let R be a commutative domain which is not a field.
Consider M = R& R and G = Z, the group of integers modulo 2.
Then R is G-graded by Rg = R and R; = {0} and M is a G-graded
R-module by My = R& {0} and M; = {0} & R. Let P be a non-zero
graded prime ideal of R. Then N = P & (0) is a graded semiprime
submodule of M which is not a graded prime submodule of M.

Proof. Let
rimy, € N = P @ (0),

where r, € h(R) and my, € h(M) = My U M;. So my, = (x,0) or
my, = (0,y) for some z,y € R. If rg(x,O) € P& (0), then Tgx € P,
so r, € Porax € P, therefore in any case, r,(z,0) € P & (0). If
r2(0,y) € P @ (0), then 2y = 0, then ry = 0 or y = 0, and so in any
case, 1,(0,y) € P& (0). Thus N = P @ (0) is a graded semiprime
submodule of M. But it is not a graded prime submodule of M. Since
P # {0}, so there exists 0 # = € P. Hence z(1,0) € P & (0), but
(1,0) ¢ P®(0) and = & (P & (0) : M). O

Definition 4.3. Let G be a group with identity e. A proper R,-
submodule N of a G-graded R-module M is said to be semiprime R,-
submodule of M if whenever r?m € N for some r, € R, and m € M,
then rom € N.

Theorem 4.4. Let G = {e, g} and M be a G-graded R-module. Then
the following hold:
(i) If N is a semiprime R.-submodule of M, then N & M, is a
semiprime R.-submodule of M.
(ii) If N is a semiprime R.-submodule of M,, then M, & N is a

semiprime R.-submodule of M.

Proof. (i) Since M, is a R.-module, so N & M, is an R.-submodule
of M. Let r. € R, and m € M be such that r2m € N & M,. As
me M = M, ® M,, so m =m,+m, for some m, € M, and my € M,
and since r2m = r2(m.+my) = rim.+rim, € N®M,, then r>m, € N.
Therefore r.m, € N since N is a semiprime R.-submodule of M. Then
re(me +my) € N ® M, and so rem € N @ M, as needed.

(77) The proof is similar to (7). O

A proper graded submodule ) of a graded R-module M is said to
be graded primary, if whenever rym;, € @ for some r, € h(R) and
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my, € h(M), then m;, € @ or there exists a positive integer k such
that 7’5 € (Q : M). We know that if @ is a graded primary submodule
of a graded R-module M, then P = Grad(Q : M), the graded prime
radical of the graded ideal (@ : M), is a graded prime ideal of R (see
[14, Lemma 1.8]). In this case, we say that @ is a P-graded primary
submodule of M.

Given a graded submodule N of a graded R-module M has a decom-

position N = Q1NQ:>N- - -NQ,, where for all i, Q); is a graded submodule
of M, is called irredundant if N # Q1 N---NQ;_1 N Qi1 N---NQ,
for all 1 < i < n. A graded submodule N of M is said to have a
graded primary decomposition if N is the intersection of a finite col-
lection of graded primary submodules of M. By [I4, Corollary 2.16],
every proper graded submodule of a graded Noetherian module over a
commutative graded ring has a graded primary decomposition.
A graded submodule N of a graded R-module M is said to have a nor-
mal graded primary decomposition, if there exists a positive integer n,
distinct graded prime ideals P; (1 < i < n) of R and P;-graded primary
submodules @; (1 <i <n)of M such that N=0Q;NQ2N---NQ, is
an irredundant decomposition. It is clear any graded primary decom-
position of a graded submodule can be reduced to a normal one.

Lemma 4.5. Let N be a graded semiprime submodule of a graded
R-module M. Let N = Q1N QN ---NQ, be a normal graded pri-
mary decomposition of N in M, where Grad(Q; : M) = P; for all
Then the following hold:
(i) P,N; C N for everyi=1,.
(ii) (N;:m P)) =N ifP;isa mammal member of the set { P, ..., P, };
(iii) N is a graded P;-prime submodule of N; for all i =1,.
(iv) If P; is a minimal member of the set {Py, ..., P,}, then QZ is a
P;-prime submodule of M.

Proof. (i) Let r =3 _,1y € Prand m =}, omy € N; \ Q;. There
exists n € N such that rjyM C @Q; for all g € G. Hence for all g € G
and h € G, rymy, € Q;, then rymy, € ;N N; = N, so for all g € G and
h € G, rgmy € N because N is graded semiprime. Therefore rm € N,
as required.

(17) Let P; be maximal among P, P, ..., P,. By part (i),

N; C (N P).
Now we show (N :py P;) € N;. Let m =3, . my € M with P;m C N,

so Pbmy, € N forany h € G. By [, Theorem 2], and since P; is maximal
among Py, P, ..., P,, we get
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PP U---UP_1UPU---UP,.
Hence there exists r, € P, N h(R) such that

rg @ PLU--UP_1UPU---UP,.

Then for any h € G, rym,, € N = N; N Q;. Therefore since Q); is a
P;-graded primary (1 < ¢ < n), we have for any h € G, m;, € Q; and
so for any h € G, my € N;. Thus m =}, . mj € N;.

(737) By normality of the graded primary decomposition, N # N,
and by part (i), P, C (N :a N;). Let ry € h(R) — P; and my, € h(N;)
such that r;m;, € N. Then rym; € Q; and so m;, € @;. This gives

(1v) Let P; be a minimal element of the set { Py, ..., P,}. It is enough
to show that (Q; :r M) = P,. Letr =3 7y Then there existst € N
such that réM C @;. Choose

sy €(PN---NP_1NPyiN---NP,)N(h(R) — P).
Thus s% M C N; for some k € N. Therefore
SI;/T;M g Qz N ]\/vZ =N
and since N is graded semiprime, syr,M C N. Now, we have

sgrgM C Q; N N; = N and sy € h(R) — P,. It follows that r,M C Q;
for all g € G, so rM C Q;. O

Theorem 4.6. Let N be a graded semiprime submodule of a graded
Noetherian R-module M, with the notation of the previous lemma, the
following statements are equivalent:

(i) N is a graded radical submodule of M ;
(ii)) N can be lifted to M whenever it is contained as a P;-graded
prime submodule (1 < i < n) in a graded submodule of M;

(iii) For everyi =1,...,n, there exists a P;-graded prime submodule
K; of M such that N = N; N K;.

Proof. (i) = (ii) follows from Lemma 2.15 and (i7) = (¢ii) holds by
Lemma 4.5(iii).

(73i) = (i) We use induction on n. Let n = 1. Then by part (iv) of
Lemma 4.5, N is a graded prime submodule and so a graded radical
submodule of M. Now, let n > 1 and assume that our claim is true for
n—1. Without loss of generality, assume that P, is a maximal member
of the set {P,..., P,}. If n =2, then by part (zii) of assumption and
the part (iv) of Lemma 4.5, we have N is an intersection of two graded
prime submodules of M. Hence we can take n > 2. By part (ii) of
Lemma 4.5, (N :py P,) =N, = Q1N ---NQ,_1. It is easy to see that
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N, is a graded semiprime submodule of M. We show that N,, satisfies
the condition of (iii), that is, for every 7 =1,2,...,n — 1, there exists
a P-prime submodule K; of M such that

Ny=Q1N---NQj-1NQjr1N---NQu—1 N Kj.

It is enough to take j = n — 1. By assumption (iii), there exists a
P, _1-graded prime submodule K of M such that N = N,,_; N K. Let
m =3 ,cqMg € Nn, 50 mg € N, for any g € G. Then P,m, C N. By
maximality of P,, P, € PiN---NP,_1, and so my € Q1N+ -NQp_2NK.
Hence m € Q1N ---NQ,_oN K. This shows that

Nnngmen—QmK

Conversely, let m = dec mg € Q1N -NQy—2NK. Henceforall g € G,
my € Q1N+ -NQ,_2NK. Since M is graded Noetherian, P*M C @, for
some positive integer k. Thus Pfm, C N,,_1NK = N. As N is graded
semiprime, we have P,m, C N. Therefore, N, = Q1N ---NQp_2 N K.
By induction hypothesis, N, is a graded radical submodule of M. On
the other hand, by (i), there exists a P,-graded prime submodule K’
of M such that N = N,, N K. Hence N is a graded radical submodule
of M. O

5. CONCLUSIONS

The concepts of graded prime R-modules over non-commutative
graded rings, graded semiprime and graded radical submodules of
graded R-modules over non-commutative graded rings have been stud-
ied and some results where established. In fact, some of the results
concerning of prime and semiprime submodules are not hold for graded
prime and graded semiprime submodules. The notion of graded
semiprime submodules was proposed and basic properties of them based
on their formations were introduced. We also explored some equivalent
conditions for a graded module to have zero graded radical submodule.
In future works, we will focus our research on other generalizations of
graded prime submodules over non-commutative graded rings.
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