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THE IDENTIFYING CODE NUMBER AND
FUNCTIGRAPHS

A. SHAMINEZHAD* AND E. VATANDOOST

ABSTRACT. Let G = (V(G), E(GQ)) be a simple graph. A set D of
vertices G is an identifying code of G, if for every two vertices x and
y the sets Ng[z] N D and Ng[y] N D are non-empty and different.
The minimum cardinality of an identifying code in graph G is the
identifying code number of G and it is denoted by v/P(G). Two
vertices x and y are twin, when Ng[z] = Ng[y]. Graphs with at
least two twin vertices are not identifiable graphs. In this paper, we
deal with identifying code number of functigraph of G. Two upper
bounds on identifying code number of functigraph are given. Also,
we present some graph G with identifying code number |V (G)| —2.

1. INTRODUCTION

All graphs throughout this paper considered simple, finite and undi-
rected. The open neighborhood of a vertex v € V(G), denoted by
N¢(v), is the set of vertices adjacent to v in G. If two vertices x and
y are adjacent, then it denoted by x ~ y, otherwise, x ~ y. The closed
neighborhood of a vertex v in graph G is Ng[v] = Ng(v) U {v}. The
degree of a vertex v € V(G) is degs(v) =| Ng(v) | . We denote the
mazimum degree of G with A(G) and its minimum degree with 6(G).
A vertex is called universal if it is adjacent to all of the vertices of
graph.
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The complement of graph G is denoted by G and defineded as a
graph with vertex set V(G) which e € E(G) if and only if e ¢ E(G).
For any S C V(G), the induced subgraph on S, denoted by G[S].

Given two graphs G; = (Vi, Fy) and Gy = (Va, Es), we define the
union G; UGy = (Vi UV, By U Ey).

Given two graphs G = (Vi, Ey) and Gy = (Va, Es), we define their
join Gy <1 Gy = (Vi1 U Vs, By U By U K), where

K={u~v|uel, vels}.

Let G be a graph with V(G) = {v1,vs,...,v,}, G be a copy of G
with V(G') = {v},v,,...,v,} and E(G') = {v; ~ v; | v; ~ v;}, where
v; € V(G') is corresponding to v; € V(G). Then a functigraph G with
function o : V(G) — V(G'), (o is not necesserily bijective) is denoted
by C(G, o), its vertices and edges are

V(C(G,0)) =V(G)UV(G)

and
E(C(G,0)) = E(G)UE(G)U

{vi ~ v [ v € V(G),0; € V(G), 0(vi) = v},

respectively. For v; € V(G'),
Ry = o ({vi}) = {v; € V(G) | olvy) = vi}

and for £ € {0,1,2,--- ,n = |V(G)|}, we define

B, = (v, € V(&) | IRy| = 1},

For simplicity, the open neighborhood of x in C(G, o) is denoted by
NC ($)

A set of vertices G such as D is a dominating set of graph G if for
every vertex x of V(G), is either in D or is adjacent to a vertex in D. It
is clear that every isolated vertex is in every dominating set of G. Also
a set D is called a separating set of G if for each pair u, v of vertices
of G, Ng[u]N D # Ng[v]N D (equivalently, (Ng[u] A Ng[v]) N D # 0).
If a dominating set D in graph G is a separating set of G, then we say
that D is an identifying code of graph GG and if G has an identifying
code, then we say that G is an identifiable graph. Given a graph G,
the smallest size of an identifying code of G is called identifying code
number of G and denoted by v/P(G). A vertex x is a twin of another
vertex y if Ng[x] = Ngly]. A graph G is called twin free if no vertex
has a twin. The first observation regarding the concept of identifying
codes is that a graph is identifiable if and only if it is twin free [2].

Karpovsky et al [9] have shown that for every identifiable graph G
of order n, v'P(G) > [logy(n + 1)]. Also, they proved that



THE IDENTIFYING CODE NUMBER AND FUNCTIGRAPHS 157

D 2n
v(G) > AG 12

For every identifiable graph G of order n with at least one edge, there
exists a famous bound as v/P(G) < n — 1 (see [3]). In 2012, Foucaud

et al [1], had a conjecture that for every connected identifiable graph
n
G, there exist a constant ¢ such that y/?(G) > n — AG) +c Itis

noteworthy that in 2006 Gravier et al [0] investigated the identifying
code number of cycles. According to their theorems, this conjecture
holds for graphs of maximum degree 2.

Nowadays, identifying codes are an actively studied topic of its own
like: the location of threats in facilities using sensors [12], error-detection
schemes [9] and routing [10] in networks, terrorist network monitoring
[13], as well as the structural analysis of RNA proteins [7]. For more
details we refer reader to [0, 8, 11].

This concept was studied in a large number of various papers, in-
vestigating particular graphs or families of graphs. This paper deals
with the study of functigraph of some graphs. Section 2, the identify-
ing code number of of some special graphs are considered. Two upper
bounds are presented. We prove that if G is an identifiable graph and
§(G) > 1, then for every function ¢ : V(G) — V(G'), graph C(G,0)
is an identifiable graph and the upper bound ~/P(C(G,0)) < n is
achieved for o as a permutation. Also, we show that for every iden-
tifiable graph G of order n, with 6(G) > 1, v'P(C(G,0)) < 2¢/P(G),
where o : V(G) — V(G') is a function and this bound is sharp. Section
3, we introduce some graphs with identifying code number |V (G)| — 2.
Section 4, we discuss identifying code number of some graphs, which
are not identifiable.

2. IDENTIFYING CODE NUMBER OF SOME GRAPHS WHICH ARE
IDENTIFIABLE

In this section, the identifiability of functigraph, is investigated.

Lemma 2.1. Let G' be a graph. Then VIP(G) = 2 if and only if
G € {Ks, P3}.

Proof. By v'P(G) > [loga(n + 1)], the proof is straightforward. O
Lemma 2.2. If o : V(P3) — V(P,) is a permutation, then
VP(C(Py, 0)) = 3.

Proof. For every permutation o : V(P3) — V(P;), C(Ps,0) is isomor-
phic to H; (i € {1,2,3,4}) (see Figure 1). In Hy, D; = {vy,v;,v3} is an
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identifying code of C(Ps,0). In Hy, Dy = {vs,v3,v,} is an identifying
code of C(Ps,0). In Hy and Hy, D3 = {vy,v3,v,} and Dy = {vy, vy, vs}
are identifying codes of C(Ps,0), respectively. So v/P(C(Ps,0)) < 3.

By Lemma 2.1, /P (C(Ps,0)) = 3. O
v / U !/ U / U /
1 v, U1 vy 1 vy 1 vy
v L ! v Lo !
2 vy U2 Vg 2 vy V2 Uy
v L ! v Lo !
3 vy U3 Uy 3 vy U3 Uy
H, Hy H; H,
Figure 1

Lemma 2.3. Let G be a graph and D be an identifying code of G.

1) If No(x) = Ng(y), thenx € D ory € D.
2) If Nglz| & Nely] = {v1,v2}, then y1 € D orys € D.

Proof. Let {z,y} N D =0 or {y1,y2} N D = ). Then
Ng[l’] NnND= Ng[y] N D,
which is not true. UJ

It is clear that if 2 € V(G) and o(x) € V(G') are isolated vertices,
then C'(G, o) is not an identifiable graph.

Theorem 2.4. Let G be an identifiable graph of order n. If
§(G) > 1, then for every function o : V(G) — V(G'), graph C(G,0)
is an identifiable graph. If o is a permutation, then v'P(C(G, o)) < n.
Furthermore, this bound is sharp.

Proof. For each pair z, y of vertices of C(G,0), if {z,y} C V(G), then
since G is an identifilable graph, so Ngl[r] # Ngly]. Hence,
Ne[z] # Nely]. Similarly, if {z,y} € V(G), then Ngf[z] # Nely].
Now, let z € V(G) and y € V(G'). If o(z) # y, then z is not adja-
cent to y in C(G, o). Hence, N¢[z] # Nely]. If o(z) =y, then since G
does not have any isolated vertex, so there exist z € N¢[y] such that
z ¢ N¢lz]. So Nelz] # Nely]. Therefore, C(G, o) is an identifiable
graph.
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Now, let ¢ be a permutation and D = V(G). For each pair x, y of
vertices of C'(G, o), if {z,y} C V(G), then N¢[z] N D = Ngz] and
Nclyl N D = Ngly]. So Ne[z] N D # Nely] N D.

If {z,y} C V(G'), then Ng[z]ND = R, and Ng[y]ND = R,. Hence,
Nc[l’]ﬂD%Nc[y]mD )

Finally, if + € V(G) and y € V(G), then Ng[z] N D = Nglz]
and Ne¢ly] N D = R,. Since 6(G) > 1 and o is a permutation, so
Nelz] N D # Nelyl N D.

However, No[z]ND # N¢ly]ND. Hence, V(G) is an identifying code
C(G, o). Therefore, v'P(C(G, o)) < |V(G)| = n. By Lemma 2.2, this
bound is Sharp. O

Corollary 2.5. Let G 2 Ky, 1, n >3 and o : V(G) — V(G') be a
permutation such that o(a) = a’, where a is the universal vertex of G
and a' € V(G') is corresponding to a. Then v'P(C(G, o)) = n.

Proof. By Theorem 2.4, C'(G, o) is an identifiable graph and
VIP(C(G, o)) < n.

Now, let /P (C(G, 0)) < n—1and D be an identifying code of C(G, o),

where /P (C(G,0)) = |D|. Since for each 2 < i < n — 1, we have

Nelv1] = {a,v1,0(v1)} and Nelv;] = {a,v;, 0(v;)}, so

{v1,v;,0(v1),0(v;))} N D] > 1.
Hence, there is A C V(X)UV(X"), such that |A| >n —2and A C D,
where X = V(G) \ {a} = {v1,v9,...,v,_1}. Since

Ne[v] & Nelo(v)] = {a,a'},

by Lemma 2.3, (2),a € Dora € D.So |D| >n—1. Thus |D| =n—1.
There is no loss of generality in assuming that « € D and a ¢ D.
Hence, there exists some v; € V(G), such that o(v;) is not dominated
by D. It is a contradiction. O

Theorem 2.6. Let G be an identifiable graph of order n, with §(G) > 1
and o : V(G) = V(G') be a function. Then v'P(C(G,0)) < 2v'P(G).
Furthermore, this bound is sharp.

Proof. By Theorem 2.4, C(G, o) is an identifiable graph. Let D; be
an identifying code of G such that 4/P(G) = |D,| and D; C V(G")
be corresponding to D;. Let X = {v € D; | Ng(v) N Dy = {v}} and
X' C V(@) be the corresponding to X. Also, let

Y ={v' ¢ X' | RyND, = {z} C X}

If Y = (), then D = D, U D] is an identifying code of C(G, o) and so
YP(C(G o)) < 24P(G).
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So suppose that Y # @) and Y’ = {v],--- ,v;}. Since (5(G) > 1, for
L<i<t, Np(t) # 0, weset Yy = {uy € V(G) |ty € N (o))
Then D = D; UY; UD;\ o(Y") is an identifying code of C(G, ). Thus

'P(C(G,0)) < |D| =7"P(G) +t+~'7(G) — t = 29'P(G).
It is clear that v/P(P;) = 2. Let ¢ : V(P3) — V(P}) be a func-
tion, such that o(a) = o(b) = o(c) = b, where degp,(b) = 2. Then
vIP(C(Ps,0)) = 4. This show that this bound is sharp. O

Theorem 2.7. Let G be a graph with 6(G) > 1 such that G is not an
identifiable graph and o : V(G) — V(G') be a function. Then C(G, o)
s an identifiable graph if and only if two following conditions are hold.
1) If Nez] = Nalyl, then o(x) # o(y).
2) If Noi[x] = N lyl, then x & By ory ¢ By.

Proof. Let conditions (1) and (2) are holding and = and y be two ver-
tices of C(G,0). Let {z,y} C V(G). If Ng[z] = Ngly], then
o(z) # o(y). So o(x) € N¢lz] and o(z) ¢ Nely]. If Nglz] # Nelyl,
then Ne[z] # Ne[y]. Suppose that {z,y} C V(G"). If Ny (2] # Ny [yl
then N¢[z] # Nely]. If Nov[x] = N ly] and = ¢ By, then there exists
z € V(G) such that o(z) = z. So z € N¢z] and z ¢ N¢ly]. Now,
assume that x € V(G), y € V(G') and N¢[z] = Nely]. Then o(z) =y
and y is an isolated vertex in G', which is contradiction with this fact
that 6(G) > 1

Conversely, let C'(G, o) be an identifiable graph. If Nglz] = Ngly]
and o(x) = o(y). Then N¢[z] = Ng[z] U {o(z)} and

Nelyl = Nelyl U{a(y)}.

Hence, N¢[z] = Nely]. Which is not true. If N [ | = NgJy] and
{z,y} C By, then N¢[z] = Ny [z] and Nely] = Nyl Wthh is a
contradiction. O

Let us mention two consequences of the Theorem 2.7.

Corollary 2.8. Let G be a graph of order n with 6(G) > 1. If G is not
an identifiable graph, then for every permutation o : V(G) — V(G'),
C(G, o) is an identifiable graph.

Proof. By Theorem 2.7, the proof is straightforward. O

Corollary 2.9. Let G = K, andn > 2. Then C(G, o) is an identifiable
graph if and only if o : V(G) — V(G") be a permutation.

Proof. 1f o is a permutation, then by Corollary 2.8, C'(G, ) is an iden-
tifiable graph.

Conversely, let C'(G,0) be an identifiable graph. On the contrary,
let o not be a permutation. Then By # 0. If {z,y} C By, then
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Nela] = Noly] = V(E,).
Which is contradiction. If |By| = 1, then |By| = 1. Let y € By and

o(t) = o(z) =y. Then N¢[t] = V(G)U{y} = N¢lz]. So C(G, o) is not
an identifiable graph. That is not true. O

3. GraPHS G = (V(G), E(G)) WITH IDENTIFYING CODE NUMBER
V(G)] -2

Foucaud et al.[3], in 2011 classified all graphs with identifying code

number |V(G)| — 1. In this section, we intruduce some graphs with
identifying code number |V (G)| — 2.
For an integer k > 1, let Ay = (Vi, Ex) be the graph with vertex set
Vi = {21, ..., w2} and edge set By, = {x; ~ x; | [i — j| < k — 1}. Also,
let o7 be the closure of {A; | i = 1,2,---} with respect to operation
> . In the next theorem, Foucaud et al. showed that for any twin free
graph G € {Ky,, 1} U («,x) U (o, <) <1 Ky, Y'P(G) < |[V(G)] — 2.

Theorem 3.1. [3] Let G be an identifiable graph of order n. Then
VIP(G) = |V(G)| — 1 if and only if G % K, and
G e {Kl,n—l} U (A,DQ) U (A,Dﬂ) > Kl.
Theorem 3.2. Let G = K, ,, m,n > 2 and G % Cy. Then
YP(G) = V(G)] -2
Proof. Let the bipartition of K,,, be X and Y with |X| = n and
Y| = m. Also, let D be an identifying code of K, . By Lemma 2.3,

(1), we have [ XND|>n—1and |YND|>m—1.So0 |D| > m+n—2.
By Theorem 3.1, v/P(G) = m +n — 2. O]

Observation 3.3. If ¢ : V(K,) — V(K,) is a permutation, then
VP(C(Ky,0)) = 3.

Proof. Tt is clear that C(Ky, o) = Cy. Since v'P(Cy) = 3, so
VP(C (K, 0)) =3, -

Theorem 3.4. Let G = K,, n > 3 and o : V(G) — V(G') be a
permutation. Then v'P(C(G,0)) = |V(C(G,0))| — 2.

Proof. By Corollary 2.9, C(G, o) is an identifiable graph. Let
X =V(G)\{vi} UV(G)\ {o(v1)}-

Then for 2 < i < n, we have No[v;] N X = V(G) \ {v1} U {o(wv)},
Nefol] N X =V(G)\ {v1}. If v; € V(G') and v, # o(v1), then

Nelv]n X =V(G)\{o(v)} Vo (v;)
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and N¢[o(v)]NX = V(G)\ {o(v1)}. So for each pair z, y in C(G, o),
we have Nglz] N X # Nely] N X. Hence, X is an identifying code of
C(G, o) and so y'P(C(G,0)) < | X|=2n — 2.

Now, let D be an identifying code of graph C(G,0) and
YIP(C(G,0)) = |D|. Since N¢[v1] & Nelve] = {o(v1),0(v2)}, so by
Lemma 2.3, (2), we have o(vy) € D or o(vy) € D. Let o(vy) € D. Then
o(vy) € D. Now, let 3 < i < n. Since N¢[v1] A Nelvi] = {o(v1),0(v)},
by Lemma 2.3, (2), o(v;) € D. So there is A C V(G), such that A C D
and |A| > n — 1. Similarly, There is A" C V(G'), such that A" C D and
|A’| > n—1. Hence, |D| > 2n—2. Therefore, /P (C(G,0)) = 2n—2. O

Following Ashrafi et. al [I], a link of graphs G and H by vertices
y € V(G) and z € V(H) is defined as the graph (G ~ H)(y, z) obtained
by joining y and z by an edge in the union of these graphs.

Theorem 3.5. Let B be a family of graphs of order n, with identifying
code number n — 1. Also, let G € B, u € V(G) and v € V(K), such
that (G ~ Ky)(u,v) € B. Then v'P((G ~ K;)(u,v)) =n — 1.

Proof. Since (G ~ K7)(u,v) € B, so
YIP((G ~ K1) (u,v)) < (G~ Ky)(u,v)| —2=n+1-2=n—1.
Let D be an identifying code of (G ~ K)(u,v) and
VPUG ~ K1) (u,v)) = |DI.

Then |D| <n—1.If v € D, then D is an identifying code of G. Hence,
yP(@) < |D|. Thus n — 1 < |D| and so |D]| = n — 1. Now, let v € D.
Then there exists some x € V(G), such that © € Ng(u) N D. Since G
is an identifiable graph, so there exists z € V(G), such that z ~ x and
zobwor z~uand z % x. It is easy to see that D\ {v} U {z} = Dy is
an identifying code of G. So |Dy| > n — 1. Hence, |D| > n — 1 and so
|D| = n — 1. Therefore,

VPG ~ Ki)(u,v)) = [V(G ~ K1) (u, )] - 2.
0J

Theorem 3.6. Let G = (K, ~ Ky 4)(a,b), where a and b be the uni-
versal vertices of K1, and K 4, respectively. Theny'?(G) = |V (G)|—-2.

Proof. Let V(K1,) ={a,vi,va,--- ,v,} and
V(KLS) = {b7 Up, Uy~ -+ aus}a

such that a and b be the universal vertices of K, and K g, respectively.
Then Dy = V(Ki,) \ {a} UV (K;4) \ {b} is an identifying code of G.
So vIP(G) < |Dy| = s+ .
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Now, let D be an identifying code of G, where v/P(G) = |D|. For
each 1 < i < r, we have Ng[v1] A Nglv;] = {v1,v;}, by Lemma 2.3,
(2), v1 € D or v; € D. Hence, there is A C V(K ,) \ {a}, such that
|AN D| > r — 1. Similarly, there is F' C V(K4) \ {b}, such that
|[FND|>s—1.50 |D| >r+s—2. Since D is a dominating set of G,
so|A|=ror |Al=r—1and a € D. Similarly, |F|=sor |[F|=s—1
and b € D. However, |D| > s + r. Therefore, v/P(G) = s + . O

4. IDENTIFYING CODE NUMBER OF C(G,0), WHERE GG IS NOT AN
IDENTIFIABLE GRAPH

In this section, we consider the identifying code number of C(G, o),
where ¢ : V(G) — V(G') is a function and G is not an identifiable
graph.

Theorem 4.1. Let H be an empty graph of order s and G = H < K.,

where (s,7) & {(0,2), (1,1)}. Also, let o : V(G) — V(G') be a permu-
tation, such that o(V(H)) =V (H'). Then

2r — 2, s=0
D o 27”7 Szl
R SR R

2r4+s—3, o.w.

Proof. By Corollary 2.8, C'(G, o) is an identifiable graph. If s € {0, 1},
then by Theorem 3.4, the proof is straightforward. If r = 1, then by
Theorem 2.5, v'P(C(G,0)) = s+ 1.

Let r,s > 2, V(H) = {v1,v9,--- ,us} and V(K,) = {uy, ug, -+ ,u,}.
Then D, = V(K,)\ {u,} U V(K.)\ {o(u1)}U{vi,vs,--- ,vs1} is an
identifying code of C(G, o). So v/P(C(G,0)) < 2r + s — 3.

Now, let D be an identifying code of C'(G, o) and

V'P(C(G,0)) = |D|.

For every 7,7 € {1,--- ,r}, we have N¢[u;| A Nelu;] = {o(w;), 0(u;)}.
By Lemma 2.3, (2), o(u;) € D or o(u;) € D. So there is A" C V(K),
such that |A'| > r—1and A" C D. Similarly, there is A C V(k,), such
that |[A| > r —1and A C D. Hence, |D| > 2r — 2.

Now, let |D| < 2r +s—4and F C (V(H)UV(H')) N D. Then
|F| < s—2 Let |[FNV(H) =¢ < s—2and {z,y} CV(H)\F.
Since Ne[z] A Nely] = {o(x),0(y)}, by Lemma 2.3, (2), o(x) € D or
o(y) € D. Thus there is X C V(H'), such that |X| > (s —¢) — 1 and
X C D. Hence, |F| > ¢+ s—{¢—1 = s— 1, which is not true. So
|D| > 2r + s — 3. Therefore, v'P(C(G,0)) = 2r + s — 3. O
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Theorem 4.2. Let G be a graph of order n and a be an universal vertex
of G. Also, let G\ {a} = Ks U;_ Kn,, 7>2,2<n31 <nyg <---<m,
and

o:V(G) = V(G)
be a permutation, such that o(V(K,,)) = V(K,), for each 1 < i <r
and o(a) = a'. Then

2n —2r — 1, s=0,n =2
FP(C(G, o) = 2n—2r—2, s=0,n; >3
2n —2r —s —1, s>1

Proof. By Corollary 2.8, C'(G, o) is an identifiable graph. Let
V(Kni> = {vi1, vz, - - - ,Umi}

and V(G) = V(U;i_; £,) U{v; [ 1 <j < spuU{al.
Let s =0, n; =2 and

X =V \{va | 1 <i<r}uV(G)\{o(va),a | 1<i<r}
Then X, is an identifying code of C(G, o). Thus
VP (C(G, o)) < |Xy| =2n—2r — 1. (4.1)
Assume that s =0, n; > 3 and
Xo =V \{a,va1 | 1 <i<r}uV(G)\{d,o(va) | 1<i<r}
Then Xj is an identifying code of C'(G, o) and so
FIP(C(G,0)) < | Xy =2n —2r — 2. (4.2)
Also, let s > 1 and
X3 =V(G)\{vi,vs | 1 <i <7}
UV (G)\ ({o(vn),v; [ 1<i<r1<j<s)
Then Xj is an identifying code of C(G, o). Thus
FP(C(G,0)) < |X3| =2n—2r —s — 1. (4.3)
Now, let D be an identifying code of C'(G, o) with
YP(C(G,0)) = |D].

Since Ne[vi] & Nelvij] = {o(va),o(vij)}, so by Lemma 2.3, (2),
o(vi1) € D or o(v;) € D. Thus there is A" C |JI_, V'(K,,), such
that |A" N D| > >27_ (n; — 1). Also, we have

Nelo(vin)] A Nelo(vig)] = {vir, vig }
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so by Lemma 2.3, (2), we have vy € D and v;; € D. So there is
ACV(Ui_, Ky,), such that [AND| > (n; —1). Thus

D] = 25, (0~ 1)) =257 my — 2
Case 1: Let s =0, n; = 2 and {v11,0(v11)} N D =0. If
|ID| =257, n; —2r,

then D N {a,a’} = 0 and so Ng[vys] N D = Ng[o(viz)] N D, which is
not true. So DN {a,a’} # 0. Hence, |D| > 27 n; —2r + 1. By (1),
VIP(C(G,0)) =2n —2r — 1.

Case 2: Let s =0 and n; > 3. We have |D| > 23" n; — 2r. By (2),
VIP(C(G,0)) =2n —2r — 2.

Case 3: Let s > 1. For 1 < i < s, we have N¢lv| = {a,v1,0(v1)}
and N¢[v;] = {a,v;,0(v;)}. So |[{v1,v;,0(v1),0(v;)} N D| > 1. Thus
there is F' C {v;,0(v;) | 1 <i < s}, such that |[FN D| > s — 1. Hence
|D| > 23" ni—2r+s—1 = 2n—2r—s—3. Now, if | D| = 2n—2r—s—3,
then {a,a’} N D = . It is clear that N¢[v;] N D = N¢[o(v;)]N D, which
is a contradiction. Hence, D N {a,a’} # 0. Let |D N {a,a’}| = 1. Then
|ID| > 2n—2r—s—2.1f [D| =2n—2r—s—2and a € D, thena’ ¢ D (or
if ¢ € D, then a ¢ D). Thus there is an z in {v; | 1 <i < s} such that
x is not dominated by D. It is impossible. Hence, {a, a'} C D and so
|D| > 2n—2r—s—1. By (3), we have v/?(C(G, 0)) = 2n—2r—s—1. 0O

Corollary 4.3. Let G = K} be a graph, r > 2 and o : V(G) = V(G')
be a permutation. Then v'P(C(G,0)) = 2r + 1.

Proof. By Theorem 4.2, the proof is straigtforward. O

Conjecture 4.4. [1] There exists a constant ¢ such that for any non-
trivial connected twin-free graph G of maximum degree A(G),

VIP(@) Sn—m—l—c.

Note: The conjecture 4.4, holds for graphs which are presented in
Theorems 4.1 and 4.2 with ¢ = 0.
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