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GRADED I-PRIME SUBMODULES
I. AKRAY*, S. A. OTHMAN, A. K. JABBAR AND H. S. HUSSEIN

ABSTRACT. Let R = P, Ry be a G—graded commutative
ring with identity, I be a graded ideal and let M be a G—graded
unitary R-module, where G is a semigroup with identity e. We
introduce graded I—prime ideals (submodules) as a generalizations
of the classical notions of prime ideals (submodules). We show that
the new notions inherite the basic properties of the classical ones.
In particular, we investigate the localization theory of these two
concepts. We prove that for a faithfull flat module F', a graded
submodule P of M is I—prime if and only if FF ® P is graded
I—prime submodule of FF ® M. As an application, for finitely
generated graded module M over Noetherian graded ring R, the
completion of graded I—prime submodules is I —prime submodule.

1. INTRODUCTION

Throughout this paper, R is a commutative graded ring with
nonzero identity, [ is a fixed graded ideal of R and M is a unitary
graded R-module. The concept of weakly prime ideals was introduced
by Anderson and Smith (2003) [0], which is a generalization of the
concept of prime ideals. Weakly primary ideals were introduced and

studied by Atani S. E. and Farzalipour F. in 2005, [7]. The class of
prime submodules of modules was introduced and studied in 1992 as a
generalization of the class of prime ideals of rings [I1]. Then, many

generalizations of prime submodules were studied such as primary,
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classical prime, weakly prime and classical primary submodules, see
[11, 12, 15]. Graded prime ideals was introduced by Refai, Hailat
and Obiedat in [17] whereas graded weakly prime ideals and graded
weakly prime submodules were introduced and investigated by Atani
S. E. [8] and [9]. The authors in [3, 5] introduced the notion I-prime
ideals and I-prime submodules. This motivated us to study these con-
cepts in the graded rings and graded modules. Let G be an arbitrary
semigroup with identity e. A commutative ring R is called a G-graded
commutative ring if there exists a family {R, : ¢ € G} of additive sub-
groups of R such that R = P, R, such that 1 € R and RyRy, C Ry,
forall g, h € G. The summands R, are called homogeneous components
and elements of these summands are called homogeneous elements of
degree g. If a € R, then a can be written uniquely as finite sum as
>_geq Gg Where ag is the component of a in R, (of degree g). Also, we
write h(R) = UgegRy. Moreover, if R = @ ., R, is a graded ring,
then R, is a subring of R, 1z € R, and R, is an R.-module for all
g € G [13]. Let P be an ideal of R. For g € G, let P, := PN R,.
Then P is a graded ideal of graded ring R if P = € gec Pg- In this
case, Py is a called the g-component of P. In this article, all ideals and
submodules taken are graded and all elements taken are homogeneous.

An R—module M is said to be a multiplication module if every
submodule N of M has the form IM for some ideal I of R. Note
that I € (N g M), N = IM C (N :g M)M C N so that
N = (N :g M)M, where (N :p M) ={r € R:rM C N} and briefly
we will write (N : M). Hence an R—module M is a multiplication
module if every submodule N of M has the form N = (N : M)M.
For submodules N = 1M and K = I, M of a multiplication R-module
M, the product NK is defined by NK = I[I,M. This product is
independent of presentations of N and K, see [10]. A module M is
called faithful if it has zero annihilator.

In section 2, we define graded I[-prime ideals in G-graded
commutative rings. The aim of this section is to explore some basic
facts of these class of ideals. Various properties of graded I-prime ideals
are considered. First, we give three equivalents to graded [—prime
ideals (Theorem 2.3). Indeed, we prove that if r is a nonzero element
in R with (0: Rr) C Rr and IRr C Rr?, then Rr is a graded I-prime
ideal if and only if Rr is graded prime ideal of R (Corollary 3.13).

Section 3 is devoted to introduce graded I-prime submodules. We
prove that the class of graded I-prime submodules is closed under
extensions, that is, for any two submodules ) C P of M and any

P

exact sequence 0 — Q — P — o~ 0, the middle term is [-prime
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submodule if and only if so are the left and right terms (Theorem
3.9). Also we show that if M is a finitely generated faithful mul-
tiplication graded R-module and P is a proper graded submodule
of M with (IP : M) = I(P : M), then P is a graded I-prime
submodule of M if and only if (P : M) is a graded [-prime ideal
of R (Theorem 3.17). Furthermore, for graded I-prime submodule P
of M and a flat R—module F with FQ P # FQ M, F® P is a graded
I-prime submodule of F' ® M (Theorem 3.24). If F' is faithfuly flat,
then the converse is also true. In particular, if M is finitely generated
graded module over Noetherian graded ring R, then the completion of
graded [ —prime submodules is again graded [ —prime (Corollary 3.25).

2. GRADED [-PRIME IDEALS

Let R be a ring and I be a fixed ideal of R. We recall that a proper
ideal P of R is I—prime if for a,b € R with ab € P?IP implies a € P
or b € P. Now we adjust the definition of I—prime ideal to graded
rings appropriately.

Definition 2.1. Let I be a an ideal of R, and P be a graded ideal of
R. Then P is called graded I-prime ideal of R if P # R; and whenever
r,s € h(R) with rs € P — IP, we have r € P or s € P.

Let @ be a graded ideal of a graded ring R. Then R/Q) is a G-graded
ring by (R/Q), = (Ry + Q)/Q for all g € G.

Example 2.2. Consider the graded ring R = R[x, y] where R is the set
of real numbers and G = N is the set of nonnegative integers. Then
R is a G-graded ring by
R, = @’i+j=nnyiyj
0,5>0

with deg(z) = deg(y) = 1. Thus J = (22, zy,y?) is a graded ideal of
R. Suppose that S = R/J = R[x,y]/{x?, zy,y?). Then S is G-graded
by S, = (R/J)n = (R, + J)/J. Let P = (Z,7) be a graded ideal of S.
Then for any graded ideal I of S, P is a graded [-prime ideal of S.

It is easy to see that a graded proper ideal P of a graded ring R is a
graded I-prime ideal of R if and only if 75 is graded {0} —prime in 5.
Let I, J be two ideals of R, with I C J and P be a graded ideal of R. If
P is graded I-prime ideal of R, then P is graded J-prime ideal. In the
following theorem, we give some characterizations for graded I-prime

ideals in graded rings.

Theorem 2.3. Let P be a proper graded ideal of R. Then the following
conditions are equivalent:
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(1) P is graded I-prime ideal in R;

(2) Forr € h(R)— P, (P:r)=PU(P:r);

(3) Forre h(R)— P, (P:r)=Por(P:r)=IP:r);

(4) For graded ideals J and K of R, if JK C P and JK ¢ IP,
then J C P or K C P.

Proof. (1 = 2) Assume that P is a graded [-prime ideal in R and
r € h(R) — P. Suppose that a € h(P : r), that is ra € P. Now if
ra € IP, thena € (IP :r). If ra ¢ IP and as P is graded I-prime
ideal in R and r ¢ P, then a € P. Therefore (P :r) C PU(IP :r).
The other inclusion holds, because IP C P.

(2 = 3) The union of two ideals is an ideal if one contains the other.

(3 = 4) Suppose that J and K are two graded ideals of R such that
JK C P. Let J ¢ Pand K ¢ P, we want to show that JK C IP.
Assume r € h(J), first if r ¢ P, then K C P, that is K C (P : r).
Therefore by assumption X' C (IP : r). Hence rK C IP. Now if
re€ JNP, take s € h(J) — P. Then r + s € J — P. By the first case,
for each t € K we have st € IP and (r+ s)t € IP. Thus rt+ st € I P,
that is rt € IP. Therefore JK C IP.

(4 = 1) Assume that for any two graded ideals J and K of R, if
JK C P and JK Q IP, then J C P or K C P. We claim that P is
graded [-prime ideal in R. Let rs € P — I P, where r,s € h(R). Take
J = Rr and K = Rs. Then JK C P — IP. By hypothesis, either
Rr C Por Rs C P,thatisr € Por s e P. O

Let G be a group with identity e and R be a G-graded ring and
S C h(R) be a multiplicative set. Then S7!R is a G-graded ring with

(S7'R), = {g ta € Ry, s € SN Ry} forall g € G. If I is a graded

ideal of R, then S™'I is a graded ideal of ST'R. We generalize [3,
Proposition 2.14] to the graded I-prime ideals.

Proposition 2.4. Let G be a group and let ) C P be two graded ideals
of G—graded ring R. If P is a graded I—prime ideal of R, then the
following statements hold:

(1) g is a graded I-prime ideal of g;

(2) Suppose that S is a multiplicative closed subset of R. with
PNS=¢. Then S'P is a graded S~ I-prime ideal of ST'R.

Proof. (1) For r,;s € h(R), let

T8+Q:(T+Q)(S+Q)€g—]gzg—%.
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Then rs € P— (IP+Q), hence rs € P—IP. As P is graded [-prime,
either r € P or s € P. Therefore either r+ Q) € g ors+@Q € g. Thus
g is graded [-prime ideal in %.

(2) For rs € h(R) and u,v € S let

2 e §-1p - §11.5°1p C §71P — S7Y(IP).

Then there is a € S such that rsa € P and rsa ¢ IP. As P is graded
I-prime ideal in R , 7 € P or sa € P, thatis L € S'Por 2 € S7'P.

Therefore S~ P is a graded S~!I-prime ideal of S~ R. O

Let R and S be two G-graded rings. A ring homomorphism
f+ R — S is said to be graded ring homomorphism if f(R,) C S,

for all ¢ € G. For any graded ideal J of R, We denote f(J) to the
graded ideal generated by the elements of the set f(.J).

Proposition 2.5. Let f : R — S be a graded ring homomorphism.
If P is a graded I-prime ideal of R with Kerf C P, then f(P) is a

graded f(I)-prime ideal of f(R).

Proof. By [16, Lemma 3.11], we have f(P) is graded ideal of f(R).
Let rs € f(P)— f(I)f(P) = f(P) — f(IP), where r,s € h(f(R)).
Then there are x,y € h(R) such that r = f(z) and s = f(y), that is
flzy) = f(x)f(y) =rs € f(P)— f(IP). Therefore thereisu € P—IP
such that f(zy) = f(u). Thus f(zy) — f(u) = f(zy —u) =0 and

xy —u € Kerf C P.

Hence zy € P. If zy € IP, then rs = f(zy) € f(IP) which is a
contradiction. Hence zy ¢ IP. As P is graded [-prime ideal, = € P or
y € P, that is, r = f(z) € f(P) or s = f(y) € f(P). O

A graded ideal P of a graded ring R is weakly prime if for all a,b € R
with ab € P— {0}, then a € P or a € P. Thus a graded ideal is weakly
prime if and only if it is {0} —prime. Now we characterize graded rings
in which every graded ideal is [—prime for a fixed graded ideal I by
the following.

Proposition 2.6. If every graded ideal of a graded ring R is an
I—prime and I is a graded ideal with I*> = 0, then every graded ideal
of R is weakly prime.

Proof. Let P be a graded ideal of R and a,b € h(R) such that
0#abe P. If ab¢ IP, then we are done. If ab € I P, then

abe IP—IIP=1P —[?P =1P — {0}
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and as [P is [—prime ideal of R, a € IP C P or b€ IP C P, that is,
a € Porbe P. Hence P is Weakly Prime ideal of R. 0

3. GRADED [-PRIME SUBMODULES

In this section we define the concept of I-prime submodules for
graded modules. We investigate some basic properties of this notion.
We begin this section by a definition.

Definition 3.1. Let P be a graded submodule of M = @
I a fixed ideal of R.. Then

(1) P, is an I-g-prime submodule of the R.-module M,, if P, # My;
and whenever r € R.,m € M, with rm € P,—I.P,, thenr € (P, : M,)
orm € P,.

(2) P is graded I-prime submodule of M, if P # M; and whenever
r € h(R) and m € h(M) with rm € P — IP, then r € (P : M) or
m € P.

M, and

geG

The following example shows that the class of graded prime
submodules is a subclass of graded I—prime submodules.

Example 3.2. Let R =Z[i] = Z + iZ, G = Zy and M = Zs4[i]. Then
M is a graded R-module with My = Zs, and My = iZs4. Take I = 2TR
as an ideal of R and P = (27i) be a submodule of Zs,[i] generated
by the element 27:i. Therefore P is a graded [-prime submodule of M
since

P —IP = (274 127) — 27TR(27 + i27)
= (27 4 127) — (27 +427)
= ¢.
In otherside P is not graded prime submodule, since 3(9i) = 27i € P
but neither 3 € (P : M) nor 9i € P.

Next, the following example is a graded I-prime submodule that is
not [-prime submodule.

Example 3.3. Let R = Z[i] = Z + iZ, G = Zy and M = R be an
R-module. Take I = 2R as a graded ideal of R and P = 2M. Then P
is a graded submodule of M and IP = 4M. Therefore P is a graded
I-prime submodule of M, but P as a submodule of M is not I-prime
submodule since (1—i)(1+i) = 2 € P—IP and neither (1—i) € (P : M)
nor (1+1i) € P.

It is well-known that P, —I.P; € P— 1P, for any graded submodule
P of M. Hence we conclude that for a graded I-prime submodule P of
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M, P, is an I.-g-prime submodule of M, for all g € G. The converse
is not true. See the following counter example.

Example 3.4. Let R = Z[\V3|, G = Zy and M = R be R-module.
Take I = 3Z[\/3] and P = 3M = 3Z + 3v/3Z. Then IP = 9Z[\/3] and
Py = 37, P, = 3v/37 are g-prime submoduls of M, and also I-g-prime
submodules for ¢ = 0,1. But P is not graded [-prime submodule of
M, since (2v/3)(v/3) = 6 € P — IP with neither 2v/3 € (P : M) nor
V3eP.

We give a set of charactrizations of graded I — g—prime submodules
and graded I—prime submodules.

Theorem 3.5. Let P be a graded submodule of an R-module M and I
an ideal of R.. Then the following conditions are equivalent:
(1) P, is an I-g-prime submodule of M,;
(2) Forme My, —P,, (P,:m)= (P, : M,)U ([P, :m);
(3) Form e My—P,, (P,:m) = (P, : M,) or (P;:m)= ([P, :m);
(4) If whenever AK C P, — IP, with A an ideal of R. and K an
R.—submodule of M,, then A C (P, : M,) or K C P,.

Proof. (1 =2) Let m € M, — P, and a € (P, : m) — (I[P, : m). Then
am € P, — IP,. As P, is I-g-prime submodule of M, and m ¢ P,. So
a€ (P, :M,).

(2 = 3) It is obvious.

(3 =4) Let A be an ideal of R, and K be a submodule of M, such
that AK C P,. Assume that A ¢ (P, : M,) and K ¢ P,. We must
prove that AK C IP,. Let a € A and m € K. First let a ¢ (P, : M,).
Since am € P,, then a € (P, : m), that is (P, : m) # (P, : M,). Hence
by our assumption (P, : m) = (IP, : m). Therefore a € (IP, : m).
Hence am € IP,. Now if a € AN (P, : My). Let u e A— (P, : My).
Then a +uw € A — (P, : My). By the first case, for each m € K we
have um € IP, and (a + uw)m € IP,, that is am + um € IP,. Thus
am € IP,. It means that AK C IP,.

(4= 1) Let rm € P, — IP,. Take A = Rr and K = Rm. Then
AK C P, —IP,, that is AK C P, and AK g IP,. Therefore by
assuming A C (P, : M,) or K C P,. Hencer € A C (P, : M,) or
m € K C P,. Thusr € (P, : My) or m € P,. It means that P, is
I-g-prime submodule of M,. 0

Theorem 3.6. Let P be a graded submodule of an R—module M. Then
the following conditions are equivalent.

(1) P is a graded I-prime submodule of M.
(2) Forr € h(R)— (P :M),(P:r)=PU(IP:r).
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(3) Forr e h(R)— (P:M),(P:r)=Por(P:r)=(IP:r).

Proof. (1 = 2) Suppose P is a graded I-prime submodule. Take
re€ h(R)—(P:M)and m € (P :r). Sorm € P. If rm ¢ IP,
then P graded [-prime gives m € P. If rm € IP, then m € (IP :r).

(2 = 3) It is clear.

(3 = 1) Let rm € P —IP for r € h(R) and m € h(M). If
r & (P : M), then by hypothesis (P :r) = Por (P:r)= (IP :r).
Since rm ¢ IP, m ¢ (IP :r). But m € (P : r) which means that
(P:7)# (IP:r). Hence (P :r) = P and so m € P. Therefore P is a
graded [-prime submodule of M. O

Theorem 3.7. Let P be a graded submodule of M. Then the following
conditions are equivalent.

(1) P is a graded I-prime submodule of M.

(2) Forme h(M)—P, (P:m)=(P:M)U(IP:m).

(3) Form e h(M)—P,(P:m)=(P:M) or(P:m)=(IP:m);

(4) If whenever AK C P with AK ¢ IP, where A a graded ideal
of R and K a graded R—submodule of M, then A C (P : M)
or K C P.

Proof. (1 = 2) Let mh(M) — P and a € h(P : m) — (IP : m). Then
am € P—IP and as P is graded I-prime submodule of M and m ¢ P,
we have a € (P : M).

(2 = 3) It is clear.

(3 = 4) Let A be a graded ideal of R and K be a graded submodule
of M such that AK C P. Assume that A ¢ (P : M) and K ¢ P.
Now we must prove that AK C IP. Let a € h(A) and m € h(K).
First let a ¢ (P : M). Since am € P, that is a € (P : m), we have
(P :m) # (P : M). Hence by our assumption (P : m) = (IP : m).
Therefore a € (IP : m). Thus am € IP. Now if a € AN (P : M).
Let u € h(A) — (P : M). Then a +u € A— (P : M). By the first
case, for each m € h(K) we have um € IP and (a +u)m € IP. Then
am + um € IP, that is am € IP. Therefore AK C IP.

(4= 1) Let rm € P — IP for some r € h(R) and m € h(M). Take
A= Rr and K = Rm. Then AK C P — IP, that is AK C P and
AK ¢ IP. Therefore by assuming A C (P : M) or K C P. Thus
re AC(P:M)orme K CP. Hencer € (P: M)orme P. It is
mean that P is graded I-prime submodule of M.

0

Theorem 3.8. Let P be a graded submodule of M. Then the following
conditions are equivalent.

(1) P is a graded I-prime submodule of M ;
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(2) For any graded submodule K of M with K ¢ P,
(P:K)=(P:M)U(IP:K).
(3) For any graded submodule K of M with K ¢ P,
(P:K)=(P:M)or(P:K)=(IP:K).

Proof. (1 = 2) Suppose that K C M and K € P. Let a € h(P : K).
Then aK C P. So RaK C P. If RaK ¢ IP, and as P is graded
I-prime submodule of M and K ¢ P, Ra C (P : M) and so
a € (P : M). For the reverse inclusion, if a € h(P : M), then
aM C P, and so am € P for all m € h(M). Hence a € (P : K).
If a € (IP: K), then aKk C IP C P, soa € (P : K). Thus
(P:K)=(P:M)U(IP:K).

(2 = 3) It is clear.

(3 = 1) Suppose that for K C M and K € P, (P: K) = (P: M) or
(P:K)=(IP: M), where K is submodule of M. Let AK C P —IP
where A is an ideal of R and K is a submodule of M. Since K ¢ P,
by Theorem 3.7 we must prove A C (P : M). Since AK C P,

AC(P:K)=(P:M).
Hence we get (1). O

In the following we show that for any exact sequence
P
0—-Q—P— 0 —0
with Q C P are graded submodules of M, P is graded [-prime

P
submodule of M if and only if so are ) and @

Theorem 3.9. Suppose that P and Q) are graded submodules of M
such that QQ C P with P # M. Then

(1) If P is a graded I-prime submodule of M, then g is a graded
I-prime submodule of %
(2) If Q and g are graded I-prime submodule, then P is a graded

I-prime submodule of M.
Proof. (1) For all r € h(R),m € h(M), let
_ P P
rim+Q)=rm+Q € g5—1I5.

Then rm+Q € g— %. Sorm € P—IP, because if rm € I P, then
rm € IP+Q,sorm+Q € # which is a contradiction. As P is
graded [-prime submodule, r € (P : M) or m € P. Thus r € <§ : %)

0rm+Q€§.
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(2) Let am € P — IP where a € h(R) and m € h(M). Then
alm+ Q) = am+ Q € g. If am € @, since am ¢ I[P and Q C P,
then I1Q C IP. So am € IQ. Hence am € Q — IQ. As @ is a graded

I-prime submodule, a € (Q : M) C (P : M) or m E Q C P If

am ¢ Q, then we have am + Q ¢ IPQH? and a(m + Q) IP Since
g is a graded I-prime submodule, we have m + Q 6 orac€ (g : ]g ).
Hence m € Porae (P: M). O

Proposition 3.10. (1) Let P be a graded submodule of M and
g E G. Then P, is an I-g-prime submodule in M, if and only

if to 7 is a {0}-g-prime submodule in ?143

(2) A gmded submodule P of an R- module M is graded I-prime
submodule of M if and only if% is graded {0}-prime submodule

of%.

Proof. (1) Let P, be an I-g-prime submodule in M,. Let r € R, and
m € M, such that

0#r(m+1P,) € IP

Then rm € P, — IP,. Sor € (P, : M,) or m € P,, because P is

I-g-prime submodule in M. Therefore r € (I% : %g yorm+1P, € 754
P

g ?/[799. Conversely, suppose that
1% is {0}-g-prime submodule in ;WTZ' Let » € R, and m € M, such
thatrmeP IP,. Then 0 # r(m+1P,) € 7. Som+ 1P, € 7 or
re (]Png L TP ). Thus m € P, or r € (P, : M,). This means that P, is
I-g-prime submodule in M,.

(2) Let P be graded I-prime submodule of M. Let r € h(R) and
m € h(M) such that 0 # r(m + IP) € L. Then rm € P — IP and as
Pis graded I—prime submodule in M r € (P:M)orme P, that is

re ( : MYorm+1P € L Thus 75 is graded {0}-prime submodule

in ﬁ Conversely, suppose that is graded {0}-prime submodule in

M. Let 7 € h(R) and m € h( ) such that rm € P — IP. Then

0 # r(m+ IP) € L. Therefore m + IP € £ or r € (4 : &), that
ismeée& Porr e (P: M). Hence P is graded I-prime submodule in
M. O

Hence +5 is {0}-g-prime submodule in

Proposition 3.11. Suppose G is a group with identity e and R is a
G—graded ring and M is a G—graded R—module. Then for a graded
I-prime submodule P of M, we have
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(1) If S C h(R) is a multiplicative closed subset of R with
(P: M)nS = ¢, then ST'P is graded I-prime submodule
of STIM.

(2) Let S be a multiplicative closed subset of h(R) with
S™P #£ S7'M and ST'(IP) C ST'IST'P. Then ST'P is
a graded S~'I-prime submodule of S™1M.

Proof. (1) Let r € h(R) and % € h(S™'M) with
r e ST'P—1S7'P.

Then ™ € S~'P—S7'(IP). So thereis s € S and p € h(P) such that

% = f. Then there is u € S such that

surm = utp € P.

Moreover for any v € S,vrm ¢ IP. So usrm € P — IP. Since P is
graded [-prime submodule of M, then rm € P and so rm € P — IP.
Hence r € (P: M) C (S™'P:S7'M)orme P, thatis ® € S7'P.
(2) For all £ € h(S7'R), ™ € h(S™'M), let
Lo e S PSSP CST'P—STHIP).
So urm € P — IP for some u € S, and as P is graded I-prime, either
ur € (P: M) or m € P. Therefore

w_rteS Y P:M)=(S"P:5"'M)

or ™ € S7'P. This means that S~'P is graded S~'/-prime submodule
of S71M. O

Recall that a graded proper ideal P of a graded ring R is graded
prime if for any a,b € h(R) with ab € P, we get a € Porb € P. A
graded proper submodule P of a graded module M over graded ring
R is graded prime submodule if for any r € h(R) and m € M with
rm € P, weget me PorrM C P.

Theorem 3.12. Let M be an R-module and r € h(R) such that
rM # M with Anny(r) € rM and I C (rm : M). Then rM is a

graded I-prime submodule of M if and only if it is a graded prime
submodule of M.

Proof. 1t is clear that every graded prime is a graded I-prime. For the
converse part, let sm € rM where s € h(R) and m € h(M). We have
to prove s € (rM : M) or m € rM. If sm ¢ I(rM), then as rM is
graded [-prime, s € (rM : M) or m € rM. Now, if sm € I(rM), then
(s+rymerM. If (s+r)m ¢ I(rM), then as rM is graded [-prime,
s+re(rM:M)orm e rM, that is, s € (rM : M) or m € rM. For
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the case (s +r)m € I(rM), sm € I(rM) implies rm € I(rM). Hence,
there exists y € IM such that rm = ry and so m —y € Anny(r). This
implies that m € IM + Annp(r) € rM + Anny(r) € rM and hence
we get the result. O

By a particular condition, graded [—prime ideals and graded prime
ideals are coincide in graded principal ideal rings.

Corollary 3.13. Let r be a nonzero graded element in a graded ring R
with (0 : Rr) C Rr and IRr C Rr®. Then Rr is graded I-prime ideal
if and only if Rr is graded prime ideal of R.

Proof. Suppose that Rr is a graded I-prime ideal of R. If Rr is not
graded prime, then there exist graded elements a,b € R such that
ab € Rr but a ¢ Rr and b ¢ Rr. Since Rr is a graded [-prime ideal,
ab € IRr. Now we have a(b+r) € Rr. If a(b+r) ¢ IRr, then a € Rr
or (b+r) € Rr, that is, a € Rr or b € Rr, which is a contradiction.
Therefore a(b+ r) € IRr and we have ar € I Rr, that is ar € Rr?. So
there is an element d € R such that ar = dr?, that is r(a — dr) = 0
and as (0 : ) C Rr, we have (a — dr) € Rr and so a € Rr which is a
contradiction. Hence Rr is a graded prime ideal of R.
The converse part is obvious. O
% and the
<Trt =" >
graded ideals P = I =< 7% > where K is a field. Then the graded
ideal P =< T2 > is an [—prime since P — I P = (). But P is not graded
prime cause the first condition (0 :< 2% >) =< 1-7> >Z< T > of the
Corollary 3.13 does not satisfied. Similarly, if we take P =< 73 > and
Klx]
<ad—axd >
but not prime since the second condition of Corollary 3.13 does not
satisfied cause [P =< 7% >¢ P? =<7* >.

Example 3.15. Let P = I = 27 be ideals in the ring of integers Z
which is a trivial graded principal ideal ring. Then the conditions of
the Corollary 3.13 are satisfied and so P is I —prime ideal as well as it
is a prime ideal of Z.

Lemma 3.16. Let M be an R-module and 0 # x € h(M) such that
Rx # M and Ann(z) = 0. Then I—primeness of Rx implies primeness
of Rx for I = (Rx : M).

Proof. Suppose Rz is not graded prime submodule of M. Then there
exist r € h(R) and m € h(M) such that rm € Rx with r ¢ (Rx : M)
and m ¢ Rzx. If rm ¢ (Rx : M)z, then Rx is not graded I-prime

Example 3.14. Consider the graded ring R =

I =< 7% > in the graded ring S = . Then P is I—prime
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submodule of M. Assume rm € (Rx : M)x. But m + x ¢ Rx and
r(m+z) € Rx. i r(m+x) ¢ (Rx : M)z, then Rx is not graded I-prime
submodule of M, since r ¢ (Rz : M). So we get r(m-+z) € (Rx : M)z.
Then rz € (Rx : M)z and so rx = sz for some s € (Rz : M). Thus
(r—s)x =0and r —s € Ann(z) = 0 which give us r = s and so
r € (Rx : M). Thus the result is obtained. O

In the following we link graded I-prime submodules of M and
I-prime ideals of R together as follows .

Theorem 3.17. Let M be a finitely generated faithful multiplica-
tion graded R-module and P a proper graded submodule of M with
(IP: M)=1I(P:M). Then P is graded I-prime submodule of M if
and only if (P : M) is a graded I-prime ideal of R.

Proof. Assume that P is a graded I-prime submodule of M. We have
to prove (P : M) is graded I-prime ideal of R. Let a,b € h(R) such
that ab € (P : M) — I(P : M). Then abM C P. If abM C IP, then
abe (IP: M) =I(P: M) which is a contradiction. Hence abM ¢ IP.
Then abM C P and abM ¢ IP. Soa € (P : M) or bM C P. It means
that a € (P: M) or b e (P: M), that is, (P : M) is a graded I-prime
ideal of R. For the converse, assume (P : M) is a graded I-prime
ideal of R. Let rm € P — IP, where r € h(R) and m € h(M). Then
r(Rm : M) C (rRm : M) C (P : M) and r(Rm : M) ¢ I(P : M).
Otherwise, we will get

rRm=r(Rm: MM CI(P: M)M =1P
which is a contradiction. Hence
r(Rm: M) C(P: M)
and r(Rm : M) € I(P : M). As (P : M) is a graded I-prime ideal,
re(P:M)or (Rm:M)C (P:M). Sore (P:M)or Rm C P.

Therefore » € (P : M) or m € P. This means that P is a graded
I-prime submodule of M. 0

Remark 3.18. Let I; C I, be ideals of R.. Then every graded [;-prime
submodule is a graded I,-prime. For this suppose that P is graded
I-prime. Take r € h(R) and m € h(M) with rm € P — I,P. Since
]1 g IQ, ]1P g ]QP and thus P—]QP Q P—Ilp Then rm S P—Ilp
Since P is a graded I;-prime submodule, we have r € (P : M) or
m € P. Hence P is graded I,-prime.

Theorem 3.19. Let P be a graded I-prime submodule of M with
(P : M) = J. Then there is a one-to-one correspondence between



238 AKRAY, OTHMAN, JABBAR AND HUSSEIN

graded I-prime submodules of %—module % and the graded I-prime
submodules of the graded R-module M containing P.

Proof. Assume that @) is a proper graded submodule of M containing
P. Suppose that @ is graded I-prime. We want to prove that % is
graded [-prime submodule of %. Now % is a proper submodule of %
since () is proper in M. Let

(a+P)(m+P)E%—I%,

where a € h(R) and m € h(M). Then am + P € & — L2EE Therefore

am + P ¢ % and hence am ¢ IQ + P, then am ¢ IQ, because
if am € IQ, then am € IQ) + P. Thus am € () — IQ. Since @ is a
graded I-prime submodule, we get that a € (Q : M) or m € Q. So
m+P € % ora+P e (% : %) Conversely, suppose that % is a graded
I-prime submodule of % and by assumption P is graded I-prime. So
by Theorem 3.9 (2) @ is graded [-prime. O

Since zero submodule is graded [—prime, by taking P = 0 in
Theorem 3.19, we get a one to one correspondence between graded

I—prime submodules of M as R—module and as ——————module.
Ann(M)

The following characterizes I—prime submodules in finitely generated

faithful multiplication graded modules.

Theorem 3.20. Let P be a proper graded submodule of a finitely
generated faithful multiplication graded R-module M such that
I(P: M) = (IP: M). Then P is a graded I-prime submodule of
M if and only if whenever A and B are graded submodules of M such
that A.B C P and A.B §Z IP, then either AC P or BC P.

Proof. Suppose that P is a graded [-prime submodule of M and A, B
are two graded submodules of M. As M is multiplication R-module,
A=(A: M)M and B=(B: M)M and so AB=(A: M)(B: M)M.
Suppose that A.B C P and A.B ¢ IP with A¢ P and B ¢ P. Then
(A: M) g (P:M)and (B: M) € (P : M). Since (P : M) is
graded I-prime by Theorem 3.17, either (A: M)(B: M) Z (P: M) or
(A: M)(B:M)CI(P:M). In the first case, we have

AB=(A:M)(B:M)M ¢ (P: M)M =P,
which is a contradiction. Now in the other case we get

AB=(A: M)B:M)M CI(P:M)M =IP
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which is again contradiction. So either A C P or B C P. For the
converse, by Theorem 3.17, it is enough to prove that (P : M) is a
graded I-prime ideal of R. Let rs € (P : M) — I(P : M), where
r,s € h(R) such that r ¢ (P : M) and s ¢ (P: M). Take A =rM and
B =sM. Then AB =rsM C (P: M)M = P and AB =rsM ¢ IP,
because if AB =rsM C IP, then rs € (IP: M) = I(P: M) which is
a contradiction. Hence AB C P — I P, so by hypothesis we get either
A=rM C Por B=sM C P. Thereforer € (P: M)orse (P:M).
We get the result. O

Theorem 3.21. Let M be a multiplication graded R-module and P a
graded submodule of M. Then P is a graded I-prime submodule in M
if and only if, for any graded ideal J of R and graded submodule N of
M with JN C P and JN € IP, implies that J C (P : M) or N C P.

Proof. Suppose that P is a graded I-prime submodule of M and there
exists a graded ideal J of R and a graded submodule N of M such that
JN C Pbut J € (P:M)and N € P. We claim that JN C IP.
Let r € h(M) such that r € J — (P : M). Then rN C P implies that
N C (P : Rr). Since P is a graded I-prime submodule and N ¢ P,
we get by Theorem 3.7 that N C (/P : Rr). Thus rN C I P. Suppose
reJN(P:M)andlet s € h(M) such that s € (N : M). If s € I,
thenrs € I(P: M) C (IP: M)andsorsM CIP. Ifse (N:M)—1,
then sM C N and so sJM C JN C P. Thus JM C (P : Rs) and
JM ¢ P since by our assumption J € (P : M). Again by Theorem 3.7
we get that JM C (IP : Rs) and so sJM C IP. As s is arbitrary in
(N:M),rN =r(N:M)M C IP. Hence JN C IP. For the converse,
the condition that M is a multiplication R-module is not required. Let
rm € P—1IP for r € h(R) and m € h(M). Then (Rr)(Rm) C P—1IP
and so either Rr C (P : M) or Rm C P. Therefore, r € (P : M) or
m € P. This means that P is a graded I-prime submodule of M. [

Theorem 3.22. Let R be a G-graded ring and My, My be two graded
R-modules with a graded R-epimorphism f: My — Ms. Then a graded
submodule Q of My such that f(My) € Q is graded I-prime submodule
of My if and only if f~1(Q) is a graded I-prime submodule of M;.

Proof. To show that f~}(Q) is a proper submodule of M, let
HQ) = My and m € h(M;). Thus m € f~}Q), and f(m) € Q,
that is, f(M;) C @ which contradics our assumption. Now, suppose
@ is a graded I-prime submodule of M, and let r € h(R), m € h(M;)
such that

rm € f7H(Q) = If7HQ) = f7HQ) = [TUQ) = [THQ - 1Q).
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Assume that m ¢ f7'(Q). This implies that f(m) ¢ Q. Since
rm € f71Q — IQ), then f(rm) € Q — IQ, that is rf(m) € Q — 1Q.
As @ is a graded I-prime submodule of M, and f(m) ¢ @,
r € (Q : My). Hence rMy C @ and f(M;) C M,y. Therefore
rf(M;) CrM, C Q. Thismeans rM; C f~1(Q),sor € (f71(Q) : M,).
Conversely, suppose that f~!(Q) is a graded I-prime submodule of
M, and let r € h(R) and m € h(M;) such that rm € @ — IQ and
m ¢ Q. Since f is graded epimorphism, there exists n € h(M;)
such that f(n) = m. Thus f(n) ¢ Q and so n ¢ f~'(Q). Hence
rf(n)= f(rn) € Q —IQ,sorn € f~YQ) — If~1Q). Since f~1(Q) is
graded I-prime submodule of M; and n ¢ f~1(Q), r € (f~1(Q) : My).
Thus rM; C f~4Q) and rM, C Q. Therefore Q is graded I-prime
submodule of M,. O

Let f : My — M, be an epimorphism of R—modules. According
to Theorem 3.22, there is a one to one correspondence between graded
I—prime submodules P of M; with kerf C P and proper graded
I—prime submodules f(P) of Ms. In the following, we study graded
I—prime submodules in decomposition graded modules (bigraded
modules).

Theorem 3.23. Let R; be a graded ring and M; a graded R;—module
fori=1,2 with R = R1 X Ry and M = My x M5 a graded R-module. Let
Iy and Iy be two ideals of (Ry). and (Ry)e respectively with I = I X I
and Py, Py be proper graded submodules of My and My respectively.
(1) If IsMy = My, then Py is a graded Ii-prime submodule of M; if
and only if Py X Ms is a graded I-prime submodule of M.
(2) If [L My = My, then P» is a graded Is-prime submodule of Mo if
and only if My x Py is a graded I-prime submodule of M.
(3) If P, = P; for i = 1,2, then P, X Py is graded I-prime
submodule of M.

Proof. (1) Suppose that P is a graded I;-prime submodule of M; and
I, My = M. Let (r1,72) € h(R) and (my, mg) € h(M) such that
(r1,r2)(my, mg) = (rymy, rams) € (P X My) — I(Py X M)
= (P x M) — (I} x I)(Py x Ms)
= (Py x M) — (I1 P, x IsM>)
= (P, x My) — (I1 P, x M)
= (P — 1LP) x M.

Thus rymy; € P, — I P, and P, is a graded [;-prime submodule of M,
sory € (Py :g, My) or my € P;. Hence
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(7’1,T2) - (Pl ‘R Ml) X R2 = (Pl X MQ ‘Ri1x R M1 X MQ)
or (my,my) € Py x M,. Therefore P, x M, is a graded [-prime
submodule of M. Conversely, assume that P; x M, is a graded
I-prime submodule of M. Take r € h(R;) and my; € h(M;) with
rimy € Pl — [1P1. Then
(rlml,()) - (P1 — Ilpl) X M2 = (P1 X Mg) — (]1P1 X Mg)
= (P1 X MQ) (IIPI X IQMQ)
:(P1XM2) I(P1XM2)
and as P; x M, is a graded [-prime,
(7’1,0) - (P1 x Moy ‘RixRs My x Mg) = (Pl ‘Ry Ml) X Ry

or (my,0) € Py x My. Therefore r € (P; :g, My) or my € P, and P
becomes a graded I-prime submodule of Mj.
(2) The proof is similar to part (1).
(3) 1P, = P, and I,P, = P, implies
P1XP2211P1X12P2:I(P1><P2).

Hence P, x P, is a graded I-prime submodule of M. ]

Now we state the graded I—prime submodules version of [5, Theorem
2.16].

Theorem 3.24. Assume P is a graded I-prime submodule of M and

F a flat R— module such that F Q@ P # F @ M. Then F'® P is graded
I-prime submodule of FF & M.

Proof. Let P be a graded I-prime submodule of graded R-module M
and r € h(R) — (P : M). Theorem 3.6 implies (P : r) = P or
(P:r)=(IP:r)and [5, Lemma 2.15] implies

(F@P:r)=F®(P:r)=F®P

or (FP:r)=F®(P:r)=F®{P:r)=(I(F®P):r). Therefore
F ® P is graded [-prime submodule of ' ® M. 0

The converse of Theorem 3.24 is true under assumption that F' is
graded faithfully flat R—module. In fact I ® P # F'® M if and only
if P # M, and for r € h(R), r ¢ (P :m) implies r ¢ (F® P : F @m).
Also F@(P:r)=F®@Pand F® (P :r) = F® (IP : r) implies
(P:r)=Pand (P:r)= (IP:r)respectively by faithfully flatness of
F. Hence the result follows by Theorem 3.6.

It is well-known that if M is finitely generated graded module M over
Noetherian graded ring R the completion M of a graded R—module
M is isomorphic to R ® M. Hence we deduce the following corollary.
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Corollary 3.25. Let P be a graded I-prime submodule of a finitely
generated R:module M and R a Notherian graded ring. AThen its
cgmpletion P is graded I-prime submodule of the complete R-module

M.

Finally, by taking polynomial ring as an especial example of graded
rings we have the following result in which the ideals and the submod-
ules not necessarily need be graded.

Proposition 3.26. Let P be I-prime submodule of an R-module M.
Then Plx] is an I[z]-prime submodule of R[x]-module M|z], where
is an indeterminate.

Proof. Assume that r(z)m(x) € Plz] — I[z]P[z] = Plz] — (IP)[z], for
r(z) € R[z], m(z) € M[z]. Let r(z) = > ,riz’ and

m(x) = Z;n:l m;a’!

for r, € R, m; € M. Since
r(@)m(z) = 3230 (i oy rimy)a* € (P — IP)[a]

for i = 0,1,...,n and j = 0,1,...,m, Ziﬂ.:krimj € P —IP for
all k =0,1,....,n +m and as P is I-prime submodule of M, we have
recursively that r; € (P : M) or m; € P and this means

rixt € (Plx] : Mlz])

or m;x? € P[z]. Therefore r(x) € (P[z] : M[z]) or m(z) € Plx] and so
Plz] is I[z]-prime submodule of M|z]. O
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