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ON DETERMINING THE DISTANCE SPECTRUM OF
A CLASS OF DISTANCE INTEGRAL GRAPHS

R. KOGANI AND S. M. MIRAFZAL*

ABSTRACT. The distance eigenvalues of a connected graph G are
the eigenvalues of its distance matrix D(G). A graph is called
distance integral if all of its distance eigenvalues are integers. Let
n and k be integers with n > 2k, k > 1. The bipartite Kneser
graph H(n, k) is the graph with the set of all k¥ and n — k subsets
of the set [n] = {1,2,...,n} as vertices, in which two vertices are
adjacent if and only if one of them is a subset of the other. In this
paper, we determine the distance spectrum of H(n,1). Although
the obtained result is not new [12], but our proof is new. The
main tool that we use in our work is the orbit partition method in
algebraic graph theory for finding the eigenvalues of graphs. We
introduce a new method for determining the distance spectrum of
H(n,1) and show how a quotient matrix can contain all distance
eigenvalues of a graph.

1. INTRODUCTION AND PRELIMINARIES

In this paper, a graph G = (V| E) is considered as an undirected
simple graph where V' = V(G) = {vy,...,v,} is the vertex-set and
E = E(G) ={ey,...,en} is the edge-set. For all the terminology and
notation not defined here, we follow [1, 2, 3].

The distance between the vertices v; and v;, denoted by d(v;,v;), is
defined as the length of a shortest path between v; and v;. The distance
matriz of G, denoted by D(G), is the n x n matrix whose (i, 7)-entry
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is equal to d(v;,v;) for 1 < 4,5 < n. The characteristic polynomial
of D(G) is defined Pp(t) = Pp)(t) = Det(tl — D(G)), where [ is
the n x n identity matrix. It is called the distance characteristic
polynomial of G. Since D(G) is a real symmetric matrix, all its
eigenvalues, called distance eigenvalues of GG, are real. The spectrum
of D(G) = D is denoted by Spec(D) = {1, Ag,..., A} and indexed
such that \;y > A\y--- > A, is called the distance spectrum of G. If
the eigenvalues of D are ordered by A\; > Ay > --- > A, and their
multiplicities are mq, ma, ..., m,, respectively, then we write,

Spec(D) = (72117’7\122’7\72) or Spec(D) = {\" A2, . A}
From matrix theory, since D is an irreducible, non-negative, real and
symmetric matrix [1, 2, 3], it follows that A; is a simple eigenvalue
and satisfies A\; > ||, for i = 2,3,...,n, and there exists a positive
eigenvector corresponding to A;. The largest eigenvalue )\ is called the
distance spectral radius or distance index of the graph G.

Let n be a positive integer and [n] = {1,2,...,n}. Let V be the
set of all k-subsets and (n — k)-subsets of [n]. The bipartite Kneser
graph H(n,k) has V as its vertex set, and two vertices A and B are
adjacent if and only if A C B or B C A. If n = 2k, then H(n, k) is
a null graph hence, we assume that n > 2k + 1. It follows from the
definition of H(n, k) that it has 2(}) vertices and the degree of each of

its vertices is (”;k) = (;:Qkk). Thus, H(n,k) is a regular graph. It is
clear that H(n, k) is a bipartite graph. In fact, if V;, = {v € V||v| = k}
and V,_, = {v € V| |v| = n — k}, then {Vj, V,_} is a partition of
V' and every edge of H(n,k) has a vertex in V} and a vertex in V,,_
and |Vi| = |Vi—k|. Also, it is easy to show that the graph H(n,k)
is a connected graph. Some of the symmetry properties of the graph
H(n, k) have been already determined in [5, 7, 8, 9]. In particular, the

following facts can be found in [5, 7].
Proposition 1.1. H(n, k) is a vertez-transitive graph.
Proposition 1.2. H(n, k) is a symmetric (or arc-transitive) graph.

Proposition 1.3. The connectivity of the bipartite Kneser graph H(n, k)

is maximum, namely, (”;k)

Proposition 1.4. The bipartite keneser graph H(n,1) is a Cayley
graph.

Proposition 1.5. The bipartite keneser graph H(n,1) is a distance-
transitive graph.
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Proposition 1.6. Let H(n,k) be a bipartite kneser graph. Then
Aut(H (n, k)) = Sym([n]) X Za,
where Zs is the cyclic group of order 2.

In this paper, we are interested in the distance spectrum of H(n, 1).
This graph is also known as the crown graph in literature. Although
the distance spectrum of H(n, 1) has been already found [12], here we
re-determine it by a new method which is completely different from
what is appeared in [12]. The method that we use is the orbit partition
method in algebraic graph theory. This method has been introduced
in [3] for finding the adjacency eigenvalues of graphs. It is a powerful
tool in spectral graph theory. Recently, using this method, the eigen-
values of the graph L(B(n, 1)) [0] and the distance eigenvalues of the
graph B(n, k) [1] have been determined, where the graph B(n, k) is a
graph with the vertex-set V = {v | v C [n],|v| € {k,k + 1}} and the
edge-set £ = {{v,w} | v,w € V,uv C w or w C v}. Also, the distance
eigenvalues of the line graph of the crown graph and a class of design
graphs have been determined in [10, 1 1] by the orbit partition method.

Here we give a brief description of the orbit partition method. Let
A = (a;j)nxn be a real matrix. We recall that every eigenvector f with
the eigenvalue 6 for A is a real function such that

> i1 @i f(7) = 0.f(d),
for each ¢« € [n]. Let G = (V,E) be a graph on n vertices and
D(G) = D, be its distance matrix. Let Aut(G) be the automorphism
group of the graph G. Let H < Aut(G) and

r={wl =0Cy, ..., 0wk =0C,}

be the orbit partition of H, where {wy,...,w,} C V. Let
Q = QT( = (qij)me

be the matrix in which the rows and columns are indexed by 7 such

that,
4ij = Z d(v, w),

wECj
where v is a fixed element in the cell C;. It is easy to check that this
sum is independent of v, that is, if u € C};, then
qij = ZwECj d(’U, w) = ZwECj d(“? w)
Hence, the matrix () is well defined. We call the matrix ) the quotient

matrizof D over w. We claim that every eigenvalue of () is an eigenvalue
of the distance matrix D. In fact, we have the following fact.

Theorem 1.7. [10] Let G = (V, E) be a graph with the distance matriz
D. Let m be an orbit partition of V and ) be a quotient matrixz of D
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over w. Then, every eigenvalue of Q) is an eigenvalue of the distance
matriz D.

By Theorem 1.7, we can find some of the distance eigenvalues of the
graph G, but we can not determine all the distance eigenvalues, since
it is possible that GG has a distance eigenvalue # such that € is not an
eigenvalue of the quotient matrix ) over m. Next theorem provides a
sufficient condition for avoiding this situation.

Theorem 1.8. [10] Let G = (V, E) be a graph with D as a distance
matrix for G. Let f # 0 be an eigenvector with the eigenvalue 0 for D.
Let H be a subgroup of Aut(G) and 7 be its orbit partition on V and Q
be a quotient matriz of D over w. If 6 is not an eigenvalue of ), then
the sum of the values of f on each cell of m is zero.

In the next theorem, we give another condition that guarantees the
eigenvalue 6 to be an eigenvalue of Q).

Theorem 1.9. [10] Let G = (V, E) be a vertez-transitive graph with
the distance matriz D. Let H be a subgroup of Aut(G) with the orbit
partition m on V' such that © has a singleton cell {x}. Let Q = Q. be
a quotient matrixz of D over w. Then the set of distinct eigenvalues of
D is equal to the set of distinct eigenvalues of Q).

In the next section, we will see how these facts enable us to find the
distance spectrum of graph H(n,1).

2. MAIN RESULTS

Let n > 3 be an integer. We recall that the graph H(n,1) is a
bipartite graph with the vertex set V =V, UV,,_1, where V] is the set
of 1-subsets of [n] and V,,_; is the set of (n — 1)-subsets of [n], in which
two vertices X and Y are adjacent if and only if X C Y or Y C X.
Now it follows that this graph has 2n vertices and the degree of each
of its vertices is n — 1. It is easy to show that H(n,1) is a connected
vertex-transitive graph [0, 8].

At first, we compute the distance between any two vertices in H (n, 1).

Proposition 2.1. Let n > 3 be an integer and G = H(n,1). Then the
distance between any two distinct vertices in this graph is 1,2 or 3.

Proof. We consider three cases below:

(1) Let A, B € V}. Hence there are x,y € [n] such that A = {z} and
B = {y}. Let C C [n] be such that |C| =n —1 and z,y € C. Thus
A+ C and B <> C, and hence d(A, B) = 2.

(i1) Let A,B € V,_1. Thus JANB| =n—2. Let c € AN B and
C = {c}. Hence A <+ C' +» B and thus d(A, B) = 2.
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(7i1) Now let A € V; and B € V,,_; are non adjacent. There is a

vertex C' in V; such that C is adjacent to B. Now by (i) we have
d(A, B)=3 O
Remark 2.2. Let S, be the symmetric group on the set [n]. For each
w € Sy, let
w:V(H(n,1)) — V(H(n,1))

be the mapping defined by the rule w(A) = {w(a)la € A} for every
A€ V(H(n,1)). Let S, = {&|w € S,}. Tt is easy to check that & is an
automorphism of the graph H(n, 1) and S, is a group isomorphic with
S,. Thus we have S, < Aut(H(n,1)).

We now construct a distance orbit partitions for H(n, 1).

Lemma 2.3. Consider the graph H(n,1) with the vertex-set
V=ViuV,

and the distance matriz D. Then A = {V1,V,_1} is a distance orbit
partition for V(H(n, 1)) with the quotient matriz

011 012
Da —
A (521 522)
over A, where 017 = 2(n — 1),010 =n+ 2,021 =n+ 2,0 = 2(n — 1).

Proof. 1t is easy to check that the sets Vi and V,,_; are orbits of the
group S, on the set V(H(n,1)). Therefore, A is a distance orbit parti-
tion for the graph H(n,1). Let A € V; and B € V,,_4, be fixed vertices
of the graph H(n,1). Then from the definition of the matrix D and
Proposition 2.1, we have,

011 = D geny A5, A) =0+ ZSevl\{A} 2=2(n-1),

012 = Y gev, , A5, A) = Ygev, acs L+ Xsev, yags3=(n—1)+3
=n-+2,

021 = ZSEVl d(S> B) = ZSgB,Sevl 1+ZS¢B,S€V1 3= (n_1)+3 =n+2,

Hence, we have

Da= (2(7::21) 2(7:;121))'

O

It is easy to see that each of the functions (vectors) f; = (1,1)
and fo = (1,—1)" are the eigenvectors for the matrix Da with the
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eigenvalues 3n and n — 4, respectively. Hence, from Theorem 1.7, we
have the following result.

Proposition 2.4. Both of the numbers 3n and n — 4 are distance
eigenvalues of H(n,1).

Remark 2.5. Concerning Proposition 2.4, the eigenvector correspond-
ing to the eigenvalue 3n for the distance matrix D of H(n,1) is the
function ey, defined by the rule e;(v) = 1, for every
ve ViUV, =V(H(n,1)).

Also, the eigenvector corresponding to the eigenvalue n — 4 for the
distance matrix D of H(n,1) is the function ey, defined by the rule
ea(v) = 1, for every v € Vi, and eg(v) = —1, for every v € V,,_,4
[10, Theorem 2.1].

Let G; = {0 € S,|o(1) = 1} be the stabilizer subgroup of 1 € [n] in
the symmetric group S,. Thus Gy = {6|o € G1} < S, < Aut(H(n,1)).
It is easy to see that Vi 1,V1,,-1,V01 and Vp,,—1 are orbits of 631 onV,
where

Via ={SeWnll e s} ={{1}},
Vin—1 ={S € V,_4|1 € S},

Voo = {5 e Vi1 ¢85},
Von-1 ={S € V1|1 ¢ S}.

Lemma 2.6. The partition Ay = {Vi1, Vi1, Vo1, Von-1} is also a
distance orbit partition for the vertex-set of H(n,1) with the quotient
matriz,
0 n—1 2(n-1)
De — 1 2(n—2) n+1
A2 pn4+l 2n-—2)
3 2(n—1) n-—1

Proof. Note that |Vii| = 1, Vi1 = n—1, V1] = n — 1 and
[Von—1l = 1. Let the distance quotient matrix be the following
matrix,

(%)

O = N W

011 012 013 O
Da = 021 02 023 Oy
! 031 O3z 033 O34
041 Os2 043 O
Let Ay € Vig, Ay € Vi1, A3 € Vi1 and Ay € Vp 1 be fixed vertices.
Now we have,

(511 = ESGVLl d(S, Al) = O,
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(512 = ZSEVLn_l d(S, Al) =n — 1;

(513 == ZSEVOJ d(S, Al) - 2(n - 1),

514 = ZSEVo,n_l d(S, Al) — 3;

021 = D gevy, (S, A2) = 1;

022 = ZSeVM_1 d(S, Ag) =0+ ZAﬁSeva,n_l 2 =2(n—2);

023 = zSEVo,l d(S’ A2) - ZSGVO,hSQAz + ZSGVOJ,S,G_AQ 3=n—2+3
=n-+1,

021 =D gevy, , (S, Az) = 2;

531 = ZSEV1,1 d(S, Ag) = 2;

032 = ESEVLn,l (S, As) = ZSle,n,l,Aggs 3+ ZSeVLn,l,Aggs
=3+n—2=n+1;

533 - ESEVOJ d<S’ A3) =0+ 21437556\/0,1 2= 2(n - 2)?

534 == ZSEVo,n_l d(S, Ag) == 1;

o =D gevy, (S, A1) = 3;

542 = ZSEV1,n_1 d(S, A4) = 2(7’L — 1),

(543 = ESEVOJ d(S, A4) =n — 1,

dua = Ygevy,_, d(S. Ag) = 0. 0

It follows from Theorem 1.7, that every eigenvalue of the matrix D,
is a distance eigenvalue for H(n,1). Hence, in the first step, we must
find the eigenvalues of Dy, .

Theorem 2.7. The set of distance eigenvalues of the bipartite Kneser
graph H(n,1) is By = {3n,n — 4,0, —4}.

Proof. Consider the distance quotient matrix Da, defined in (). Let
e; and es be the functions that are defined in Remark 2.5. Hence e;
is an eigenvector of graph H(n,1) with the eigenvalue 3n. Since the
sum of the values of the function e; on each cell of the partition A;
is not zero, hence by Theorem 1.8, the number 3n is an eigenvalue
matrix Da,. From a similar argument, it follows that the number
n — 4 is also an eigenvalue of the distance quotient matrix Da,. Let
R;, 1 < i <4, be the i-th row of the matrix Da,. It is easy to check
that Ry + Ry = (3,3n — 3,3n — 3,3)=Rs + R3. Thus the matrix Da,
is not non-singular. Hence Ao = 0 is an eigenvalue of the matrix Da,.
Let A\ be an eigenvalue of Da, distinct from each of 0,3n,n — 4. Note
that

trace(Da,)=4(n — 2) = the sum of the eigenvalues of Dj,.

Hence, we have 4(n — 2) = 0+ 3n+ (n —4) + A\. Now it follows that
A= —4



306 KOGANI AND MIRAFZAL

On the other hand, A; is an orbit partition of the vertex-set of
H(n,1) with a singleton cell V;; = {1}. Now since H(n, 1) is a vertex-
transitive graph, it follows from Theorem 1.9, that the set of distance
eigenvalues of H(n,1) is By = {3n,n — 4,0, —4}. O

Theorem 2.8. Let n be a positive integer. Then for the distance
spectrum of H(n,1) we have

Spec(D(H(n. 1)) = {(3n)", (n — 410", (~4)"1}.

Proof. All distinct distance eigenvalues of H(n,1) are obtained in
Theorem 2.7. Now, we determine the multiplicities of these eigen-
values. Let D be the distance matrix of H(n,1). In the first step, we
calculate the diagonal entries of D2. For A € Vi, let d® (A, A) denote
the diagonal entry of D? corresponding to A. Hence, we have

dP(AA) = > d(A,S)d(S, A)

SeV (H(n,1))

= ) d(AS8)

SeV(H(n,1))

:ZdAS ZdAS

SeVia SeVh,1

+ > d(A S+ > d(AS)
SEVIm1 SEVon_1
=1x0+(n—-1)x44+(n—-1)x1+1x9
=5n+4,

where Vi1,V01, Vin—1, Von—1 are the orbits which are defined before
Lemma 2.6. Similarly, for B € V,_;, the diagonal entry of D?
corresponding to B is

d® (B, B) = 5n + 4.
Therefore, the trace of D? is
tr(D?) = |Vi|d® (A, A) + |V,,—1|d®(B, B)
=n(5n+4) +n(d5n +4)
= 10n* + 8n.

Now, assume that the multiplicities of n — 4 and —4 are my and mso,
respectively. Note that the distance spectral radius 3n is simple, i.e.,
with multiplicity 1. Thus, we have the following equation.

(3n) + my(n — 4)% + 16my = tr(D?) = 10n* + 8n. (1)
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Now, by using the trace of the distance matrix of the graph H(n,1),
we have:

3n+mi(n—4)+mo(—4) =tr(D) =0= mi(n—4)—4my = —3n. (2)
By solving the following equations obtained in (1) and (2),

my(n —4)? + 16my = n* + 8n
mi(n —4) —4ms = —3n

we have m; =1 and my =n — 1.
Now, the multiplicity of 0 is

\V(H(n,1))|—1—my—meg=2n—-1—-1—-n+1=n—-1
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