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WEAKLY BAER RINGS
S. MEHRALINEJADIAN, A. MOUSSAVI* AND SH. SAHEBI

ABSTRACT. We say that a ring R with unity is left weakly Baer if
the left annihilator of any nonempty subset of R is right s-unital by
right semicentral idempotents, which implies that R modulo the
left annihilator of any nonempty subset is flat. It is shown that,
unlike the Baer or right PP conditions, the weakly Baer property
is inherited by polynomial extensions. Examples are provided to
explain the results.

1. INTRODUCTION

Throughout this paper, all rings are associative with identity and
all modules are unital. Recall that R is a Baer ring if the right
annihilator of every nonempty subset of R is generated by an
idempotent.  Kaplansky [!7] introduced Baer rings to abstract
various properties of AW*-algebras and von Neumann algebras. The
class of Baer rings includes the von Neumann algebras.

A ring R is called quasi-Baer if the right annihilator of every right
ideal of R is generated as a right ideal by an idempotent. It is easy to
see that the quasi-Baer property is left-right symmetric for any ring.
Quasi-Baer rings were initially considered by Clark [13] and used to
characterize a finite dimensional algebra over an algebraically closed
field as a twisted semigroup algebra of a matrix unit semigroup.
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Closely related to Baer rings are PP rings. A ring R is called right
(left) PP if every principal right (left) ideal is projective (equivalently,
if the right (left) annihilator of any element of R is generated (as a right
(left) ideal) by an idempotent of R). A ring R is called a PP ring (or
Rickart ring [25, p. 18]), if it is both right and left PP. The concept

of PP ring is not left-right symmetric by Chase [12]. A right PP ring
R is Baer (so PP) when R is orthogonally finite [27], and a right PP
ring R is PP when R is abelian [11]. Also Von Neumann regular rings

are right (left) PP [15, Theorem 1.1].

Birkenmeier, Kim and Park [7] initiated the concept of principally
quasi-Baer rings. A ring R is called right principally quasi-Baer (or
simply right p.q.-Baer) if the right annihilator of a principal right ideal
is generated by an idempotent. Equivalently, R is right p.q.-Baer if R
modulo the right annihilator of any principal right ideal is projective.
Some examples were given [7] to show that the class of left p.q.-Baer
rings is not contained in the class of right PP rings and the class of
right PP rings is not contained in the class of left p.q.-Baer rings. The
class of p.q.-Baer rings includes all biregular rings, all quasi-Baer rings,
and all abelian PP rings. Further work on Baer and quasi-Baer rings
appeared in [ y Yy Yy Oy ) ) ) ’ ]

Following Tominaga [29], a left ideal I of a ring R is said to be right
s-unital, if for each a € I there exists an element € I such that ax = a.
According to Liu and Zhao [19], a ring R is called left APP if the left
annihilator [g(Ra) is right s-unital as an ideal of R for any element
a € R. As a generalization of p.q.-Baer rings, Majidinya et al. [20]
introduced the concept of weakly p.q.-Baer rings. A ring R with unity
is weakly p.q.-Baer if for each a € R there exists a nonempty subset
E of right semicentral idempotents of R such that Igr(Ra) = |, Re.
The class of weakly p.q.-Baer rings is a natural subclass of the class of
APP rings and includes both left p.q.-Baer rings and right p.q.-Baer
rings.

In this paper, we introduce and study the notion of left (resp.
right) weakly Baer rings. A ring R with unity is left (resp. right)
weakly Baer if for each A C R there exists a nonempty subset E of right
(resp. left) semicentral idempotents of R such that [z(A) = |J.cp Re
(resp. 7r(A) = U.cpeR). This implies that R modulo the left (resp.
right) annihilator of any nonempty subset is flat. A ring R is weakly
Baer if it is both left and right weakly Baer. The class of left (resp.
right) weakly Baer rings is a natural subclass of the class of APP
rings and weakly p.q.-Baer rings. Since the class of weakly p.q.-Baer
rings, includes left (resp. right) weakly Baer rings, some results and
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their proofs are similar. It is proved that, the weakly Baer property is
inherited by polynomial extensions and this class of rings is closed
under direct products. Moreover, various classes of left (resp. right)
weakly Baer rings which are neither Baer nor PP nor p.q.-Baer are
constructed.

2. MAIN RESULTS

It follows from Theorem 1 of [29] that an ideal I of a ring R is right s-
unital if and only if for any finitely many elements ay, as, ..., a, € I there
exists an element x € I such that a; = a;x, 1 < i <n. A submodule N
of a left R-module M is called a pure submodule if L®zr N — L®r M
is a monomorphism for every right R-module L. By [28, Proposition
11.3.13], an ideal [ is right s-unital if and only if ? is flat as a left
R-module if and only if [ is pure as a left ideal of R. Note that if I and
J are right s-unital ideals, then so is I N J. An idempotent e € R is
called left (resp. right) semicentral if ze = exe (resp. ex = exe), for all
x € R [1]. The set of left (resp. right) semicentral idempotents of R is
denoted by S;(R) (resp. S.(R)). The set of central idempotent elements
of a ring R is denoted by B(R). Observe that §;(R) NS, (R) = B(R),
and if R is semiprime or abelian, then §(R) = S.(R) = B(R), by
[7, Proposition 1.17].

Definition 2.1. A left ideal I of a ring R is said to be right s-unital
by right semicentral idempotents if for every a € I, ae = a for some
e € INS,(R) or equivalently, I = U.epRe for some nonempty subset
of §;(R). The left s-unital right ideal by left semicentral idempotents
may be defined analogously.

Definition 2.2. A ring R is called left weakly Baer if [z(A) is right
s-unital by right semicentral idempotents for all A C R. The right
weakly Baer rings are defined similarly. A ring R is weakly Baer if it
is both left and right weakly Baer ring.

Note that if R is a commutative Von Neuman regular ring then R
is weakly Baer. For this, let A C R. Then for a € Ig(A), there exists
x € R where a = axa. Let e = za. It is clear that e is a right
semicentral idempotent and ae = a. So R is a weakly Baer ring.

Example 2.3.
(1) For afield F, let R =< @©;2, F,, 111 | 5, > be the F-subalgebra
of [[Z,F, gencrated by v, and e g,
where F,, = F for all n, defined in [18, Example 1. (2)]. Then
R is a commutative Von Neumann regular ring and as it is
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mentioned above, it is weakly Baer. But, by [18, Example 1.
(2)], R is not Baer.
(2) An example of Cohn showed that the matrix ring R = My(Z)

is a Baer (and hence quasi-Baer) ring [2]. Let A = ( 3 8

be an element of R. Then

ZR(A):{(g Z>|a,bez}=Re

00
01
semicentral idempotent of R. So the ring R is not left weakly
Baer.

(3) The ring R =

for the unique idempotent e = ), that is not a right

D D
0 D
p.q.-Baer) by [24, Proposition 9], where D is a domain which is
x

0 0

Ir(B) = {(8 Z; ) | dy, dy GD},

where each element of /,.(B) is right s-unital by the idempotent

is quasi-Baer (hence left and right

not a division ring. Put B = (
R. Then

), which is an element of

1 d 0 1 .
e = ( 01 ) ore;={, 3 only, but none of them is

a right semicentral idempotent. So R is not left weakly Baer.

Note that this Example also shows that the class of weakly

p.q.-Baer rings contains the class of left weakly Baer rings

properly.

A M .

Theorem 2.4. Let R = 0 B be the formal upper triangular
matriz ring and A and B be rings and M be an (A, B)-bimodule. Then
R is left weakly Baer if and only if the following conditions are satisfied:

(1) A and B be left weakly Baer rings.
(2) For each X C A, N C M andY C B there exist

F Crg <( )0( ]}\/f )) S (R),

Flz{f1|3E1:({)1 E)EF},

. . €1 k
K_{k|3E_< . QQ)EF}
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hi ks

cmngz{hl |E|E2: 0 hg

(@) 1(Y) = Up,ep, Bhe-
(b) For every f1 € Fy where

(ﬁ h)eﬁyheuuwwMN+mm.

) € F} such that

0 f
(c) If a € A and m € M such that ax =0 and aN + mY =0
then a € Uy, e, Aft and m € AK + MF.

X N
Proof. Let G = %

Then there exists F' C Ig(G) (N Sr(R), (r(G) = UperRE. Let

F1—{f1|3E1—(J(C)1 l;c;)EF},

C R. Assume that R is left weakly Baer.

. . (&) k’
qumaE_<0 @)eﬂ

and

hy k
_E:Mﬂﬂ&:(éé)eF}

By [20, Lemma 2.18], F; C S,(A) and F» C S,(B). Taking N = 0 and
Y =0,04X)= UfleFl Afy. Thus A is left weaky Baer. Similarly B is

left weakly Baer. Let ( g Z ) € . Then for < g g\ > er,

Tty
0 oy e

Since A = YA + A, Ay = YAy, then v € [4(N + \Y). If a € A and

m € M such that aX = 0 and aN +mY = 0 then ( (OJL %1 ) € lr(G).

/ !/

Thus there exists ( % 2\, ) € F such that a = a7’ and aXN'+md’ = m.

So a € Uf1€F1 Afy and m € Ak + MF,. Conversely, assume that A

X N
0 v C R there

exist F' C rr(G)NSH(R), F1 € S.(A), F» C S,.(B) and K C M such

that conditions (a), (b) and (¢) hold. Let 8 TZ € lr(G). Then

ax an+my ) _ g where ( £ ™ ) € G. Therefore aX = 0,
0 by 0y

and B are left weakly Baer rings and for G =
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aN +mY = 0 and bY = 0. Thus by (a) and (¢), a € U, cp Af1,
m

b € Un,ep, Bhe and m € Ak + MF,. Hence ( 8 b ) € Uger RE.
So R is left weakly Baer.

61 ﬁ ) where A is a left weakly Baer ring

and A = % for a prime ideal P such that A is a left weakly Baer ring
and if Y C P then l4(Y) € P. Then R is left weakly Baer. Morever if
P is not right s-unital by right semicentral idempotents of R then R is
not right weakly Baer.

Proof. Let X, N C A and Y C A. Then there exist F; C S,(A4) and
F, C S.(A) such that (X + N + AY) = Ue.em Ae; and
14(Y) = U.,ep, Aez. Consider the following cases:

Case 1. Assume that Y C P. Then I5(Y) = A. Since A is a prime
ring, by [7, Lemma 2.1] we have, S,(A) = {0,1}. If Ix(X+N) = 0, then
in Theorem 2.4(ii) take F} = {0}, K = {1}, Fy = Fy. If (X +N) # 0,
then Fy = {1}. Now to satisfy Theorem 2.4(ii) take F} = {1}, K = {0}
and FQ = FQ.

Case 2. Assume that Y ¢ P. Then Ix(Y) = z(AY) = {0}.
Therefore F, = {0}. Since F»,Y = {0} C P, then F, C P. Thus
in Thorem 2.4(ii), take Fy = {0}, K = {0} and F;, = F,. Hence in
all cases Theorem 2.4 yields thar R is left weakly Baer. Now suppose
that P is not right s-unital by right semicentral idempotents and let
m = ( 8 (1) ) Then rgr(mR) = ( 61 ﬁ ) and so R is not right
weakly Baer.

Note that for a ring R, S,(R) = B(R) if and only if §;(R) = B(R).

Corollary 2.5. Let R = (

Proposition 2.6. A left (resp. right) weakly Baer ring R is semiprime
if and only if S,(R) = B(R).

Proof. Let R be a semiprime left weakly Baer ring and e € S,.(R).
Since e € S.(R), then eR(1 — e) is an ideal by [7, Lemma 1.1]. Note
that eR(1 — e) is nilpotent and so eR(1 — e) = 0 by semiprimeness of
R. Also since e € S,(R), (1 —e)Re = 0. So e € B(R). Conversely,
assume that S,.(R) = B(R) and aRa = 0 for some element a € R.
Then a € lg(Ra). Hence there exists a cenral idempotent e € Igr(Ra)
such that a = ae. Therefore a = ae = ea = 0. So R is semiprime. The
right case follows similarly. 0

Corollary 2.7. Commutative weakly Baer rings are reduced.
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Example 2.4 of [19] was given to show that quasi-Armendariz rings
need not to be APP. In fact there exists a commutative reduced ring
which is not weakly Baer. Regarding to [3], a ring R satisfies the
insertion of factors property (IFP) if and only if rg(x) is an ideal
of R for all z € R. Note that every ring with [FP is abelian. By
Proposition 2.6 every abelian left (resp. right) weakly Baer ring is
semiprime. Hence every left (resp. right) weakly Baer ring with IFP
is semiprime. Also every abelian Baer ring is left (resp. right) weakly
Baer and so semiprime. It is clear that every left (right) weakly Baer
ring is weakly p.g-Baer and so a left APP-ring. By [10], R is called
quasi-Armendariz if whenever

flx) =Y wat, g(z) = Z;nzo bjz’ € Rlz]

satisfy f(z)R[z]g(x) = 0, then a;Rb; = 0 for every ¢ and j. Since
every left APP ring is quasi-Armendariz by [19, Proposition 2.3], then
every left weakly Baer ring is quasi-Armendariz. On the other hand,
Example 2.4 of [19] shows that there exists a quasi-Armendariz ring
that is no left APP and so it is not left weakly Baer.

The following example shows that there exists a class of APP rings
which are not left weakly Baer, so the class of APP rings contains the
class of left weakly Baer rings properly.

Example 2.8. For a field F, let F,, = F for n = 1,2,... and
S = MQ(HZOZI Fz) Let
R = HZO:I Fn 20:1 Fn
o, <@y Fh 1> )7
which is a subring of S, where (®22, F,,, 1) is the F-algebra generated
by ©p2; F, and 1 g,. Then by [7, Example 1.6], R is a semiprime
PP ring. So by [19, Proposition 2.3] R is an APP ring. We show that R
is not left weakly Baer (note that by Proposition 2.6, in a semiprime left
weakly Baer ring every right or left semicentral idempotent is cenral).
Let a = (a,) € [[,2, F, with
1 if n is odd
“=10 otherwise

and A = ( 8 8 ) Let also b = (b,) € [[°, F,, with
b 0 if n is odd
L | otherwise
and B = < 8 8 ) It is clear that A € [gr(B). If R is a left weakly

Baer ring, then there exists a central idempotent



368 MEHRALINEJADIAN, MOUSSAVI AND SAHEBI

E:(%l 601 ) e lr(B),
such that A = AFE. Hence ae; = a and e;b = 0. Let
e1 = (1,2, oy T, T, T, ...).
Since
e1b = (1,29, ..., xp, x,x,...)(0,1,0,1,...) = 0,

we have = xq; = 0 for each i. Therefore e; = (21,0, ..., T9x41,0,0, ...),
where 2k + 1 is the biggest odd number which is not greater than n.
On the other hand

a = ae;
= (1,0, 1,0, ...)(331,0,5[}3,0, ...,$2k+170,0, )
= ($1,0,$370, "'7x2k+150707 )

which is a contradiction. This shows that R is not left weakly Baer
and the result follows.

If a left (resp. right) ideal J of a ring R is a left (resp. right) direct
summand of R, then J = Re (resp. J = eR) for some idempotent
e € R. We say an ideal J of a ring R is a left (resp. right) ring direct
summand of R, if J = Re (resp. J = eR ) for some e € S,(R) (resp.
ec S[(R))

Remark 2.9. By [7, Lemma 1.1], for every idempotent e € R, Re is an
ideal of R if and only if e € S,(R). So by Definition 2.2, it is clear that
R is left weakly Baer if and only if [r(A) is a union of left ring direct
summands of R, for every A C R.

Theorem 2.10. Let R be a left weakly Baer ring. Then for every
subset A of R, there exists a subset E C S(R) such that A C (| cpeR
and

(ﬂeeEeR) N lR<A) = UfeE(ﬂeeEeR(l — f))
Proof. The proof is similar Theorem 2.8 of [20]. O

The following example shows that there is another large class of (even
commutative) weakly Baer rings which are neither Baer nor PP.

Example 2.11. Let A be a commutative Baer ring and P be a nonzero
prime ideal of A. Let ag € P be an element of A such that [4(ag) = 0.
Let

R={(a,b) |a€ A, be X Q;}
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where Q; = A/P for each i, b = (b;)2, and b; = b; + P € Q;. Then R is
a commutative ring with addition pointwise and multiplication defined
by (z,7)(t,T) = (2t,zT +ty +TYy), for every 2,t € Aand T,y € &, Q;.
We claim that R is a commutative weakly Baer ring which is neither
p.q.-Baer nor PP.

Proof. The proof is similar Example 2.4 of [21]. O

Note that every domain which is not a field satisfies conditions of
Example 2.11.

Lemma 2.12. Let J be a left ideal of a ring R, a4, ...,a, € J. Assume
that there exist ey, ..., e, € S.(R) N J, such that a;e; = a; for each
i=1,...,n. Then there ezists e € S,(R) such that a;e = a;, for each
v = 1,...,n. In particular, a left ideal J is right s-unital by right
semicentral idempotents if and only if for any a,...,a, € J, there
exists an idempotent e € J N S.(R) such that a;e = a;, for each i.

Proof. 1t is enough to prove for n = 2. Let a,b € J and for some
e,f €S (R)NJ, ae =aand bf =b. It is clear that

(e+f—ef)eS(R)NJ.
Then a(e+ f—ef) =ae+af —aef =a+af —af =a and
ble+ f—ef) =be+bf —bef

=bfe+b—bef
=bfef+b—>bfef
=b.

In particular, let J be a left ideal which is right s-unital by right
semicentral idempotents and assume that aq, ..., a, € J. Then for each
1 < i < n, there exists an ¢; € J N S,.(R), such that a; = a;e;, and so
there exists e € J N S,.(R) such that a; = a;e. The converse is clear,
and the proof is complete. O

Remark 2.13. Note that if e1, e5 € S.(R), then ejeq, ese; € S.(R) too.
Also if the left ideals I and J are right s-unital by right semicentral
idempotents, then so is I N J. To see this, let x € INJ. Then ze; =z
and xey = z, for some right semicentral idempotents e; € I and e; € J.
Let e = eje5 = eje9eq, then xze = z and e € INJ NS, (R). Hence if the
left ideals I, ..., I,, are right s-unital by right semicentral idempotents,
for some positive integer n, then so is I =N, 1.

Proposition 2.14. If R is a left weakly Baer then eRe is a left weakly
Baer ring, for every monzero idempotent e of R.
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Proof. Assume that R is a left weakly Baer ring. Let B C eRe and
a € loge(B). So there exists a right semicentral idempotent z € [r(B)
such that az = a. Let ¢/ = eze. Then

ae’ = a(eze) = (ae)(ze) = a(ze) = (az)e = ae = a.

Since zB = 0, we have ¢B = ezeB = ezB = 0. Thus €' € l..(B).
Clearly €’ is right semicentral in eRe. So, the ring eRe is left weakly
Baer. OJ

Now we show that, unlike the Baer or right PP conditions, the
weakly Baer property is inherited by polynomial extensions.

Theorem 2.15. A ring R is left weakly Baer ring if and only if R[z]
1s left weakly Baer ring.

Proof. Let R be a left weakly Baer ring and B = A[z] C R]z] such that
A= {O/i | Elf = Z?:O CL»L'CL’i S B}

Let g(z) = > 7" bja? € lgp)(B). By [19, Proposition 2.3], R is quasi-
Armendariz and then R is a reduced ring. Hence by [2, Corollary 2],
IR (B) = lr(A)[x]. So b; € [r(A) for every 0 < j < n. Since R is left
weakly Baer there exists e; € Ir(A) NS, (R) such that bje; = b;. Then
by Lemma 2.12, there exists e € [g(A) NS, (R) and bje = b;. Therefore
g(x)e = g(x) for e € lg;)(B)NS,(R[z]) and so R[z] is left weakly Baer.
Conversely, Suppose that R[x] is a left weakly Baer ring and b € [x(A)
for some subset A C R. Then bf(x) = 0 for every f(z) € Alx] and
hence b € lpy(Afx]). Since Rx] is left weakly Baer, be(x) = b for some

e(w) = Lizo e’ € Ly (Al2]) 0 S (R[z]).
So beg = b and eg € rg(A). Since e(z) € S.(R[z]),
e(x)R[z](1 —e(x)) = 0.
Hence egR(1 — eg) = 0 and therefore ¢y € S,(R). So R is left weakly
Baer and the proof is complete. O

There exists a commutative von Neumann regular ring R (hence
weakly Baer), such that R[[x]] is not weakly Baer. For example, let R
be the ring that defined in [19, Example 2.4]. Then R is a commutative
von Neumann regular ring. But by [19, Example 2.4], R[[z]] is not
weakly Baer.

Theorem 2.16. Let I be an index set and R; is a ring, for each i € 1.
Then, the ring [ [,c; R; is left weakly Baer if and only if R; is left weakly
Baer for each i € I.
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Proof. The proof is similar to that of [19, Proposition 3.1]. O

By the following example, we can obtain a rich class of weakly Baer
rings which are not Baer.

Example 2.17. Let R be a left weakly Baer ring which is not Baer
and I a nonempty index set. Then by Theorem 2.15 R[z] is left weakly
Baer. But R[z] is not Baer by [2, Theorem BJ. Also, by Theorem 2.16,
[I,c; Riis left weakly Baer which is not Baer by [11, Proposition 3.1.5],
where R; = R for each 7 € I.

Lemma 2.18. A left ideal J of a ring R is right s-unital if and only
if for any ay,as,...,a, € J, there exists an element e € J such that
a; = a;e for each 1 <1 < n.

Proof. The proof follows from [29, Theorem 1]. O

Proposition 2.19. Let I be a left ideal of a ring R. If I is right s-unital
and finitely generated as a left ideal, then I = Re for an idempotent
e€nR.

Proof. Let I be finitely generated as a left ideal by elements
ai,as9,...,0, € R.

Since [ is right s-unital by Lemma 2.18, a; = a;a for 1 < ¢ < n and
some a € I. It is clear that I = Ra. Since [ is right s-unital, ara = a
for some r € R. Then (ra)? = rara = ra. Hence ra is an idempotent
element. On the other hand Ra = Rara € Rra C I. So I = Rra and
the proof is complete. O

Corollary 2.20. Let R be a left weakly Baer ring. If Ir(A) is finitely
generated as a left ideal for all A C R, then R is a Baer ring.

Proposition 2.21. (1) A ring R is left weakly Baer if and only if
for each A C R, Ig(A) = .cp Re for some E C S,(R).
(2) Suppose that R is left weakly Baer. Then R is not Baer if and
only if there exists A C R and E C S,(R) where

ZR(A) - ZeEE R@
but for each E' C E which is finite, Ir(A) # > . Re.

Proof. (1) Suppose that R ia left weakly Baer. The result follows
from definitions 2.1 and 2.2. Conversely suppose that A C R.
Then lr(A) = ) . Re for some E C S,(R). Let y € lr(A).
Then y € Y .. Re for some finite subset F* C E. From [J,
Proposition 1.3], > . Re = Rf for some f € S,(R). Hence
Ir(A) = U.cy Re for H C S,(R). So R is left weakly Baer.
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(2) Suppose that R is not Baer. Then for some A C R,
[r(A) # Re where e is an idempotent. Since R is left weakly
Baer, [r(A) = ) . Re for some E C S,(R), where E can not
be a finite set by Proposition 2.19. Conversely, suppose that
there exist A C R and E C S,(R) such that [r(A) = ., Re
but (g(A) # > .cp Re for each finite subet E' of E. If R is
Baer, then Iz(A) = Rf for an idempotent f € I(R). Hence
[ € > .cr Re for finite subset F' of E. This is a contradiction
and the result follows.

0

Corollary 2.22. Let R be a left weakly Baer ring and assume that R
satisfies the ACC' on left (resp. right) ring direct summands. Then R
is a Baer ring.

Proof. 1t follows from Propositions 2.19 and 2.21. OJ

Note that Example 2.11 shows that in Corollary 2.22 the condition
ACC on right or left ring direct summands is not redundant. Let R
be a ring and M a left (resp. right) R-module. Denote by u.dim(rM)
(resp. u.dim(Mpg)) the uniform dimension of M as left (resp. right)
R-module. For a ring R, if u.dim(grR) < oo, then R satisfies ACC' on
left ring direct summands and AC'C' on right ring direct summands.
So by Corollary 2.22, we have the following.

Corollary 2.23. If R is a left weakly Baer ring with u.dim(grR) < 0o,
then R is a Baer ring.
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