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VARIETIES OF PERMUTATIVE SEMIGROUPS
CLOSED UNDER DOMINIONS

H. MAQBOOL* AND M. Y. BHAT

ABSTRACT. In this paper, we partially generalize a result of
Isbell from the class of commutative semigroups to some
generalized class of commutative semigroups by showing that
dominion of such semigroups belongs to the same class by using
Isbell’s zigzag theorem.

1. INTRODUCTION AND PRELIMINARIES

Let U be a subsemigroup of a semigroup S. Following Isbell [5], we
say that U dominates an element d of S if for every semigroup 7" and
for all homomorphisms 5,7 : S — T and uf=u~y for every u in U
implies df=d~y. The set of all elements of S dominated by U is called
dominion of U in S and we denote it by Dom(U, S). It can be easily
verified that Dom(U, S) is a subsemigroup of S containing U.

The following theorem provided by Isbell [5], known as Isbell’s zigzag
theorem, is a most useful characterization of semigroup dominions and
is of basic importance to our investigations.

Theorem 1.1. ([5], Theorem 2.3) Let U be a subsemigroup of a semi-
group S and let d € S. Then d € Dom(U,S) if and only if d € U or
there exists a series of factorizations of d as follows:

d = apty = yra1ty = yrasts = Yoaste = - -+ = YmAom—1tm = Ymaam (1.1)
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where m > 1, a; € U (i = 0,1,...,2m), y;,t;, € S (i = 1,2,...,m),
and

ag = Y101, A2m—1tm = Q2m,
ai—1t; = azliy1, Yilo; = Yir102i41 (I1<i<m-—1).

Such a series of factorization is called a zigzag in S over U with
value d, length m and spine ag, ay, ..., Qm.

The following result is from Khan [7] and is also necessary for our
investigations.

Theorem 1.2. ([7], Result 3) Let U and S be semigroups with U as a
subsemigroup of S. Take any d € S\U such that d € Dom(U,S). Let

(1) be a zigzag of shortest possible length m over U with value d. Then
ti,y; € S\U forall j=1,2,...,m.

Definition 1.3. Let
T1XToX3Ly = Tjy TiyTiy T, (1.2)
and
T1ToX3LaT5 = Tj, Ly T jy T, T js (1.3)

be permutation identities, where ¢ and j are nontrivial permutations
of the sets {1,2,3,4} and {1,2,3,4,5} respectively. Then a semigroup
satisfying (1.2) is called

(i) a medial semigroup if iy = 3 and i3 = 2;

(ii) a right semi-commutative semigroup if i3 = 4 and iy = 3;

(iii) a left semi-commutative semigroup if i, = 2 and iy = 1;

(iv) a right cyclic commutative semigroup if is = 3, i3 = 4 and iy = 2;
(v) a left cyclic commutative semigroup if i; = 2, i = 3 and i3 = 1;
(vi) a right dual-cyclic commutative semigroup if is = 4, i3 = 2 and
i4 = 3,

(vii) a left dual-cyclic commutative semigroup if i; = 3, i = 1 and
ig = 2,

(viii) a right externally commutative semigroup if is = 4 and iy = 2;
(ix) a left externally commutative semigroup if iy = 3 and i3 = 1;

(x) a bi-commutative semigroup ifi; = 2, io = 1, i3 = 4 and iy = 3.

while satisfying (1.3) is called

(i) a cyclic semi-normal commutative semigroup if j, = 3, j3 = 4 and
Ja=12
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(ii) a middle right semi-commutative semigroup if j, = 5 and j; = 4;

(iii) middle left cyclic commutative semigroup if j; = 2, J, = 3 and
J3=1

(iv) a double right semi-commutative semigroup if jo = 4, j3 = 5,
Ja=2and j5 = 3;

(v) a double left semi-commutative semigroup if j; = 3, jo =4, js =1
and j4 = 2;

(vi) a middle right dual-cyclic commutative semigroup if j5 = 5, j, = 3
and j; = 4;

(vii) a middle left dual-cyclic commutative semigroup if j; = 3, jo = 1
and j3 = 2;

(viii) a dual right semi-commutative semigroup if jo = 5, j3 = 4, jy = 2
and j5; = 3;

(ix) a middle left externally commutative semigroup if j; = 3 and
gz =1

(x) a left dual-cyclic right semi-commutative if j; = 3, jo = 1, js = 2,
j4:5andj5:4.

The semigroup theoretic notations and conventions of Clifford and
Preston [3] and Howie [1] will be used throughout without explicit
mention.

2. DOMINIONS AND SOME GENERALIZED CLASSES OF
COMMUTATIVE SEMIGROUPS

Isbell [5], Corollary 2.5, showed that the dominion of a commutative
semigroup is commutative. But in [0], Khan gave a counter-example
to show that this stronger result is false for each (nontrivial) permuta-
tion identity other than commutativity. Recently Alam, Higgins and
Khan [2] generalized Isbell’s result from commutative semigroups to H-
commutative semigroups. Also, Abbas and Ashraf in [1], found some
generalized classes of commutative semigroups for which this stronger
result is true in some weaker form. Further, in the same direction, I
found some more permutative semigroups for which Dom(U, S) satis-
fies the identity of U.

Theorem 2.1. Let U be a medial sub-semigroup of a cyclic semi-
normal commutative semigroup S. Then Dom(U,S) is medial semi-
group.

Proof. Let U be a medial sub-semigroup of a cyclic semi-normal
commutative semigroup S. Then we have to show that Dom(U,S)
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is also medial semigroup.
Case (i): If dy,dy,d3,ds € U, then the result holds trivially.

Case (ii): d; € Dom(U, S)\U and da,ds,ds € U.
Then, by Theorem 1.1, d; has zigzag equations of type (1.1) in S over
U of length m. Now

dydadsdy = Yy (asmdadsdy) (by zigzag equations)
= Ymomdsdady (since U is medial semigroup)
= dydsdsd, (by zigzag equations),
as required.
Case (iii): di,dy € Dom (U, S)\U and d3,dy € U.

Then, by Theorem 1.1, ds has zigzag equations of type (1.1) in S over
U of length m. Now

dydydsdy = dya,tidsdy (by zigzag equations)
= ditidsa,dy (as S satisfies x109037405 = T123T472T5)
= dit1ds(y1a1)dy (by zigzag equations)
= didsyra1t1dy (as S satisfies x1xox3wyTs = T10304T9T5)
= didzyrastad, (by zigzag equations)
= didsysastady (by zigzag equations)

= d1d3YmA2m—1tmds
= d1d3ymaandy (by zigzag equations)
= dydsdydy (by zigzag equations),

as required.

Case (iv): dy,da, d3 € Dom(U,S)\U and ds € U.

Then, by Theorem 1.1, d3 has zigzag equations of type (1.1) in S over
U of length m. Now

dydydsdy = didaantidy (by zigzag equations)
= dyds(y1a1)t1dy (by zigzag equations)
= diyra1tidady (as S satisfies 2120232405 = X120314T2T5)
= diy1astadad, (by zigzag equations)
= dyysastadad, (by zigzag equations)
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= d1Ymaom—1tmdady
= d1Ymasmdady (by zigzag equations)
= dydsdydy (by zigzag equations),
as required.
Case (v): dy,dy,ds, dy € Dom (U, S)\U.
Then, by Theorem 1.1, d4 has zigzag equations of type (1.1) in S over
U of length m. Now
dydadsdy = (didadsa,)t; (by zigzag equations)
= dldgdgaotl (by case (IV))
= dydsdyd, (by zigzag equations),

as required. Thus the proof of the theorem is completed. O

Theorem 2.2. Let U be a right semi-commutative sub-semigroup of a
middle right semi-commutative semigroup S. Then Dom(U,S) is right
semi-commautative semigroup.

Proof. Let U be a right semi-commutative sub-semigroup of a
middle right semi-commutative semigroup S. Then we have to show

that Dom(U, S) is also right semi-commutative semigroup.
Case (i): If dy,dy,d3,dy € U, then the result holds trivially.

Case (ii): d; € Dom(U, S)\U and do, ds,dy € U.
Then, by Theorem 1.1, d; has zigzag equations of type (1.1) in S over
U of length m. Now
dydodsdy = Ymasmdadsdy (by zigzag equations)
= Ymomdadyds (as S satisfies 1129030405 = T122232514)
= dydydyds(by zigzag equations),
as required.
Case (iii): di,ds € Dom (U, S)\U and d3,dy € U.
Then, by Theorem 1.1, ds has zigzag equations of type (1.1) in .S over
U of length m. Now
dydadsdy = dya,tidsdy (by zigzag equations)
= dia,t1dyds (as S satisfies 1129230405 = T120003T5T )
= dydydyds (by zigzag equations),

as required.
Case (iv): dy,dy, d3 € Dom(U, S)\U and d4 € U.
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Then, by Theorem 1.1, d3 has zigzag equations of type (1.1) in S over
U of length m. Now
dydydsdy = didaymas,ds (by zigzag equations)
= d1doymdsas, (as S satisfies 1129030425 = T1T2232524)
= (d1doymdsazm, 1)ty (by zigzag equations)
= d1daYmaam—1dats,
(as S satisfies x1Xox324T5 = T1T2T3T5T )
= (d1doYm—_102m_2d4)t,, (by zigzag equations)
= d1daym—1d4a2m—2t:,
(as S satisfies x1xox3x4T5 = T1ToT3T5T )
= (d1doym—1d4a9m_3)t,—1 (by zigzag equations)
= d1daYm—102m—3datm—1

(as S satisfies x1Tox3x4Ts = T1ToT3T5T )

= didayra1daty

= (dy1dsa,dy)t; (by zigzag equations)
= dydydya.ty (by case (iii))

= dydadyds (by zigzag equations),

as required.

Case (v): dy,dy,ds,dy € Dom(U, S)\U.

Then, by Theorem 1.1, dy has zigzag equations of type (1.1) in S over
U of length m. Now

dydadsdy = (didadsag)ty (by zigzag equations)
= dydsa,dsty (by case (iv))
= didsa,tids (as S satisfies z129237475 = T12223T574)
= dydodyds (by zigzag equations),
as required. Thus the proof of the theorem is completed. O

Theorem 2.3. Let U be a left semi-commutative sub-semigroup of a
middle left cyclic commutative semigroup S. Then Dom(U,S) is left
semi-commutative semigroup.

Proof. Let U be a left semi-commutative sub-semigroup of a middle left
cylic commutative semigroup S. Then we have to show that Dom(U, S)
is also left semi-commutative semigroup.
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Case (i): dy,dy,ds,dy € U, then the result holds trivially.

Case (ii): d; € Dom(U, S)\U and dy,ds,ds € U.
Then, by Theorem 1.1, d; has zigzag equations of type (1.1) in S over
U of length m. Now

dydedsdy = Ymasmdadsdy (by zigzag equations)
= Qomdaymdsdy (as S satisfies 1129030425 = ToT312475)
= Aom—1tm(daym)dsdy (by zigzag equations)
= tmdoYmQom—1d3dy
(as S satisfies 1129030425 = ToT321245)
= tynda(Ym—_1G2m—2)dsdy (by zigzag equations)
= doYm—102m—2tmdsdy
(as S satisfies x1xox324T5 = ToT3T1T4Ts5)

= doYm—1a2m_3tm_1dsdy (by zigzag equations)

= dayra1ti1dzdy
= dya,t1dsdy (by zigzag equations)
= dodydzd, (by zigzag equations),
as required.
Case (iii): dy,ds € Dom (U, S)\U and d3,dy € U.

Then, by Theorem 1.1, ds has zigzag equations of type (1.1) in S over
U of length m. Now

d1d2d3d4 = d1a0t1d3d4 (by zigzag equations)
= a,t1d1dsdy (as S satisfies 1129232405 = Tox3x1T4T5)
= doddsdy (by zigzag equations),

as required.

Case (iv): dy,dy, d3 € Dom(U, S)\U and d4 € U.

Then, by Theorem 1.1, d3 has zigzag equations of type (1.1) in S over
U of length m. Now

dydadsdy = didaantidy (by zigzag equations)
= dya,ditidy (as S satisfies ©129x30405 = Tox3T1T4T5)
= (doyy)arditidy (by zigzag equations)
= a1di(dayy )t1dy (as S satisfies T120x32405 = Tox3T1T4T5)

= didoyraitidy (as S satisfies x1Tox3x4Ts = ToT301T4T5)
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= didy(y1a2)tady (by zigzag equations)

= doyrasditady (as S satisfies 1120232475 = Tox3w1T4T5)
= doyoas(dita)dy (by zigzag equations)

= (yaa3)dadytady (as S satisfies 1120232475 = Tox3T1T4T5)

= dodyysastady (as S satisfies 1120232405 = Tox3x1T4T5)

= dad1YmA2m—1tmdy
= dod1Ymasmdy (by zigzag equations)
= dodd3dy (by zigzag equations),
as required.
Case (v): dy,ds, ds,dy € Dom (U, S)\U .
Then, by Theorem 1.1, d4 has zigzag equations of type (1.1) in .S over
U of length m. Now
dydsdsdy = (didadsag)ty (by zigzag equations)
= d2d1d3aot1 (by Case (IV))
= dod;d3dy (by zigzag equations),

as required. Thus the proof of the theorem is completed. O

Theorem 2.4. Let U be a right cyclic commutative sub-semigroup of a
double right semi-commutative semigroup S. Then Dom(U,S) is right
cyclic commutative semigroup.

Proof. Let U be a right cyclic commutative sub-semigroup of a
double right semi-commutative semigroup S. Then we have to show
that Dom(U, S) is also right cyclic commutative semigroup.

Case (i): If dy,dy,d3,ds € U, then the result holds trivially.

Case (ii): d; € Dom(U, S)\U and dy,ds,ds € U.
Then, by Theorem 1.1, d; has zigzag equations of type (1.1) in .S over
U of length m. Now
dydydsdy = Ym(asmdadsdy) (by zigzag equations)
= Ymomdsdsds (by Case (i))
= dydsdydy (by zigzag equations),

as required.
Case (iii): di,ds € Dom(U, S)\U and d3,d, € U.
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Then, by Theorem 1.1, ds has zigzag equations of type (1.1) in S over
U of length m. Now
dydydsdy = dya,tidsdy (by zigzag equations)
= didzdanty (as S satisfies 1129237475 = T1204T57223)
= dydsdydy (by zigzag equations),
as required.
Case (iv): dy,dy,d3 € Dom(U, S)\U and dy € U.
Then, by Theorem 1.1, d3 has zigzag equations of type (1.1) in S over
U of length m. Now
dydedsdy = didoymasmdy (by zigzag equations)
= dyagmdyday,, (as S satisfies x129030425 = T1T42T52273)
= dyi(agm—_1tm)dsdoy, (by zigzag equations)
= d1daYmam—1tmds
(as S satisfies 1129232425 = T1T4252923)
= d1do¥Ym—1(a2m_otm)dy (by zigzag equations)
= d1azm—2tmdsdalym—1
(as S satisfies x1Xox3x4T5 = T1T4T5T2T3)
= d1agm—3tm-1(dsd2)ym_1 (by zigzag equations)
= d1dsdaym—1a2m—3tm—1

(as S satisfies x1xox3x4T5 = T1T4T5T2T3)

= dydydayrarty
= dydydyaty (by zigzag equations)
= dya,t1dydy (as S satisfies T129237475 = T104T5T273)
= dydzdsdy (by zigzag equations),
as required.
Case (v): dy,ds, ds,dy € Dom (U, S)\U .
Then, by Theorem 1.1, d4 has zigzag equations of type (1.1) in .S over
U of length m. Now
dydodzdy = didodsy,as, (by zigzag equations)
= dlymCLdeng (as S satisfies L1345 — I11}4I5l’2$3)
= dy (Ym@om—1)tmdads (by zigzag equations)
= dydad3ymaom—1tm
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(as S satisfies x1xox3x4T5 = T1T4T5T2T3)
= dq(d2d3)Ym_1a2m 2t (by zigzag equations)
= dyagm—2tmdadsym—1

(as S satisfies x1xox3x4T5 = T104T5T2T3)
= dq(agm—3tm—1)dedsym,—_1 (by zigzag equations)
= d1d3Ym—102m—3tm—1d2

(as S satisfies x1xox3x4T5 = T1T4T5T2T3)

= didzyra1t1ds
= dydsa,tidy (by zigrag equations)
= dydsdydy (by zigzag equations),
as required. Thus the proof of the theorem is completed. O

Theorem 2.5. Let U be a left cyclic commutative sub-semigroup of
a double left semi-commutative semigroup S. Then Dom(U,S) is left
cyclic commutative semigroup.

Proof. Let U be a left cyclic commutative sub-semigroup of a
double left semi-commutative semigroup S. Then we have to show
that Dom(U, S) is also left cyclic commutative semigroup.

Case (i): If dy,dy,ds,ds € U, then the result holds trivially.

Case (ii): d; € Dom(U, S)\U and ds,ds,ds € U.
Then, by Theorem 1.1, d; has zigzag equations of type (1.1) in S over
U of length m. Now
dydadsdy = a,tidadsdy (by zigzag equations)
= dodza,tidy (as S satisfies x1Xox30405 = T340 T2T5)
= dydsdid, (by zigzag equations),
as required.
Case (iii): di,ds € Dom (U, S)\U and d3,dy € U.
Then, by Theorem 1.1, d has zigzag equations of type (1.1) in S over
U of length m. Now
dydadsdy = dya,tidsdy (by zigzag equations)
= t1dsdia,dy (as S satisfies x129x31405 = T3040 T275)

= t1dsdy (y1a1)dy (by zigzag equations)
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= dyyra1tidsdy (as S satisfies x1xowsryTs = 30401 T9T5)
= dy(y1a2)tadsdy (by zigzag equations)
= todsdiyra2dy (as S satisfies 7120232405 = T340 T2T5)
= to(dsdy)ysasdy (by zigzag equations)

= yoagtadsdidy (as S satisfies T1Xox32405 = T340 T2T5)

= Ymom—1tmdzdidy
= Ymaomdsdidy (by zigzag equations)
= dydzdydy (by zigzag equations),

as required.

Case (iv): dy,dy,d3 € Dom(U, S)\U and dy € U.

Then, by Theorem 1.1, d3 has zigzag equations of type (1.1) in S over
U of length m. Now

dydadsdy = didsastidy (by zigzag equations)
= aot1d1dady (as S satisfies 1129231475 = T324T1T2T5)
= yya1t1(dide)dy (by zigzag equations)
= t1d1da(y1a1)dy (as S satisfies 1129237475 = X324T122T5)
= doyraitididy (as S satisfies T1 20232405 = T340 T2T5)
= doyrastadid, (by zigzag equations)
= doyyoastadidy (by zigzag equations)

= do¥mUam—1tmdidy
= doYmaomdidy (by zigzag equations)
= dydzdydy (by zigzag equations),

as required.

Case (v): dy,d, ds,dy € Dom(U, S)\U .

Then, by Theorem 1.1, dy has zigzag equations of type (1.1) in S over
U of length m. Now

dydydsdy = (didadsa,)ty (by zigzag equations)
= dadsdya,ty (by Case (iv))
= dodzdydy (by zigzag equations),
as required. Thus the proof of the theorem is completed. O
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Theorem 2.6. Let U be a right dual-cyclic commutative sub-semigroup
of a middle right dual-cyclic commutative semigroup S. Then Dom(U, S)
1s right dual-cyclic commutative semigroup.

Proof. Let U be a right dual-cyclic commutative sub-semigroup of a
middle right dual-cyclic commutative semigroup S. Then we have to
show that Dom(U, S) is also right dual-cyclic commutative semigroup.

Case (i): If dy,dy,d3,dy € U, then the result holds trivially.

Case (ii): d; € Dom(U, S)\U and dy,ds,ds € U.
Then, by Theorem 1.1, d; has zigzag equations of type (1.1) in .S over
U of length m. Now

dydodsdy = Ymasmdadsdy (by zigzag equations)
= Ymomdadads (as S satisfies 1129030425 = T122252314)
= dydydsds (by zigzag equations),
as required.
Case (iii): dy,ds € Dom (U, S)\U and d3,dy € U.

Then, by Theorem 1.1, ds has zigzag equations of type (1.1) in S over
U of length m. Now

didydsdy = dyymasmdsdy (by zigzag equations)
= d1Ymdsasnmds (as S satisfies x129030405 = T122252374)
= dy(Ymdsazm—1tmds) (by zigzag equations)
= (d1Ymdsd3a2m—1 )ty
(as S satisfies 1129232425 = T1T2X52314)
= d1YmQ2m—1dadsty,
(as S satisfies 1109230425 = T1T2252314)
= d1Ym—10a2m—2d4(dst,,) (by zigzag equations)
= d1 (Ym—1d3tmaom—2ds)
(as S satisfies 1129230425 = T1T2X52314)
= d1(Ym—-1d3dstazm—2)
(as S satisfies 1129232425 = T1T2X52314)
= (d1Ym-1d3a2m—2d4)ts,
(as S satisfies 1129230425 = T1T2X52314)
= d1Ym-1d4d302m—2tm

(as S satisfies x1Xox3x4T5 = T1ToT5T3T4)
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= (d1Ym—_1dsdzasy,_3)tm_1 (by zigzag equations)
= d1Ym—102m—3dadst, 1

(as S satisfies 1129230425 = T1T2X52314)

= dyy1a1dydsty
= (dyapdyds)t; (by zigzag equations)
= (dydzapdy)t; (by case (ii))
= dydydzapt; (by case (ii))
= dydytidzag (as S satisfies x129x31405 = X10905T32,)
= dydyagtids (as S satisfies x129x32405 = T129T5T324)
= dydydyds (by zigzag equations),
as required.
Case (iv): dy,da, d3 € Dom(U, S)\U and d4 € U.

Then, by Theorem 1.1, d3 has zigzag equations of type (1.1) in .S over
U of length m. Now

dydedsdy = didoymasmdy (by zigzag equations)
= d1dodyymaay, (as S satisfies 1129030425 = T1T2252324)
= (d1dadyymaom—1)t, (by zigzag equations)
= (d1daagm—1daym)tm
(as S satisfies x1xox324T5 = T1ToT5T3T )
= d1doymaom_1dat,, (as S satisfies 129032405 = T1T205T3T )
= (d1doYm—102m—2d4)t,, (by zigzag equations)
= d1dadsYm—102m—2tm
(as S satisfies 1129232425 = T1T2X52314)
= (d1dadyym—1a2m—3)tm—1 (by zigzag equations)
= (d1d2a2m—3d4Ym—1)tm—1
(as S satisfies x1xox324T5 = T1ToT5T3T )
= d1daYm-—102m—3dat,m—1

(as S satisfies T129230425 = T1T2X52314)

= didayra1dyly
= (d1daapdy)t; (by zigzag equations)
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= d1d4d2aot1 (by case (lll))
= dydydads (by zigzag equations),

as required.

Case (v): dy,ds, ds,dy € Dom(U, S)\U .

Then, by Theorem 1.1, dy has zigzag equations of type (1.1) in S over
U of length m. Now

dydsdzdy = (didadsa,)ty (by zigzag equations)
= dyapdadst, (by Case (iv))
= dyapt1dads (as S satisfies 1109037405 = T1T2T5T374)
= dydydads (by zigzag equations),
as required. Thus the proof of the theorem is completed. O

Theorem 2.7. Let U be a left dual-cyclic commutative sub-semigroup
of a middle left dual-cyclic commutative semigroup S. Then Dom(U, S)
1s left dual-cyclic commutative semigroup.

Proof. Let U be a left dual-cyclic commutative sub-semigroup of a
middle left dual-cyclic commutative semigroup S. Then, we have to

show that Dom(U, S) is also left dual-cyclic commutative semigroup.
Case (i): If dy,ds, ds,dy € U, then the result holds trivially.

Case (ii): d; € Dom(U, S)\U and dy,ds,d, € U.
Then, by Theorem 1.1, d; has zigzag equations of type (1.1) in S over
U of length m. Now

dydedsdy = Ym(agmdadsdy) (by zigzag equations)

= Ymdsasmdady (by case (i))
= (Ymds)aom_1tmdedy (by zigzag equations)
= tinYmd3(a2m—1d2)dy

(as S satisfies x1Xox324T5 = T3T1ToT4Ts5)
= d3timYmam—1dady

(as S satisfies 1129030425 = T3T1T224T5)
= dstm (Ym—109m—2)dady (by zigzag equations)
= Ym—102m—2d3tm (dady)

(as S satisfies x1Xox324T5 = T3T1ToT4Ts5)
= d3Ym—102m—2tmdady

(as S satisfies 1129230425 = T3T1T224T5)

= d3Ym—_102m—3tm_1dedy (by zigzag equations)
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= dzyra1t1dady
= dsa,t1dsdy (by zigzag equations)
= dsdidydy (by zigzag equations),

as required.

Case (iii): di,ds € Dom(U, S)\U and dsz,ds € U.

Then, by Theorem 1.1, ds has zigzag equations of type (1.1) in S over
U of length m. Now

dydydsdy = dya,tidsdy (by zigzag equations)
= t1dia,dsdy (as S satisfies 1122237475 = T301T22475)
= t1d1(y1a1)dsdy (by zigzag equations)
= yyart1didsdy(as S satisfies 1129030425 = T3T1T2245)
= yyastadidsdy (by zigzag equations)
= yaaz(tady )dsdy (by zigzag equations)
= (tady)y2asdsdy (as S satisfies x129037475 = T3T1T27475)
= agtad1ys(dsdy) (as S satisfies x1x9x304T5 = T301T22475)

= dyastayqdsdy (as S satisfies x109030405 = T3T1T27475)

= d1a2m—1tmYmdzdy

= dyasmymdsdy (by zigzag equations)

= Ym(diao,dsdy) (as S satisfies x12223T4T5 = T3T1T224T5)
= Ymdsdiasmdy (by case (ii))

= d1Ymdsas,dy (as S satisfies x12223T4T5 = T3T1T224T5)
= d3d1Ymasmdy (as S satisfies x1290304205 = T321T22475)
= d3dydyd, (by zigzag equations),

as required.

Case (iv): dy,dy, d3 € Dom(U,S)\U and ds € U.

Then, by Theorem 1.1, d3 has zigzag equations of type (1.1) in S over
U of length m. Now

dydydsdy = didaantidy (by zigzag equations)
= a,dydot1dy (as S satisfies z129237475 = T301T27475)
= yya1(d1da)tidy (by zigzag equations)

= didyyraitidy (as S satisfies 2109030405 = T3T1T27475)
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= didy(yr1a2)tady (by zigzag equations)
= y1a2d1d2t2d4 (as S satisfies T1X2T3T4T5 = $3$1I21L’4l’5)
= yoaz(didy)tady (by zigzag equations)

= d1d2y2a3t2d4 (as S satisfies T1T2T3T4T5 = I3$1I2$4l’5>

= d1doYmAom—1tmdy

= dydaymasmdy (by zigzag equations)

= Ym(dydoasm,dy) (as S satisfies z1292320405 = T321 0974 T5)
= Ymamdidady (by case (iii))

= dzdydsdy (by zigzag equations),

as required.

Case (v): dy,ds, ds,dy € Dom(U, S)\U.

Then, by Theorem 1.1, dy has zigzag equations of type (1.1) in S over
U of length m. Now

dydydzdy = didydsanty (by zigzag equations)
= dsdidaanty (as S satisfies 1129237475 = X301T274T5)
= dsd,dydy (by zigzag equations),
as required. Thus the proof of the theorem is completed. O

Theorem 2.8. Let U be a right externally commutative sub-semigroup
of a dual right semi-commutative semigroup S. Then Dom(U,S) is
right externally commutative semigroup.

Proof. Let U be a right externally commutative sub-semigroup of a
dual right semi-commutative semigroup S. Then we have to show that
Dom(U, S) is also right externally commutative semigroup.

Case (i): If dy,dy,ds,ds € U, then the result holds trivially.

Case (ii): d; € Dom(U, S)\U and ds,ds,ds € U.
Then, by Theorem 1.1, d; has zigzag equations of type (1.1) in S over
U of length m. Now

dydsdzdy = yYm(asmdadsdy) (by zigzag equations)
= ymagmd4d3d2 (by case (l))
= dydydsdy (by zigzag equations),

as required.
Case (iii): di,dy € Dom(U, S)\U and d3,d, € U.
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Then, by Theorem 1.1, ds has zigzag equations of type (1.1) in S over
U of length m. Now

didydsdy = dyymasmdsdy (by zigzag equations)
= d1d4d3ymas, (as S satisfies x12223T4T5 = T1X5T4T223)
= dydydzdy (by zigzag equations),

as required.

Case (iv): dy,dy,d3 € Dom(U, S)\U and dy € U.

Then, by Theorem 1.1, d3 has zigzag equations of type (1.1) in S over
U of length m. Now

dydydsdy = didaymasn,ds (by zigzag equations)
= d1dyaomdayy, (as S satisfies x129030425 = T1T5042273)
= dy(dyagm_1tmdayn) (by zigzag equations)
= (d1dsYmdaaom—1)tm
(as S satisfies x1Xox3x4T5 = T1T5T4T2T3)
= dyagm—1dads(Ymtm)
(as S satisfies x1Xox3x4T5 = T1T5T4T2T3)
= d1Ymtm(dsaoy,—1)ds
(as S satisfies 1109030405 = T1T524T223)
= (d1d2d4a2m—1ym)tm
(as S satisfies 1129032425 = T1T524T9T3)
= d1YmQam—1dadsty,
(as S satisfies 1129232425 = T1T524T2T3)
= (d1Ym—102m—2dady)t,, (by zigzag equations)
= d1dadaym—102m—2tm
(as S satisfies 1129230425 = T1T52422T3)
= d1d4doym—1(a2m—stm—1) (by zigzag equations)
= (d1agm—3tm—1Ym—1ds)da
(as S satisfies x1xox324T5 = T1T5T4T2T3)
= d1d4Ym—102m—3tm—1d>

(as S satisfies T129230425 = T1T5242213)

= dydyyrartyds
= didsaptidy (by zigzag equations)
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= dydydsdy (by zigzag equations),

as required.

Case (v): dy,ds, ds,dy € Dom (U, S)\U .

Then, by Theorem 1.1, d4 has zigzag equations of type (1.1) in .S over
U of length m. Now

dydydsdy = didadsant; (by zigzag equations)
= ditia,dads (as S satisfies ©109031405 = T1T5T47273)
= dit1(y1a1)dads (by zigzag equations)
= dydsdat1y1a1 (as S satisfies 1120232405 = T120524T273)
= dydsdatiag (by zigzag equations)
= dyaptidsdy(as S satisfies x1x0x30405 = T105T42273)
= d1dydsds (by zigzag equations),

as required. Thus the proof of the theorem is completed. O

Theorem 2.9. Let U be a left externally commutative sub-semigroup
of a middle left externally commutative semigroup S. Then Dom(U, S)
1s left externally commutative semigroup.

Proof. Let U be a left externally commutative sub-semigroup of a mid-
dle left externally commutative semigroup S. Then we have to show
that Dom(U, S) is also left externally commutative semigroup.

Case (i): If dy,ds, ds,dy € U, then the result holds trivially.

Case (ii): d; € Dom(U, S)\U and ds,ds,ds € U.
Then, by Theorem 1.1, d; has zigzag equations of type (1.1) in S over
U of length m. Now

dydedsdy = yYm(agmdadsdy) (by zigzag equations)
= Ymdsdsas,dy (by case (1))
= Ym(dsdaasy,—1tmds) (by zigzag equations)
= YmAzm—1d2dst,dy
(as S satisfies 1129232425 = T3T2X124T5)
= (Ym—102m—2)dodst,dy (by zigzag equations)
= d3daYm—1a2m—2tmds
(as S satisfies 1129230425 = T3T2X124T5)

= ds3do¥m_102m_3tm_1d4 (by zigzag equations)
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= dzdyyra:1tidy
= dsdsa,tidy (by zigzag equations)
= d3daddy (by zigzag equations),

as required.

Case (iii): di,ds € Dom(U, S)\U and dsz,d, € U.

Then, by Theorem 1.1, ds has zigzag equations of type (1.1) in .S over
U of length m. Now

dydydsdy = dyymasmdsdy (by zigzag equations)
= QomYmdidsdy (as S satisfies x129w30425 = T322212475)
= Gom—1(tmYm)d1dsdy (by zigzag equations)
= dityYm(a2m—1d3)dy
(as S satisfies 1129230425 = T3T2X124T5)
= Ymbm(d1a2m—1d3dy)
(as S satisfies 1129230425 = T3T2X124T5)
= Ymtmds(azm_1d1)dy (by case (ii))
= d3tiYmaam—1d1dy
(as S satisfies T129230425 = T3T2X124T5)
= dstYm—1(aom—2dy)dy (by zigzag equations)
= Ym—1tm(d3a2m—2)d1dy
(as S satisfies 1100230405 = T3T22124T5)
= d302m—2tmYm—1d1d4
(as S satisfies x129T30425 = T3T2X124T5)
= (d3aom—_3tm—1Ym—1d1)ds (by zigzag equations)
= tim—102m—3(d3Ym—1)d1ds
(as S satisfies x1xox3x4T5 = T3ToT1T4Ts5)
= d3Ym—102m—3tm—1d1dy

(as S satisfies 1129230425 = T3T2X124T5)

= dzyra1ti1didy
= dsa,t1didy (by zigzag equations)
= d3dsddy (by zigzag equations),

as required.
Case (iv): dy,ds, d3 € Dom(U,S)\U and d4 € U.
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Then, by Theorem 1.1, d3 has zigzag equations of type (1.1) in S over
U of length m. Now
dydedsdy = didoymasmdy (by zigzag equations)
= Ymdadiagn,dy (as S satisfies x129030425 = T322212475)
= (Ymdz)dyasm_1tmds (by zigzag equations)
= Gom—1(d1Ymdatmdy)
(as S satisfies x1Tox3x4T5 = T3ToT1T4Ts5)
= Gom—_1de(Ymd1 ) tmdy
(as S satisfies 1129032405 = T3T2X1245)
= Ymd1daom—1tmds
(as S satisfies 1129232425 = T3T2X124T5)
= yYm(didrasn,dy) (by zigzag equations)
= Ymamdadidy (by case (iii))
= (Ym2m—1)tmdadidy (by zigzag equations)
= aom—1(Ymdotmdidy)
(as S satisfies 1129032425 = T3T2X1245)
= (dotm)Yma2m—1d1dy
(as S satisfies 1129230425 = T3T2X124T5)
= Aom—1(tmd2)ymdidy
(as S satisfies 1129230425 = T3T2X124T5)
= Ymtmda(a2m—1d1)dy
(as S satisfies 1129230425 = T3T2X124T5)
= dot,pyYma2m — ldidy
(as S satisfies x1Tox3x4Ts = T3ToT1T4Ts5)
= doty(ym — lag,_2)didy (by zigzag equations)
= Ym—102m—2tmdadidy
(as S satisfies 1120230425 = T3T22124T5)

= Ym—102m—3tm—1dadidy (by zigzag equations)

= y1a1t1dadidy
= aot1dodidy (by zigzag equations)
= d3dsddy (by zigzag equations),
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as required.
Case (v): dy,d, ds,dy € Dom(U, S)\U .
Then, by Theorem 1.1, dy has zigzag equations of type (1.1) in S over
U of length m. Now
dydsadsdy = (didadsag)ty (by zigzag equations)

= d3d2d1a0t1 (by Case (IV))

= dsdadydy (by zigzag equations),
as required. Thus the proof of the theorem is completed. O
Theorem 2.10. Let U be a bi-commutative sub-semigroup of a left

dual-cyclic right semi-commutative semigroup S. Then Dom(U,S) is
bi-commutative semigroup.

Proof. Let U be a bi-commutative sub-semigroup of a left dual-cyclic
right semi-commutative semigroup S. Then we have to show that
Dom(U, S) is also bi-commutative semigroup.

Case (i): If dy,dy,d3,ds € U, then the result holds trivially.

Case (ii): d; € Dom(U, S)\U and da,ds,ds € U.
Then, by Theorem 1.1, d; has zigzag equations of type (1.1) in S over
U of length m. Now

didydsdy = Ymasmdadsdy (by zigzag equations)
= do¥Ymomdsds (as S satisfies x12223T4T5 = T3T1T22574)
= dodidyds (by zigzag equations),
as required.
Case (iii): di,ds € Dom(U, S)\U and d3,d, € U.

Then, by Theorem 1.1, ds has zigzag equations of type (1.1) in .S over
U of length m. Now

dydydsdy = dyymasmdsdy (by zigzag equations)
= Qomd1Ymdsds (as S satisfies 1129030405 = T301T22514)
= (@om_1tm)d1ymdsds (by zigzag equations)
= YmA2m—1tmdidzdy
(as S satisfies x1xox324T5 = T3T1ToT5T )
= Ym—1(aom—_oty)didsdy (by zigzag equations)
= d1Ym-102m—2tmdads

(as S satisfies x1Tox3x4Ts = T3T1ToT5T )
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= d1Ym—1(a2m—3tm_1)dsds (by zigzag equations)
= (agm-3tm—1)d1Ym-1d3dy

(as S satisfies 1129232405 = T3T1T2X514)
= Ym—102m—3tm—1d1d4d3

(as S satisfies 1129232425 = T3T1T22514)

= yrart1didyds
= apt1dydyds (by zigzag equations)
= dodydyds (by zigzag equations),
as required.
Case (iv): dy,dy,d3 € Dom(U, S)\U and dy € U.

Then, by Theorem 1.1, d3 has zigzag equations of type (1.1) in .S over
U of length m. Now

didydsdy = didaymas,ds (by zigzag equations)
= Ymdidadyas, (as S satisfies x1T223T4T5 = T3T1T2T5T4)
= (Ymdidadyas, 1)t (by zigzag equations)
= (doYmd1a2m—1d4)tm
(as S satisfies 1129230425 = T3T1T20514)
= d1(daymdsam—1tm)
(as S satisfies 1102230425 = T3T1T22514)
= (didydaymtm)aom—1
(as S satisfies x1Tox3x4Ts = T3T1ToT5T )
= dad1dytmYmAom—1
(as S satisfies 1129232425 = T3T1T2X514)
= dodydat, (Ym—102m—2) (by zigzag equations)
= dydad1Ym—102m—2tm
(as S satisfies x1xox3x4T5 = T3T1ToT5T )
= dydody (Ym—_1a9m—3)tm_1 (by zigzag equations)
= dydydatym—1Ym—102m—3

(as S satisfies 123475 = ZL‘3I1£L’2$51’4)

= dydydat1y10q
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= didydstiag (by zigzag equations)
= d2d1d4a0t1 (as S satisfies T1XX3T4T5 = $3$1$2$5ZE4)
= dydydyds (by zigzag equations),

as required.

Case (v): dy,ds, ds,dy € Dom (U, S)\U .

Then, by Theorem 1.1, d4 has zigzag equations of type (1.1) in .S over
U of length m. Now

dydydsdy = (didadsa,)ty (by zigzag equations)

= dydya,dsty (by Case (iv))
= aodadit1ds (as S satisfies 2120232405 = X321 905T )
= (y1a1)dad t1d3 (by zigzag equations)
= dyi(y1a1)dadsty (as S satisfies ©120x32405 = T30109T5T )
= dodyy1a1t1ds (as S satisfies x1xox3w4Ts = 30109752 4)
= dyd;apt1ds (by zigzag equations)
= dydydyds (by zigzag equations),

as required. Thus the proof of the theorem is completed. O

Acknowledgments

This work is supported by the Research Grant (No. JKST&IC/SRE/J/357-
60) provided by JKSTIC, Govt. of Jammu and Kashmir, India.

REFERENCES

1. S. Abbas, W. Ashraf and A. H. Shah, On dominions and varieties of bands,
Asian Eur. J. Math., 14(8) (2021), Article ID: 2150140.

2. N. Alam, P. M. Higgins and N. M. Khan, Epimorphisms, dominions and H-
commutative semigroups, Semigroup Forum, 100 (2020), 349-363.

3. A. H. Clifford and G. B. Preston, The Algebraic Theory of Semigroups, Mathe-
matical Surveys and Monographs, Vol. 7, No. 1. American Mathematical Society
(1961, 1967)).

4. J. M. Howie, Fundamentals of semigroup theory, Clarendon Press, Oxford, 1995.

5. J. R. Isbell, Epimorphisms and dominions, In: Proceedings of the conference
on Categorical Algebra, La Jolla, (1965), 232-246. Lange and Springer, Berlin
(1966).

6. N. M. Khan, Epimorphically closed permutative varieties, Trans. Amer. Math.
Soc., 287 (1985), 507-528.

7. N. M. Khan, On saturated permutative varieties and consequences of permuta-

tion identities. J. Aust. Math. Soc.(Ser. A), 38(1985), 186-197.

. A. Nagy, Special Classes of Semigroups, Springer, 2001.

oo



172 MAQBOOL AND BHAT

Humaira Magbool
Department of Mathematical Sciences, Islamic University of Science and Technol-

ogy, Kashmir, P.O. Box 192122, Pulwama, India.
Email: hemimagbool@gmail.com

Mohammad Younus Bhat
Department of Mathematical Sciences, Islamic University of Science and Technol-
ogy, Kashmir, P.O. Box 192122, Pulwama, India.
Email: gyounusg@gmail.com



Journal of Algebraic Systems

VARIETIES OF PERMUTATIVE SEMIGROUPS
CLOSED UNDER DOMINIONS

H. MAQBOOL AND M. Y. BHAT
o g el s 220> ¢5L°°5J§ré ¢!
"Ole g demms 5\ saio e
s ol et el x5 e b1 (S gl 0,8

b bl sles Ses US s ilid gl 516 el (S15805 408 5 ool b s el o
S oo Dol Sb o s saza sl oslinal b ol glass S 51 €dlcass (VS 6l



	1. Introduction and Preliminaries
	2. Dominions and some generalized classes of commutative semigroups
	References

