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LUKASIEWICZ FUZZY FILTERS IN HOOPS

M. MOHSENI TAKALLO, M. AALY KOLOGANI, Y. B. JUN
AND R. A. BORZOOETI*

ABSTRACT. By applying the concept of the Lukasiewicz fuzzy set
to the filter in hoops, the f.ukasiewicz fuzzy filter is introduced
and its properties are investigated. The relationship between fuzzy
filter and F.ukasiewicz fuzzy filter is discussed. Conditions for the
FLukasiewicz fuzzy set to be a Lukasiewicz fuzzy filter are provided,
and characterizations of Lukasiewicz fuzzy filter are displayed. The
conditions under which the three subsets, €-set, g-set, and O-set,
will be filter are explored.

1. INTRODUCTION

The hoop is introduced by Bosbach in [10, 11], and it is a naturally
ordered pocrim, i.e., a partially ordered commutative residuated inte-
gral monoid. In the past few years, hoop theory has become enriched
with deep structural arrangements. Filter theory and its fuzzy works
have been studied, including studies of various properties in hoops (see
[1,2,5,4,6,7,89,13, 18,22, 23]). Lukasiewicz logic, which is the logic
of the Lukasiewicz t-norm, is a non-classical and many-valued logic. Us-
ing the idea of Lukasiewicz t-norm, Jun [16] constructed the concept of
Lukasiewicz fuzzy sets based on a given fuzzy set and applied it to BE-
algebras, BCK-algebras and BCl-algebras (see [3, 14, 15, 17, 20, 21]).

In this paper, the concept of the Lukasiewicz fuzzy set is applied
to the filter of hoops. We introduce the notion of tLukasiewicz fuzzy
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filters in hoops, and investigate several properties. We discuss the
relationship between fuzzy filter and htukasiewicz fuzzy filter, and
consider characterizations of Lukasiewicz fuzzy filter. We provide
conditions for the Lukasiewicz fuzzy set to be a hLukasiewicz fuzzy
filter. We explore the conditions under which €-set, ¢g-set, and O-set
of the tukasiewicz fuzzy set can be filters.

2. PRELIMINARIES

Definition 2.1. By a hoop we mean an algebra (H,®,—, 1) in which
(H,®,1) is a commutative monoid and the following assertions are
valid.

(H1) Va € H)(a —» a=1),

(H2) (Va,be H)(a® (a = b) =b® (b — a)),

(H3) (Va,b,ce H)(a — (b—¢) = (a®b) — ¢).

On hoop H, we define a < b if and only if a — b = 1. It is easy to
see that < is a partial order relation on H.

Proposition 2.2 ([10, 11]). Every hoop H satisfies the following
assertions:

Va,be H)(a®b<c & a<b—c). (2.
(Va,be H)(a®b < a,b). (2.
(Va,b € H)(a <b— a). (2.
(Va€e H)Y(a—1=1, 1 5 a=a). (2.
(Va,b,ce H)((a = b)© (b—c¢) <a—c). (2.
(Va,b,ce H)(a <b = a®c<bOc). (2.
(Va,b € H)(a ® (a — b) <b). (2.7

Definition 2.3. By a filter of a hoop H we mean a subset F of H
which satisfies:
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(Va,be H)(a,be FF = a®beF), (2.8)
(Va,be H)(a<b,ace F = beF). (2.9)
Proposition 2.4 ([12]). A subset F' of a hoop H is a filter of H if and
only if it satisfies:
1€ F, (2.10)
(Va,be H)(a,a -be F = beF). (2.11)
A fuzzy set A in a set H of the form

[te1] ifb=a,
A(b)'—{o if b4 a,



LUKASIEWICZ FUZZY FILTERS IN HOOPS 3

is said to be a fuzzy point with support a and value t and is denoted

by (a/t).
For a fuzzy set A in a set H, we say that a fuzzy point (a/t) is

(i) contained in A, denoted by (a/t) € A, (see [19]) if A(a) > t.
(ii) quasi-coincident with A, denoted by (a/t)qA, (see [19]) if
AMa)+t>1.

If (a/t) o A is not established for o € {€, ¢}, it is denoted by (a/t) @ \.

Definition 2.5. A fuzzy set A in a hoop H is called a fuzzy filter of H
(see [7]) if it satisfies:

(Va € H)(A(1) > A a)), (2.12)
(Va,b € H)(A(b) > min{\(a), A\(a — b)}). (2.13)

Definition 2.6 ([16]). Let A be a fuzzy set in a set H and let § € (0,1).
A function

ES : H — [0,1],  — max{0,\(z) +0 — 1}
is called the fukasiewicz fuzzy set of X in H.

Let A be a fuzzy set in a set H. For the Lukasiewicz fuzzy set L3 of
Ain H and ¢ € (0, 1], consider the sets

(L, 0)c == o € H | (o/t) € L3} and (K, 0)y i= {w € H | (w/t) qE},
which are called the €-set and g-set, respectively, of L3 (with value t).
Also, consider a set:

O() == {z € H | E3(z) > 0} (2.14)
which is called the O-set of Li. It is observed that
OR)={zc H|\z)+5—1>0}.

3. LUKASIEWICZ FUZZY FILTERS

In this section, we introduce the notion of Lukasiewicz fuzzy filter of
hoops and investigate some properties of it.

Definition 3.1. Let A be a fuzzy set in H. Then its Lukasiewicz fuzzy
set 1 in H is called a Lukasiewicz fuzzy filter of H if it satisfies:

(Va,y € H)(Vt,, ty, € (0,1]) ( <i/ t{gxe@hy})’/igi/rfgftff\) €Ll ) ’
(3.1)

(Va,y € H)(Vt € (0,1]) (z <y, (x/t) €L = (y/t) €L]). (3.2)
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TABLE 1. Cayley table for the binary operation “®”

© 0 aq (05} 1
0 0 0 0

ap 0 0 aq aq
(05} 0 aq (05} Q9
1 0 aq (05} 1

TABLE 2. Cayley table for the binary operation “®”

— 0 aq as 1
0 1 1 1 1
aq aq 1 1 1
(05} 0 aq 1 1
1 0 aq a9 1

Example 3.2. Let H = {0, a;,a9,1} be a set with binary operations
“®7” and “ — 7 in Table 1 and Table 2, respectively.
Then H is a (bounded) hoop. Define a fuzzy set A in H as follows:

. 059 if z = ay,
N H —[0,1], 2+~ 0.78 if = = as,
0.89 if x = 1

Given 0 := 0.63, the Lukasiewicz fuzzy set L5 of A in H is given as
follows:

0.22 if z =0,
022 if z=a
§ . v
B H =00, 229 04y i =y,
052 if z=1.

It is routine to verify that 1.4 is a Lukasiewicz fuzzy filter of H.

Theorem 3.3. Let A be a fuzzy set in H. Then its Lukasiewicz fuzzy
set £ in H is a Lukasiewicz fuzzy filter of H if and only if the following
conditions are valid.

E5(1) is an upper bound of {£S(x) | z € H}, (3.3)

e e (G ST R )
(3.4)
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Proof. Suppose that L4 is a Lukasiewicz fuzzy filter of H. If £5(1)
is not an upper bound of {¥3(x) | € H}, then £3(1) < E5(2) for
some z € H. Since z < 1 and (z/15(2)) € 13, it follows from (3.2)
that (1/13(2)) € 13, i.e., £4(1) > E3(2). This is a contradiction, and
thus £3(1) is an upper bound of {£S(x) | € H}. Let 2,y € H and
ta,tp € (0,1] be such that (x/t,) € £3 and ((x — y)/t;) € LS. Then

(((x — y) ©x)/min{t,, t,}) € 13
by (3.1). Since (x — y) ©® x < y, it follows from (3.2) that
(y/min{t,, t}) € L(S)\

Assume that .3 satisfies (3.3) and (3.4). Let z,y € H and t € (0,1] be
such that x <y and (x/t) € L. Then

Lz = y) = L3(1) = £} (2) > ¢

by (3.3), that is, ((x — y)/t) € £3. Using (3.4) leads to {y/t) € %3,
which proves (3.2). Let x,y € H and t,, t, € (0, 1] be such that (x/t,) €
£S and (y/t,) € £3. Since

r—= Y-y =rx0y—z0y=1

by (H1) and (H3), we have 15 (z — (y — x0y)) = E4(1) > ES(y) > t,
that is, ((z — (y = 2 ®y))/ty) € LS. Hence

((y = 2 ©y)/minfte, t,}) € L3

by (3.4). Using (3.4) again leads to {(z ® y)/min{t,, t,}) € ¥3, which
shows (3.1). Therefore, 1.3 is a Lukasiewicz fuzzy filter of H. O

Theorem 3.4. Let A be a fuzzy set in H. Then its Lukasiewicz fuzzy
set 13 is a Lukasiewicz fuzzy filter of H if and only if it satisfies:

(Vo € H)(Vt € (0,1]) ((x/t) € £} = (1/t) € £3), (3.5)
(Va,y € H)(£3(y) > min{£3 (), £3(z = )}). (3.6)

Proof. Assume that 1.3 is a Lukasiewicz fuzzy filter of H. Let z € H
and t € (0,1] be such that (z/t) € £3. Using (3.3) leads to £.4(1) >
¥4 (z) > t, and so (1/t) € 15. Note that (z/15(x)) € 13 and

(@ —=y)/L(z —y)) €13
for all z,y € H. It follows from (3.4) that
(y/min{E3(z), LS (x — y)}) € 3,

and hence ¥4 (y) > min{¥3(z), 1 (x — y)} for all z,y € H.
Conversely, suppose that 1§ satisfies (3.5) and (3.6). Since
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(w/EA(z)) € £

for all x € H, we have (1/£5(z)) € ¥5 and so £4(1) > 14 (x) for all
x € H by (3.5). Hence £5(1) is an upper bound of {¥4(x) | z € H}.
Let x,y € H and t,,t, € (0,1] be such that (x/t,) € £ and ((z —
y)/ty) € £, Then ¥ (z) > t, and £ (z — y) > t;, which imply from
(3.6) that

FS(y) > min{t4(z), L4 (x — y)} > min{t,, t}.

Thus (y/min{t,,t,}) € £. Therefore 13 is a Lukasiewicz fuzzy filter
of H by Theorem 3.3. U

Proposition 3.5. Every Lukasiewicz fuzzy filter £5 ofH satisfies:

z<x =y, (x/t,) € (z/t.) € £

(Vx,y,z € H)(Vtq, t. € (0,1]) ( = (y/min{t,, £.}) € L5

(3.7)

v <y =z, (/ts) € 13, (y/t) € 13

(Vx,y,z € H)(Vta, tp € (0,1)) ( = (z/min{t,, t,}) € L5

(3.8)

e e o) (NS T < ).
(3.9)

oeasemmeon (LSRN 0 2 <)
(3.10)

Proof. Let z,y,z € H and t,,t. € (0,1] be such that z < z — y,
(z/t,) € 15 and (2/t.) € £3. Then z — (x — y) = 1, £5(z) > ¢, and
¥4(2) > t.. Hence
ES(y) > min{E5(2), B (2 — v)}

> min{E (z), min{kS(z = (z — v)),E5(2)}}

= min{L] (v), min{E3 (1), £3(2)}}

= min{LS (v), £3(2)}

> min{t,, t.},
and so (y/min{t,,t.}) € £5. Therefore (3.7) is valid. Let z,y,2 € H
and 4,1, € (0,1] be such that z <y — z, (x/t,) € £3, and (y/t;) € £53.

Then x ® y < z by (2.1) and {(z ® y)/min{t,, t,}) € £5 by (3.1), and
hence (z/min{t,,t,}) € £3 by (3.2). This proves (3.8). Let x,y,2 € H
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and t,,t, € (0,1] be such that ((x — y)/t,) € £ and ((y — 2)/t) €
FS. Then

(x = y) © (y — 2))/min{ty, t,}) € E]
by (3.1). Since (x = y) © (y — 2) < x — z, it follows from (3.2) that

((x = z)/min{t,, t,}) € LS.
Hence (3.9) is valid. Let z,y,z € H and t,,t. € (0,1] be such that
((x — y)/ta) € LS and {(z ® 2)/t.) € LS. Using (3.1) leads to
(zOz® (xr —y))/min{t,, t.}) € £3.

Since x ® (x = y) <y,wehave 202 O (r - y) <20y =y©® z by
(2.6) and the commutativity of ®. Hence

((y © 2)/min{t,, t.}) € L3
by (3.2), and so (3.10) is valid. O

Theorem 3.6. If \ is a fuzzy filter of H, then its Lukasiewicz fuzzy
set £3 in H is a Lukasiewicz fuzzy filter of H.

Proof. Let L5 be a Lukasiewicz fuzzy set of a fuzzy filter X in H. Then
ES(1) = max{0, \(1) + 6 — 1} > max{0, A(z) + 0 — 1} = E(z)

for all z € H. Hence £5(1) is an upper bound of {¥5(z) | x € H}. Let
z,y € H and t,,t, € (0, 1] be such that (z/t,) € £ and ((x — y)/t,) €
¥3. Then ¥4 (z) > t, and L4 (x — y) > t;, which imply that
B (y) = max {0,\(y) + 0 — 1}

> max {0, min{\(z), A\(z = y)} +0 — 1}

= max {0, min{\(z) +§ — 1, \(z = y) + 0 — 1}}

= min { max{0, A\(z) + § — 1}, max{0,A\(z = y) + 0 — 1} }

= min {£(z),E3(z = y)}

> min {ta,tb}.

Hence (y/min{t,, t,}) € 13, and therefore 13 is a Lukasiewicz fuzzy
filter of H by Theorem 3.3. U

From the perspective of Theorem 3.6, the Lukasiewicz fuzzy filter
can be said to be a generalization of fuzzy filters.

The converse of Theorem 3.6 may not be true as seen in the example
below.
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TABLE 3. Cayley table for the binary operation “®”

® 0 a1 ay a3 a4 1
0 0 0 0 0 0 0
ap 0 aq ay 0 ay aq
(05} 0 Qy as as 0 Q9
as 0 0 as as 0 as
as 0 ay 0 0 0 Qa
1 0 ay [25) as Qy 1

TABLE 4. Cayley table for the binary operation “—”

— 0 ai a9 as Qa4 1
0 1 1 1 1 1 1
aq as 1 a9 as a9 1
a9 ay aq 1 a9 aq 1
as a; ap 1 1 a; 1
ay ag 1 1 asg 1 1
1 0 ap, ay a3 ag 1

Example 3.7. Let H = {0,a1,a9,a3,a4,1} be a set with binary
operations “ ® 7 and “ — 7 in Table 3 and Table 4, respectively.

Then (H,®,—,1) is a hoop (see [0]).

follows:

A H —[0,1], x> <

Given 0 := 0.54, the Lukasiewicz fuzzy set LS

follows:

b H —[0,1], 2 —

0.53
0.47
0.00

Define a fuzzy set \ in H as

(0.38 if x =0,
0.42 if x = a4,
0.93 if z = aq,
0.93 if z = as,
0.37 if z = ay,

L 0.9 if x = 1.

of A in H is given as

if x=1,
if © € {as,as},
if z € {0,a1,a4}.

It is routine to check that £ is a Lukasiewicz fuzzy filter of H. But A
is not a fuzzy filter of H since

Aayg) = 0.37 # 0.42 = min{A(a;), A(a1 — a4)}.



LUKASIEWICZ FUZZY FILTERS IN HOOPS 9

Theorem 3.8. If a Lukasiewicz fuzzy set £ in H satisfies (3.3) and
(3.8), then £3 is a Lukasiewicz fuzzy filter of H.

Proof. Let x,y € H and t,,t, € (0,1] be such that (z/t,) € £3 and
((x — y)/ty) € 3. Since v — y < x — y, we have (y/min{t,, t,}) € £
by (3.8). Hence L‘;\ is a tukasiewicz fuzzy filter of H by Theorem
3.3. O

Theorem 3.9. If a Lukasiewicz fuzzy set £S5 in H satisfies (3.3) and
(3.9), then £5 is a Lukasiewicz fuzzy filter of H.

Proof. Let y,z € H and t,t. € (0,1] be such that (y/t,) € £ and
((y — 2)/t.) € £3. Since ((1 — y)/ty) = (y/ty) € L3, it follows from
(2.4) and (3.9) that

(z/min{ty, t.}) = (1 = 2)/min{t,,t.}) € £S.

Hence 13 is a Lukasiewicz fuzzy filter of H by Theorem 3.3. U

Theorem 3.10. If a Lukasiewicz fuzzy set £3 in H satisfies (3.3) and
(3.10), then £3 is a fukasiewicz fuzzy filter of H.

Proof. Let y,z € H and t,,t. € (0,1] be such that (y/t,) € ¥ and
(z/t.) € £5. Then ((1 = y)/ty) = (y/ty) € L5 and
(Lo2)/te) = (z/t:) € LS.
It follows from (3.10) that ((y ® 2)/min{ty,t.}) € LS. Let z,y € H
and t € (0,1] be such that z < y and (x/t) € £5. The condition (3.3)
induces
E(z = y) =£3(1) = £3(2) > ¢,

that is, ((x — y)/t) € £4. Since ((x ©® 1)/t) = (z/t) € L4, we have
(y/t) = ((y®1)/t) € 3 by (3.10). Therefore L3 is a Lukasiewicz fuzzy
filter of H. O

Theorem 3.11. Let £3 be a Lukasiewicz fuzzy set in H satisfying the
condition (3.3). If it satisfies:

= € It € (0:050 ( = <yz/7ni’{fef,/ ;ﬁifg e ) ,
(3.11)

or

(V.. 2 € H)(¥ta, 1y € (0.5,1)) ( s ii{if/f:}>>qeﬁiéi<y/tb> 0 ) |
(3.12)

then S is a Lukasiewicz fuzzy filter of H.
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Proof. Let 13 be a Lukasiewicz fuzzy set in H satisfying the condition
(3.3). Assume that £ satisfies the condition (3.11). Let z,y € H and
ta, ty € (0,0.5] C (0, 1] be such that (z/t,) € 13 and ((z — y)/ty) € 3.
Since z — y < & — y, we have (y/min{t,,t,}) ¢t by (3.11). Since
min{t,, t,} < 0.5, it follows that

E3(y) > 1 — min{t,, t,} > min{t,, t,},

i.e., (y/min{t,, t,}) € LS. Therefore, 1 is a Lukasiewicz fuzzy filter of
H by Theorem 3.3. Suppose that ¥.3 satisfies the condition (3.12), and
let z,y € H and t,,t, € (0.5,1] C (0,1] be such that (z/t,) € L and
((x — y)/ty) € LS. Then

(z) >ty >1—t,and L (x — y) >t > 1 — 1

since t, > 0.5 and t;, > 0.5. Thus (z/t,) ¢k and ((z — y)/ty) ¢ 3.
Since z — y < x — y, we have (y/min{t,,t,}) € £3 by (3.12). There-
fore, 1.4 is a Lukasiewicz fuzzy filter of H by Theorem 3.3. O

Theorem 3.12. Let £3 be a Lukasiewicz fuzzy set in H satisfying the
condition (3.3). If it satisfies:

e cmnncas (£S04

(3.13)

or

(Va,y,z € H)(Vtq, by € (0.5,1]) ( <(:f &%Z;;é%éi%@;??% 2 > )
(3.14)
then £3 is a Lukasiewicz fuzzy filter of H.
Proof. Assume that 13 satisfies (3.13). Let y,2 € H and
ty, te € (0,0.5) C (0, 1]
be such that (y/t;) € £ and ((y — 2)/t.) € £. Then
(1= y)/ty) = (y/ts) € L3,

which implies from (2.4) and (3.13) that

(z/min{ty, t.}) = (1 = 2)/min{ty, t.}) ¢ £3.
Hence

¥3(2) > 1 — min{ty, t.} > min{ty, t.}
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since min{t, t.} < 0.5. Thus (z/min{ty,t.}) € £, and therefore 1.5 is
a Lukasiewicz fuzzy filter of H. Now, suppose that 13 satisfies (3.14).
Let y,z € H and t,t. € (0.5,1] C (0, 1] be such that {y/t;) € L5 and
((y = 2)/t.) € ¥3. Since t, > 0.5 and ¢, > 0.5, it follows that

B(l—y) =Ly =t>1-1

and EQ(y — 2) > t. > 1 —t., ie, (1 — y)/ty)qLS and ((y —
2)/t.) q1S. Hence

(z/min{ty, t.}) = ((1 — z)/min{t,,t.}) € L3

by (2.4) and (3.14). Consequently, ¥.5 is a Lukasiewicz fuzzy filter of
H. 0

Theorem 3.13. Let £3 be a Lukasiewicz fuzzy set in H satisfying the
condition (3.3). If it satisfies:

(¥2,y, 2 € H)(Va . € (0,05]) ( e Zyy%/g}riiﬁ;afif}?q%@ € )
(3.15)

or

(V2,y, 2 € H)(Vta,t. € (0.5,1]) ( o ny%/i)% ﬁ{?tifﬂtfcize)/ita a1 ) |
(3.16]

then £3 is a Lukasiewicz fuzzy filter of H.

Proof. If 15 satisfies (3.15), let t;,t. € (0,0.5] C (0,1] and y, 2 € H be
such that (y/t;) € L3 and (2/t.) € £3. Then (1 — y)/t,) = (y/t) €
ES and (1 ® 2)/t.) = (z/t.) € £5. Hence ((y ® z)/min{ty,t.}) qE3 by
(3.15). Since min{t,, t.} < 0.5, it follows that

(y ®2) > 1 — min{ty, t.} > min{t, t.},
that is, ((y ® 2)/min{ty, t.}) € LS. Let v,y € H and
t € (0,0.5] C (0,1]
be such that z <y and (x/t) € £4. The condition (3.3) induces
Bz —y) =1(1) = L3(2) > ¢,

that is, ((z — y)/t) € LS. Since ((x ® 1)/t) = (z/t) € L3, we have
(y/t) = ((y © 1)/t)qkS by (3.15), and so ¥{(y) > 1 —t > t since
t < 0.5. Thus (y/t) € £4. Therefore £ is a Lukasiewicz fuzzy filter
of H. Now, assume that ¥. satisfies (3.16). Let t,t. € (0.5,1] C (0, 1]
and y, 2z € H be such that (y/t,) € £ and (z/t.) € £. Then

(1= y)/ty) = (y/ty) € E3
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and ((102)/t.) = (z/t.) € 13, which imply that £5(1 — y) > t, > 1—t,,
and £4(102) > t. > 1—t.since ty, t. € (0.5, 1], that is, (1 — y)/t,) ¢ 13
and ((1® 2)/t.) q13. Using (3.16) leads to {(y ® 2)/min{ty, t.}) € 3.
Let z,y € H and t € (0.5,1] C (0, 1] be such that x < y and (x/t) € ¥3.
The condition (3.3) induces

¥(z —y) =15(1) > y>t>1-—t,
1

LS (@
that is, ((x — y)/t)qL]. Since L3(x ® 1) = ¥(x) >t > 1 — ¢, we
get ((x © 1)/t) ¢L3. Hence (y/t) = ((y © 1)/t) € L by (3.16), and
therefore L5 is a Lukasiewicz fuzzy filter of H. O

We explore the conditions under which €-set, g-set, and O-set of the
Lukasiewicz fuzzy set can be filters.

Theorem 3.14. Let £ be a Lukasiewicz fuzzy set in H. Then the
nonempty €-set (£3,t)e of £3 is a filter of H for all t € (0.5,1] if and
only if LS satisfies:
(Vz,y € H) (min{£3(2), £3(y)} < max{£3(z ©y),0.5}),  (3.17)
(Vz,ye H) (z <y = £(z) < max{£}(y),0.5}). (3.18)

Proof. Assume that the nonempty €-set (£.4,t)c of 13 is a filter of H
for all t € (0.5,1]. If there exist a,b € H such that

min{t5 (a), 13 (b)} > max{t3(a ® b),0.5},
then 5 (a), 13 (b) € (0.5,1] and
FS(a ® b) < min{t3(a),E5(b)}.
Since (a/t5(a)) € £ and (b/E3(b)) € L3, we get a,b € (£4,t)c and so
a®be (L3, t)e where t := min{L;(a),£5(b)}. Hence
LS (a ®b) > t = min{L5(a), £3(b)},

a contradiction. Thus min{E3(x), 5 (y)} < max{Li(z ® y),0.5} for
all z,y € H. If (3.18) is not valid, then there exist a,b € H such
that a < b and £4(a) > max{¥3(b),0.5}. Then ¥4(a) € (0.5,1] and
FS(b) < t3(a). Since (a/t3(a)) € 13, ie., a € (£3,15(a))e, we get
b e (£5,15(a))e. Thus E(b) > E5(a), a contradlction. Therefore L5
satisfies the condition (3.18).

Conversely, suppose that .4 satisfies two conditions (3.17) and (3.18).
If 2,y € (£4,t)e for t € (0.5, 1], then

max{¥3(z ®y),0.5} > min{ks(z), L (y)} >t > 0.5



LUKASIEWICZ FUZZY FILTERS IN HOOPS 13

and thus £ (x ©®y) > t, ie, 2 ©y € (£3,t)c. Now, let z,y € H be
such that z < y and x € (£§,t)c for t € (0.5,1]. Using (3.18) leads
to max{¥3(y),0.5} > £3(x) >t > 0.5, and so ¥5(y) > ¢, that is, y €
(£3,t)e. Consequently, (£.3,t)c is a filter of H for all t € (0.5,1]. O

Theorem 3.15. Let £ be a Lukasiewicz fuzzy set in H. Then the
nonempty €-set (£5,t)c of £3 is a filter of H for all t € (0.5,1] if and
only if £3 satisfies:

(Vo € H) (£(z) < max{£3(1),0.5}), (3.19)
(Vz,y € H) (min{f/‘f\(:v), ES(z — o)} < max{Z£3(y), 0.5}).  (3.20)

Proof. Assume that the nonempty €-set (£.3,t)c of 13 is a filter of H
for all ¢ € (0.5,1]. If £5(a) > max{t3(1),0.5} for some a € H, then
¥4(a) € (0.5,1] and 1 ¢ (£3,%5(a))e. This is a contradiction, and so
FS(z) < max{t5(1),0.5} for all x € H. If

min{L;(a), kS (a — b)} > max{E3(b),0.5}
for some a,b € H, then t, :=£3(a) € (0.5,1],
ty := ¥ (a — b) € (0.5,1],

and a,a — b € (13,t)e where t = min{t5(a),15(a — b)}. Hence
b e (13,t)e, and so 15 (b) > t which is a contradiction. Thus

min{L3(z), LS (z — y)} < max{¥3(y),0.5}

for all z,y € H.
Conversely, let ¢t € (0.5,1] and suppose that L3 satisfies two condi-
tions (3.19) and (3.20). For every x € (£5,t)c, we have

max{¥3(1),0.5} > ¥{(z) >t > 0.5

and thus ¥3(1) > ¢, ie., 1 € (E§,t)e. Let 2,y € H be such that
z € (1,t)e and 2 — y € (13, t)c. Using (3.20) leads to

max{¥3(y),0.5} > min{t3(z), L5 (x — y)} >t > 0.5

and so ¥4 (y) > t, ie., y € (£4,t)e. Therefore, (¥5,t)c is a filter of H
for all ¢ € (0.5,1] by Proposition 2.4. O

Theorem 3.16. If a fukasiewicz fuzzy set £3 in H satisfies:
(Vo € H)(Vt € (0.5,1]) ((z/ty ¢ £} = (1/t) € £3), (3.21)

covemewsn ()
(3.22)



14 MOHSENI TAKALLO, AALY KOLOGANI, JUN AND BORZOOEI

then the nonempty €-set (£3,t)e, where t := min{t,, t,}, of £3 is a
filter of H for all t,,t, € (0.5,1].

Proof. Let t,,t, € (0.5,1] and ¢t := min{t,,t}, and suppose that
(£3,t)c is nonempty. Then there exists x € (¥4, )¢, and so

Fi(z) >t >1—t,

that is, (x/t) ¢¥4. Thus (1/t) € 3 by (3.21) which shows 1 € (£3,)c.
Let z,y € H be such that x € (£5,t)c and * — y € (£3,t)e. Since
t :=min{t,,} > 0.5, it follows that £.(x) >t > 1 —t and

-y >t>1-—t,

that is, (z/t)qLS and ((x — y)/t)qLS. Using (3.22) leads to
(y/t) € £. Hence y € (13,t)e, and therefore (E3,t)c is a filter of
H where t := min{t,, t,} by Proposition 2.4. O

Corollary 3.17. If a fukasiewicz fuzzy set £3 in H satisfies:
(Vz € H)(Vt € (0.5,1]) ((z/t) g £, = (1/t) € £3), (3.23)

oy i e 0310 (LG OIER ).
(3.24)

then the nonempty €-set (£35,t)c, where t := max{t,, t,}, of £3 is a
filter of H for all t,,t, € (0.5,1].

Theorem 3.18. If £3 is a Lukasiewicz fuzzy filter of H, then its q-set
(£3,1), is a filter of H for allt € (0,1].

Proof. Let ¥3 be a Lukasiewicz fuzzy filter of H and let t € (0,1]. If
1 ¢ (E3,1),, then (1/t) LS, ie., £ (1)+¢ < 1. Since (z/E5(z)) € £ for
allx € H, we get (1/13(x)) € 13 for all z € H by (3.5). Hence £4(1) >
ES(x) for x € (13,1),, and so 1§ (x) < E4(1) < 1 —¢. This shows that
(x/t)qts, that is, x ¢ (£3,t),, a contradiction. Thus 1 € (£3,t),. Let
z,y € Hbesuchthat z € (£4,¢), and r — y € (£3,t),. Then (z/t) ¢
and ((x — y)/t) ¢35, that is, £4(z) > 1 —t and E{(x — y) > 1 —¢. Tt
follows from (3.6) that

E3(y) > min{E(2), E§(x — )} > 1 1.

Hence (y/t) q13, and so y € (¥4,t),. Therefore (¥.3,t), is a filter of H
by Proposition 2.4. O

Corollary 3.19. If X is a fuzzy filter of H, then the g-set (£3,t), of
£3 is a filter of H for all t € (0,1].
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Proposition 3.20. If the g-set of a Lukasiewicz fuzzy set £3 in H is
a filter of H, then the arguments below are valid.

(Vt € (0,0.5])(1 € (£3,t)e), (3.25)

e e 0.03) (LR PER ™ ).
(3.26)

(Va,y € H)(Vt € (0,0.5]) (z <y, (x/t) ¢ £ = (y/t) € £3). (3.27)

Proof. Assume that the g-set (13, ), of 1.4 is a filter of H. If 1 ¢ (15, 1)c
for some t € (0,0.5], then (1/t) €LS. Hence L(1) < ¢t < 1 — ¢ since
t € (0,0.5], and so (1/t) ks, i.e., 1 ¢ (L3,t),. This is a conradiction,
and thus 1 € (£3,t)c. Let 2,y € H and t,,t, € (0,0.5] be such that
(z/ta) q1S and ((x — y)/t) ¢ £5. Then
v € (B3, ta)g C (B3, max{ta, ts}),

and

(x = y) € (£, tb)g C (B3, max{ta, t})q,
from which y € (L, max{t,,t}), is derived. Hence

ES(y) > 1 — max{t,, t,} > max{t,, t,},
ie., (y/max{t,, t,}) € L. Hence y € (L3, max{t,,ty})e. Let 2,y € H

and t € (0,0.5] be such that x < y and (x/t) qtS. Then z € (£3,t),
and z — y =1 € (¥3,t),, which imply that y € (£3,t),. Hence

B(y) >1—t>t,

and so (y/t) € 1. O
Theorem 3.21. If a fukasiewicz fuzzy set £3 in H satisfies:
(Vz € H)(Vt € (0,0.5]) ((x/t) € £, = (1/t)q L)), (3.28)

ey < Mt < 0.03) (2SI SO €A ),
(3.29)

then the nonempty q-set (£3,t),, where t :== min{t,, t,}, of £3 is a filter
of H for all t,,t, € (0,0.5].

Proof. Let (£3,t), be the nonempty g-set of £.§ where ¢ := min{t,,t,}
and t,,t, € (0,0.5]. Then there exists z € (£3,t),, and thus L3 (z) >
1 —t >t, that is, (x/t) € £3. Hence (1/t) ¢¥3 by (3.28), that is, 1 €
(ES, ), Let z,y € H be such that z € (£5,t), and z — y € (£3,1),.
Then (z/t) € 15 and ((z — y)/t) € £3. Thus (y/t) 13 by (3.29), and
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so BS(y) > 1 —t >t, that is, y € (£3,t),. Consequently, (¥£3,t), is a

filter of H. OJ
Theorem 3.22. If a fukasiewicz fuzzy set £3 in H satisfies:
(z/ta) € 3, (y/ts) € L3
(Vz,y € H)(Vtq, t, € (0,0.5]) ( = Uz © ) /minfte, ) g £
(3.30)

(Vz,y € H)(Vt € (0,0.5]) (z <y, (x/t) € L] = (y/t)qL3), (3.31)

then the nonempty q-set (£3,t),, where t :== min{t,, t,}, of £3 is a filter
of H for all t,,t, € (0,0.5].

Proof. Let xz,y € (¥5,t), where t := min{t,,t,} and t,,t, € (0,0.5].
Then ¥4 (z) > 1 —t >t and E§(y) > 1 —t > ¢, ie., (z/t) € k4 and
(y/t) € 1S. Hence ((x ®y)/t) L3 by (3.30), and thus x ©® y € (13, 1),
Let x,y € H be such that + < y and = € (£3,t),. Then L(z) >
1—t >t and so {x/t) € £3. Tt follows from (3.31) that (y/t) ¢L3, i.e.,
y € (£3,t),. Therefore, (£3,1), is a filter of H. O

Theorem 3.23. If a Lukasiewicz fuzzy set £3 in H satisfies:

(Vt € (0.5,1])(1 € (£, 1)c), (3.32)
(Va,y € H)(Vt € (0.5,1]) ((z/t) ¢ £, ((x = 9)/t)q LS = (y/t) (63%))

then the q-set (£5,t), of £ is a filter of H for all t € (0.5,1].

Proof. The condition (3.32) induces £.4(1)+¢ > 2t > 1 and so (1/t) ¢ £3.
Hence 1 € (£3,t),. Let z € (E5,t), and z — y € (¥,t), for every
z,y € H. Then (x/t) ¢t and {(z — y)/t) qL5. Using (3.33) leads to
(y/t) € 13, and so ¥4 (y) >t > 1 —t. Hence y € (£3,1),, and therefore,
(¥3,1), is a filter of H by Proposition 2.4. O

Theorem 3.24. If X is a fuzzy filter of H, then the non-empty O-set
O(£3) of £3 is a filter of H.

Proof. If X is a fuzzy filter of H, then L3 is a Lukasiewicz fuzzy filter
of H (see Theorem 3.6). It is clear that 1 € O(L3). Let z,y € H
be such that € O(E3) and # — y € O(X3). Then E3(x) > 0 and
ES(x — y) > 0. Since (z/E3(7)) € £ and ((z — y)/E(x — y)) € 13,
we have

(y/min {£3(2), 3 (z — y)}) € £3
by Theorem 3.3. It follows that

B (y) > min {£3(2), L3 (z — y)} > 0.
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Hence y € O(L3), and therefore O(E3) is a filter of H by Proposition
2.4. 0

Theorem 3.25. If a Lukasiewicz fuzzy set £3 in H satisfies (3.5) and

ey e M(etaty 0.1) (1500 (0 B €5 )
(3.34)

then the nonempty O-set O(£3) of £3 is a filter of H.

Proof. Let z € O(E3). Then t := £3(x) > 0 and so (z/t) € £ for t > 0.
Hence (1/t) € ¥4 by (3.5), and so £5(1) > ¢ > 0. Thus 1 € O(13). Let
z € OL3) and x — y € O(L) for every x,y € H. Then A\(z) +6 > 1
and A\(z — y) +§ > 1. Since (v/L5(x)) € L5 and

(= y)/L(x = y)) € 1,
it follows from (3.34) that

(y/max{L}(z), L3 (z — y)}) ¢ L3
If y ¢ O(X3), then £5(y) = 0, and so
E3(y) + max {E4(2), (¢ — 9)} = max {E3(2), E4(& — )}
= max { max{0, \(z) +§ — 1},
max{0,A\(z = y) + 8§ — 1}}
=max {\(z)+d—1, Az —y)+0d—1}
=max {A(z), N(z > y)} +6 -1

<1461
<1
Hence (y/max{¥3(z), £5(z — y)}) L3, a contradiction. Thus y €
O(13), and therefore OL(3) is a filter of H by Proposition 2.4. O
Theorem 3.26. If a fukasiewicz fuzzy set £3 in H satisfies
(z/ta) € A, (y/ts) € A
H 1
(Vx,y S )(Vtmtb € (Oa ]) < - <($ O y)/max{ta,tb}> qﬁi
(3.35)

(Vz,y € H)(vt € (0,1]) (z <y, (z/t) e X = (y/t)q£}), (3.36)
then the nonempty O-set O(£3) of £3 is a filter of H.
Proof. Let z,y € O(E3). Then A(x) > 1 —§ and A(y) > 1 — 4, that is,
(/(1 —0)) € Xand (y/(1 —§)) € \. Thus ((z ®y)/(1 —6))qk] by

(3.35), and so L3 (z ®y) + 1 —§ > 1. Hence L5 (z ® y) > § > 0, that
is, v @y € OX]). Let z,y € H be such that x < y and z € O(LY).
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Then \(zx) > 1 -4, ie., (x/(1 —§)) € \. It follows from (3.36) that
(y/(1—=96))qks. Thus £3(y) + 1 —6 > 1, and so ¥3(y) > & > 0 which

shows y € O(L3). Consequently, O(L3) is a filter of H. O
Theorem 3.27. If a Fukasiewicz fuzzy set £3 in H satisfies
(V€ H)(Vt € (0,1]) ((z/t) e X = (1/t)q L), (3.37)

o Mt e o) ER X (i ed
(3.38)

then the nonempty O-set O(£3) of £3 is a filter of H.

Proof. Let x € O(L3). Then A(z) > 1 -4, i.e., (x/(1 —§)) € X which
implies from (3.37) that (1/(1—0)) qtS. Hence ¥£4(1)+1—6 > 1, and
so B5(1) >0 > 0. So1 € Ok3). Let z € O(X3) and # — y € O(L3)
for every z,y € H. Then A(z) > 1 -6, ie., (z/(1 —9)) € A, and
Mz —y)>1-=96,ie, ((z = y)/(1=0)) € X\ It follows from (3.38)
that (y/(1 —8))qts. Thus E{(y) +1—6 > 1, and so L5 (y) > 6 > 0.
This shows y € O(L3). Therefore, O(E3) is a filter of H by Proposition
2.4. 0J

Theorem 3.28. If a fukasiewicz fuzzy set £3 in H satisfies:
(Vo € H)((x/8) g\ = (1/6) € £3), (3.39)
(va,y € H) (£/0)a ) (= 1)/Sar = (/o) € 1),  (3.40)
then the nonempty O-set O(£3) of £3 is a filter of H.

Proof. Let z € O(LS). Then A\(z)+d > 1, i.e., (x/5) g\, and so (1/5) €
ES by (3.39). Thus E4(1) > § > 0, that is, 1 € O(L3). Let z,y € H
be such that z € O(13) and z — y € O(L). Then A(z) +§ > 1 and
Mz — y)+9 > 1, that is, (x/0) ¢ X and ((z — y)/J) ¢ A. It follows from
(3.40) that (y/d) € 1. Thus ¥4(y) > § > 0, and hence y € O(L3). So
O(13) is a filter of H by Proposition 2.4. O

Theorem 3.29. If a fukasiewicz fuzzy set £3 in H satisfies:

(Va,y € H)(Vta, 1y € [0, 1]) ({@/ta) g X, (y/ts) g X = ((z ©9)/9) E(Li)s
3.41

(Va,y € H)(Vt € [6,1]) (z <y, (z/t) g\ = y € (L‘f\,5)e) : (3.42)
then the nonempty O-set O(£3) of § is a filter of H.

Proof. Let t,,t, € [6,1] and z,y € O(LS) for every z,y € H. Then
Az) +t, > Mx)+0 > 1 and Ay) +t, > AMz) +0 > 1, that is,
(x/ta) g\ and (y/ty) g \. Applying (3.41) leads to {(z ® y)/d) € E3.
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Thus ¥{(x ®y) > 6 > 0, and so z ®y € O(LS). Let t € [5,1] and
z,y € H be such that z <y and z € O(L3). Then

AMz)+t> MNz)+0>1

and thus (x/t) g \. Using (3.42) leads toy € (£3,9)c. SoE5(y) >0 > 0,
ie., y € OL]). Consequently, O(L3) is a filter of H. O

Corollary 3.30. If a fukasiewicz fuzzy set £3 in H satisfies:

(Vz,y € H) ((z/6) g X, (y/d) qX = ((woy)/d) € 1),  (343)
(Vz,y e H) (z <y, (z/0) g\ = y€ (L§,5)E) : (3.44)

then the nonempty O-set O(£3) of £3 is a filter of H.

Conclusion

In this paper, by using the concept of the Lukasiewicz fuzzy set to
the filter in hoops, the Yukasiewicz fuzzy filter is introduced, and its
properties are investigated. The relationship between fuzzy filter and
bLukasiewicz fuzzy filter is discussed. Conditions for the Y.ukasiewicz
fuzzy set to be a tLukasiewicz fuzzy filter are provided, and charac-
terizations of Lukasiewicz fuzzy filter are displayed. The conditions
under which the three subsets, €-set, g-set, and O-set, will be filter are
explored.
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