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ON (m,n)-ARY P-H,-MODULES AND THEIR ISOMORPHISM
THEOREMS

M. Al-Tahan and B. Davvaz*

ABSTRACT. After introducing the definition of hypergroups by Marty, the study
of hyperstructures and its generalization to (m,n)-ary hyperstructures has been of
great importance. In this paper, we construct (m,n)-ary H,-modules over (m,n)-
ary H,-rings by using P-hyperoperations. We study their properties and prove their
isomorphism theorems.

1. INTRODUCTION

Hyperstructure theory was introduced for the first time in 1934 at the eighth
Congress of Scandinavian Mathematicians, by Marty [22], as an extension of
algebraic structures. Marty generalized the notion of groups by defining
hypergroups. The class of algebraic hyperstructures is larger than that of
algebraic structures where the operation on two elements in the latter is
again an element whereas the hyperoperation of two elements in the first
class is a non-void set. Since then, several articles and books were published

on hyperstructure theory and its applications [, 4, 8]. A special type of
hyperoperations, known as P-hyperoperation was defined by Vougiouklis [32,
, 30] and studied by several authors [27, 8, 25, 26, 34]. In 1991, Vougioklis

[33] in the Fourth AHA Congress generalized hyperstuctures by introducing
a larger class known as H,-structures. A lot of work on some H,-structures
like H,-groups, H,-rings, H,-modules, etc. was published [3, 2, 10, 15, 28].
On the other hand, the notion of n-group is another generalization of group.
It seems that the first idea of investigations of n-ary algebras goes back to
Kasner’s lecture at the 53rd annual meeting of the American Association of
the Advancement of Science in 1904. But the first article concerning the
theory of n-groups was written (under inspiration of Emmy Noether) by
Dornte [13] in 1928. In [11], Davvaz and Vougiouklis introduced the concept
of n-hypergroups as a generalization of both hypergroups in Marty’s sense
and n-groups. Then this concept was studied by many authors, see, for
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example Ghadiri and Waphare [16], Leoreanu-Fotea and Davvaz [21, 19, 20],
Davvaz et al. [0, 7, 9], Mirvakili and Davvaz [23].

New generalizations for algebraic structures were defined where the no-
tion of n-ary algebraic structure was extended to the notion of n-ary H,-
structures. A link between P-hyperoperations and (m,n)-ary H,-modules
was established in [12], where Davvaz and Vougiouklis defined three kinds of
external n-ary P-hyperoperations, and they used them to construct several
(m,n)-ary H,-modules. On the other hand, Al-Tahan and Davvaz [27] de-
fined a new P-H,-module over P-H, -rings and studied several properties of it
starting from the isomorphism theorem to the fundamental relation. In [12],
Davvaz and Vougioklis defined (m,n)-ary P-H,-modules over (m,n)-ary P-
rings. In our paper, we generalize the definition in [12] by constructing a new
(m,n)-ary P-H,-module over (m,n)-ary P-H,-ring, and study its properties.
The remaining part is organized as follows: In Section 2, we present some
definitions and results related to hyperstructures, (m,n)-ary hyperstructures
and to P-hyperstructures. In Section 3, we construct (m,n)-ary H,-modules
over (m,n)-ary H,-rings using P-hyperoperations, study their properties and
present some examples. Finally, in Section 4, we prove the isomorphism
theorems for (m,n)-ary P-H,-modules.

2. PRELIMINARIES

In this section, we gather all definitions we require for hyperstructures.

We shall use the notation z to denote the sequence z;, z;+1, . .., x;. Also, the
i
sequence @, ..., a will be denoted by aV. Let H be a non-empty set and let

P*(H) be the family of all non-empty subsets of H. In general, for a positive
integer n an n-hyperoperation on H is a mapping f : H" — P*(H) where H"
denotes the set of n-tuples over H. If for all (z1,...,z,) € H", the set f(x7)
is a singleton, then f is called an n-operation.

If Ay,..., A, are non-empty subsets of H, then we denote

F(AL . A = U (e, ) | 2 € A1 < i <nb.

An n-hyperoperation f on H is called associative if

F@ih fat=h, ety = faf ™ f@ 7, a2
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for all 1 < 4,5 < nand 27""' € H. We use the notation f(k)(a:]f(”_l)ﬂ) to

denote f(f(...f(f(x{‘),a:iﬁ_ll),...),x?,iﬁ)lg;r_ll)w), where & > 1 and

Q?lf(n_D—H c Hk

H,-structures were introduced by T. Vougiouklis [32, 33] as a generaliza-
tion of the well-known algebraic hyperstructures. Some axioms of classical
algebraic hyperstructures are replaced by their corresponding weak axioms in
H,-structures. Most of H,-structures are used in the representation theory.
A hypergroupoid (H, o) is called an H,-semigroup if (zo(yoz))N((xoy)oz) # ()
for all x,y,2z € H. A hypergroupoid (H,o) is called a H,-group if it is a
quasi-hypergroup and a H,-semigroup. A multivalued system (R, +,-) is an
H,-ring if (1) (R, +) is a H,-group; (2) (R,-) is a H,-semigroup; (3) “-” is
weak distributive with respect to “+”.

Definition 2.1. A non-empty set M is a H,-module over a H,-ring
R, if (M,+) is a commutative H,-group and there exists a map
*: Rx M — P*(M), (r,x) = r*x such that

(1) (r*(z+y)) N (rxz+r*y) #0;
(2) (r+s)*xz)N(rxx+s*xx)#0;
3) ((rs)xx)N(rx(s*x)) #0.

Definition 2.2. An m-ary H,-semigroup is an algebraic structure (H, f)
where
() flat fla ), a2t # 0
1<i<m

and it is called an m-ary H,-group if it is m-ary H,-semigroup and
f(xll_la Ha xﬁl) = H.

Definition 2.3. An (m,n)-ary H,-ring is an algebraic structure (R, f,g)
which satisfies the following axioms:
(1) (R, f) is an m-ary H,-group,
(2) (R, g) is an n-ary H,-semigroup,
(3) The n-ary hyperoperation g is weak distributive with respect to the hy-
peroperation f, i.e., for every sequence alfl, al ,r{" in R and
1< <n.

1—1 1

g(al ) (xgn)’ azn—l—l) M f(g(azi_17 Iy, a’zn—|—1)7 ce 7g(a1—17 L, a’?—&—l)) 7é q)
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Definition 2.4. Let M be a non-empty set. Then (M, h, R, k) is an (m,n)-
ary H,-module over an (m,n)-ary H,-ring (R, f,g), if (M, h) is a (commuta-
tive) m-ary H,-group and the map

k:R"'x M — P*(M)

satisfies the following conditions:

(1) k(r?_la h(xgn)) M h(k(?“?_l, 1’1), SRR k(?“?_l, xm)) 7£ @7
(2)

k(i (T, rid o) N (kG sy @), o RO sy i 2)) # 0,
(3) k(ryh g(ri™ ), rif % @) k(Y k(2 ) # 0.

Definition 2.5. Let (M, hy, R, k1) and (N, hs, R, ks) be (m,n)-ary H,-
modules over an (m,n)-ary H,-ring (R, f,g). A strong homomorphism from
M to N is a mapping ¢ : M — N such that for all aq,...,a,,,a € M and
r1,...,Tn_1 € R, the following conditions are satisfied:

(1) ¢(hilar, ..., am)) = ha(d(ar), - .., dlan)),
(2) p(k(ri,...,rh1,0)) = k(ry, ..., ra_1,0(a)).

¢ is called an isomorphism if it is a bijective strong homomorphism and we
write M = N, and it is called weak homomorphism if in (1) and (2) we have
non-empty intersection instead of equality.

The notion of P-hyperoperations was introduced for hypergroups (see
[29]) and then generalized for H,-rings (see [8]) and then for H,-modules

(see [12]).

Theorem 2.6. Let (H,-) be a semigroup, Z(H) be the center of H, P C H,
PNZ(H) # 0. Then (H,P*) is an n-ary H,-semigroup; and (H, P*) is an
n-ary H,-group if and only if (H,-) is a group. Where the hyperoperation P*
is defined as follows: For allz; € H,i=1,...,m, P*(a7") =x...2,P.

3. (m,n)-ARY H,-MODULES ENDOWED WITH P-HYPEROPERATIONS

In this section, we construct (m,n)-ary H,-modules over (m,n)-ary H,-
rings using P-hyperoperations, study their properties and present some ex-
amples.

Let (R,+,) be a ring, (M,+, R,*) be an R-module, P, P, C R and
P C M. We define Py, Py, P*, P, as follows:
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Forr,e R,x; e Mie{l,...,n},and j € {1,...,m},
Py =mrm+...4+rm+ P,
Py(r)=r1...1 Py,
P @) =x1+... 4 zp+ P,
Pt x)y=nr...1p 1 Poxx+ P
In what follows, let Og € P;, P, N Z(R) # () and 0y € P.
Theorem 3.1. Let R be a ring then (R, Py, Py) is an (m,n)-ary H,-ring.
Proof. Since (R, +) is a group and 0 € P, C R, it follows, by Theorem 2.6,
that (R, P}) is an m-ary H,-group. Moreover, having (R, -) a semigroup and
the existence of an element a € PoNZ(R) implies, by using Theorem 2.6, that
(R, P§) is an n-ary H,-semigroup. We now show that the weak distributivity
is satisfied.
We have
PQ*(ali_ly Pi(a),al ) =a1 - aii(@mi 4+ ... + 2 + P)aigr ... an Ps
and
Pl*(P;(aZlilv X1, a?—s—l)? T Pg(aZfl? L, azn—i—l))
= al---ai_lxlaiﬂ...anpg—l—... —I—a1-'-ai_lxmaHl...anPg—l—Pl.
Since O € Py, it follows that there exists a € P, such that
aj--- ai'—llxlai—i—l Lo.apa ..o xag - ~'al-1_1xmai+1 ... apa
€ PQ*(azl_ 7P1*(x71n)7 CL?+1) N Pl*(PQ*(all_ » L1, a?+1) PQ( xm? 2—1—1))
Therefore, (R, Pf, P5) is an (m, n)-ary H,-ring. [
Notation 3.2. (R, P}, P§) is called an (m,n)-ary P- H,-ring.
Remark 3.3. For m = n, (R, P}, P§) is called an n-ary P- H,-ring. Some
examples on n-ary P- H,-rings are found in [17].
Remark 3.4. For m =n =2, (R, P{, Py) is called P- H,-ring.

Theorem 3.5. Let M be an R- module over a ring R such that there exists
a € P,NZ(R) with a*> € P,. Then (M, P*, R, P,) is an (m,n)-ary H,-module
over (R, P}, Py).

Proof. Since (M, +) is a group and 0, € P, it follows, by Theorem 2.6, that
(M, P*) is an m-ary H,-group. We prove that the conditions in Definition
2.4 are satisfied.

(1) We have Py (r}~t, P*(27")) = 1 Pyx (14 ...+ 2, + P)+ P and

P*(P(r ™" @), P( m))
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=(r...1naPaxx1+P)+...(r1...7n 1Py x 2y + P) + P.
Since 0j; € P, it follows that there exists a € P, such that
e Tpora* (1 + ..+ )
€ P.(ri~t, P*(z)) F‘I PA(P.(ri Y 2y), ..., Pt ).
(2) We have that
P (Y Pr(st), i o)
:Tl...Ti_1(81+ +Sm+P1)Ti+1...T’n_1P2*LU+P

and ‘ ‘
P (P (ri " sy rt @), P s, i @)
= (T’l o Ti181T - .rn_lPQ*x—i—P) +.
+(ry .. Tis1SmTis1 - TPy xx + P) + P.
Since 0j; € P and Or € Py, it follows that there exists a € P, such that

TLTie 1(51—|— +3m)rl+1 1@ * T
€ P(ri7h Pr(sy), rit @) 0 PH(P(ry ! su, i o),
Po(ri sms it ).
(3) We have that
Py, Py (), 122, )

1+n
=7T].. . T 1(7% e Tisn1P2)Tign o Ton—2Pyxx + P,

P( 1 P( 2n—2 Z’))
=7r1... 71 Py % (rn .Ton_oPyxx+ P)+ P.

Since 0j; € P and there exists a € PN Z(R) such that a* € P, it follows that
1. Ton_0a? xx € Po(rit Py(ri™™ 1), r22 ) N Po(ri ™, Po(r?" 2, 1)),

»a+n 0
Therefore, (M, P*, R, P,) is an (m,n)-ary H,-module. H
Notation 3.6. (M, P*, R, P,) is called an (m,n)-ary P- H,-module over
(R, Pf, P3).

Remark 3.7. For m = n, (M, P*, R, P,) is called an n-ary P- H,-module
over the P-H,-ring (R, Py, P}) and for m = n = 2, it is called P- H,-module
over R.

We present some examples of (m,n)-ary P-H,-modules.

Example 3.8. Let M be an R-module and define the following operations:
f:R"—> R g:R"—> Ras f(r{") =r + ... + 1, and
giry=mry...rp, b : M™ — M k: R x M — M
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as h(z?") = o1 + ... + a2, and k(r? ' 2) = (r1...7,_1)z. Then (M, h, R, k)
is an (m,n)-ary module over R. If R is a ring with unity “1”7, we get
that (M, h, R, k) is an (m,n)-ary H, module over R by setting P = {0},
P1 = {OR} and P2 = {1}

Example 3.9. Let M be any R-module and P, = {Og}, P, = Z(R) and
P = {0p}. Then (M, P* R, P,) is an (m,n)-ary H,-module (as for every
a € Z(R), a* € Z(R)).

Example 3.10. Let I = {ar : r € R} be an ideal of a ring R,
P, ={0,a} C RP,={0}U{d*: k€ N} C Rand P = {0,a’}. Then
(I, P*,R,P,) is an (m,n)-ary H,-module over (R,P;,Pj). Moreover,
for some particular values, we have P*(a™) = {ma,ma + ma?},
P.(a"' a) = {a,a® a"* 1 k € N}.

Example 3.11. Let M = Z4 be the group of addition modulo four and R = Z
be the ring of integers with the standard addition and multiplication (M is
an R-module). Take P = {0,2} C M, P, P, C R the set of even integers
and the set of odd integers respectively. Theorem 3.1 asserts that (R, Py, Py)
is an (m,n)-ary P-H,-ring and Theorem 3.5 asserts that (M, P*, R, P,) is an
(m,n)-ary P-H,-module over R. By setting m = n = 3, we get that M is a
3-ary P-H,-module over R. The P-hyperoperations in this example are given
as follows: For all r;s,t € R, (R, P}, P§) is defined as follows:

Pl(r,s,t) ={r+s+t+2k:kelZ}
| 2z, if r + s 4+ t is an even integer ;
| 2Z + 1, otherwise.
Py(r,s,t) ={rst(2k+1):keZ}.
The 3-ary H,-group (M, P*) is defined by means of the following tables:
0,—,—)| O 1 2 3
0 {0,2} 1 {1,3} ] {0,2} | {1,3}
1 {1,3} 1 {0,2} | {1,3} | {0,2}
2 {0,2} [ {1,3} | {0,2} | {1, 3}
3 {1,3} 1 {0,2} | {1,3} | {0,2}
— =) 0 1 2 3
0 {1,3} 1 {0,2} | {1,3} | {0,2}
1 {0,2} [ {1,3} | {0,2} | {1, 3}
2 {1,3} 1 {0,2} | {1,3} | {0,2}
3 {0,2} 1 {1,3} ] {0,2} | {1,3}
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) 1 2 3
0 [{0,2}|{1,3} {0, 2} [{1,3}
1 [{1,3}[{0,2}[{1,3}]{0,2}
2 [{0,2}[{1,3}/{0,2} [ {1,3}
3 [ {1,3}]{0,2} [{1,3} [{0,2}
3,—. ) 0 1 2 3

0 [{1,3}]{0,2} [{1,3} [{0,2}
1 [{0,2}{1,3}[{0,2} [{1,3}
2 [{1,3}]{0,2} [{1,3} [{0,2}
3 [{0,2}|{1,3} {0, 2} [{1,3}

and P, is defined as follows:

P (r,s,x) ={rs(2k + 1)z +{0,2} mod 4 : k € Z}

{0,2}, if x =0 mod 4;
{rs(2k +1),2rs(2k+1) : k € Z} if x =1 mod 4;
{2rs,2rs + 2}, if x =2 mod 4; °

{2rsk 4 3rs,2rsk+3rs+2: k € Z}, if v =3 mod 4.
For some particular values, P,(1,3,2) = {0,2}, P;(0,1,2) = P, and
P;(1,3,1)={6k+3: ke Z}.
Proposition 3.12. Let (M, P*, R, P,), (N, K*, R, K,) be (m,n)-ary P- H,-
modules over R. Then M x N is an (m,n)-ary P- H,-module over R.

Proof. Let L= PxK C M xN. Since Oy;xy € L and M x N is an R-module,
it follows that (M x N, L*, R, L,) is an (m,n)-ary P- H,-module over R. [J

Proposition 3.13. Let (M, P*,R, P,),(N,L*, R, L,) be (m,n)-ary P- H,-
modules over R and ® : M — N an R-module isomorphism. Then ¢ is
an isomorphism from the (m,n)-ary P- H,-module M to the (m,n)-ary P-
H,-module N if and only if ®(P) = L.

Proof. Let ¢(P) = L.
(1) We have that
gb(P*(a’ln)) =¢(a1+...+an+P)=d(a)+ ...+ dlan) + ¢(P).
Since ¢(P) = L, it follows that ¢(P*(a}")) = L*(¢(ar)™).

(2) ¢(P (7“? 1,.%')) ¢(7"1 = 1P2*I’+P) :Tl...Tn_lpg*’¢($) +’¢(P>
Since ¢(P) = L, it follows that ¢(Py(r}*, x)) = L.(r? !, ¢(z)).

Let ® : M — N be an isomorphism between the (m,n)-ary H,-modules M
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and N. We have that ¢(05;) = Oy as ¢ is an R-module isomorphism. Then
¢(P) - ¢(P*(0M;;OM>) = L*(ON,...,ON) =0y +L=0L. ]
Proposition 3.14. Let ¢ : (M, P*,R,P,) — (N,L*, R, L,). Then ¢ is an
isomorphism if and only if ¢~ : (N,L* R, L,) — (M, P*, R, P,) is an iso-
morphism.

Proof. We prove one direction, the other is done in a similar manner.
Let ¢ be isomorphism function. Then ¢(P*(z]")) = L*(¢(z1)™) and
(P (rit x)) = Ly(r} !, é(x)) for all z;,2 € M and r; € R. We get now
that ¢(z1 + ...+ 2y + P) = ¢(z1) + ... + ¢(x,,) + L and that
¢(T1...7°n_1P2*$+P) :Tl...Tn_lpg*/¢($) —|—/L
The first implies that ¢~ (¢(xy) + ...+ ¢(xm) + L) =21+ ... + 2, + P and
that gb_l(Tl e T Py *' qb(ﬂ?) + L) =1ry...Th_1P»*xx + P. For all Ui, Y € N,
there exist z;,x € M such that ¢(z;) = y;, ¢(x) = y. We get now that
o L (y") = ¢yt +ym+ L) and P (¢ (y)") = 21+ + T + P
Moreover,
oL hy) =67 (e PoK y + L)
=r1...rp1Phxz+ P

]

Proposition 3.15. Let ¢,v¢ : (M, P*, R, P,) — (N, L*, R, L) be strong ho-
momorphisms and L + L = L. Then ¢ +¢ : (M, P*,R, P,) — (N,L*, R, L,)
s a strong homomorphism.

Proof. Let A = ¢ + 1. We have that
A(P*(a)")) = ¢(P™(a]")) + (P («7"))
= L*(¢(z1)™) + L™ (¢ (x1)™)
=¢(r)+ ...+ o(xp) + L+Y(x1)+ ... +U(xy) + L
= L*(A(z1)™)
as L + L = L. Moreover,
AP(ri™h ) = ¢(P(ri ™ @) + (Pu(r{ ™", 2))
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Proposition 3.16. Let ¢ : (M, P*, R, P,) — (N, L*, R, L,) be strong homo-
morphisms such that « € R. If a x L = L, then

axo: (M, PR P,) — (N,L* R, L,)

s a strong homomorphism.

Proof. Let A = ax ¢. (1) We have that
AP (2]") = a*o(P(z7"))
= ax L*(¢(x1)")
=ax(¢(x1)+ ...+ o(xy) + L)
= ANax)+ ... Mapy) +ax* L.
Having o x L = L, implies that A(P*(x]")) = L*(A(z1)™).
(2)
AP x)) = ax (Lo(r{ ™, 6(x))
=ary...tn 1 Poxo(r)+axL
=r...Th 1 Pyx(axo(x)) + L
= L A@).

Proposition 3.17. Let ¢ : (M, P*, R, P,) — (N, K*, R, K,) and

Y (N, K* R, K,)— (S, L*, R, L,)
be strong homomorphisms. Then o ¢ : (M, P*, R, P,) — (S,L*, R, L,) is a
strong homomorphism.

Proof. The proof is straightforward. [

Proposition 3.18. Let (M, P*, R, P,) be an (m,n)-ary P- H,-module over
R, a € Z(R) and ¢, : (M,P*,R,P,) — (M, (aP)*, R, (aP),) such that
do(x) = axz for allz € M. Then ¢, is a strong homomorphism. Moreover,
if R is a ring with unity and « is a unit in R then (M, (aP)*, R, (aP)s) and
(M, P*, R, P,) are isomorphic (m,n)-ary P- H,-modules over R.

Proof. 1t is clear that ¢, is well defined.

(1) ¢ (P (27) = da(x1+ .. .2+ P)=ax(x1+...2,5 + P).
On the other hand,

(aP) (pa(x1), .- Pa(Tm)) = xx1 4+ ... + @ *xTpy + a* P.
Thus, ¢ (P*(2]") = (aP) (¢a(r1),- .-, da(xm)). (2) We have that
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gba(P*(T?_l, z))=¢a(r1...rnaPoxz+ P)=ar...1,1Pyxx+ aP.

On the other hand, (aP).(r!™ ,gba( )) =7r1...Th 1Py x x + ax P. Since
a € Z(R), it follows that gba( (1)) = ( P), (7! ¢o(x)). Therefore,

@ 1s strong homomorphism.

If o is a unit in R then o' € R. The latter implies that ¢, is a bijective
function. ]

Here after, 1 € P, and R is a commutative ring.

Proposition 3.19. If N is an (m,n)-ary H,-submodule of (M, P*, R, P,),
then 0py € N, P C N, and moreover —x € N for all x € N.

Proof. Since N is an (m,n)-ary H,-submodule of (M, P*, R, P,), it follows
that P*(0g,...,0gr,x) C N for all z € N. The latter implies that P C N and
hence, 0); € N. Moreover, having 1 € R implies that —1 € R. For all z € N,
we have that —z = —1(1)x240 € —1Pyxz+P = P(-1,1,...,1,2) CN. O

Theorem 3.20. Let (M, P*, R, P,) be an (m,n)-ary P- H,-module. Then
N is an (m,n)-ary H,-submodule of M if and only if P C N and N is an
R-submodule of M.

Proof. Let N be an R-submodule of M. Then x + N = N and rxx € N for
all z € N and r € R. We have that

PNy =x1+...+2 1+ N+x1+ - +z,+PCN.
Moreover, for every y € N,
y=z1+...+xi 1+ Y —x1—...—xp)+ T+ -+ Tm+ 0y
e P27, N, 2)).

We have that P(r" Y 2) =ry...1, 1 Pyxx+ P C N. Thus, N is an (m,n)-
ary H,-submodule of M.

Let N be an (m,n)-ary H,-submodule of M. Proposition 3.19 asserts
that P C N. Since P.(Ops,...,00,N,Op,...,08) = N, it follows that
P+N=N.Forallz € N,r e R,

r+N=x+N+P=P(0y,...,0p, Nyz) =N
and rxx € P*(r,1,...,1,z) C N. O

Corollary 3.21. Let (M, P*, R, P,) be an (m,n)-ary P- H,-module and N
be an (m,n)-ary H,-submodule of M. Then |N| > |P| is a divisor of |M]|.

Proof. The proof follows from Theorem 3.20. [
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Example 3.22. The 3-ary H,-module defined in Example 3.11 has only two
H,-submodules: P and M.

Let N be an (m,n)-ary H,-submodule of M. Then, by Theorem 3.20, N
is a submodule of M containing P. Thus, P+ N = N. We can define M /N
as follows:

M/N={x+N+P:zeM}={c+N:zxe M}

We define
h*: M/N x ...x M/N — P*(M/N) , hy : R 1 x M/N — P*(M/N)
m;irmes
as follows:
h(x1+N,...,xpm +N)={x1+... + 2, + N}
and

h*(T?_l,$+N) = (’)“1. . .Tn_l)P2*$+N.
Theorem 3.23. (M /N, h*, R, hy) is an (m,n)-ary H,-module over R.

Proof. 1t is clear that (M /N, h*) is an (m,n)-ary H,-group. (In particular, it
is an (m,n)-ary group.) We need to show that the conditions of Definition
2.4 are satisfied.

(1) We have that

h*(T?*l,h*(xl+N,...,xm—|—N)):rl...rn_ng*(xl—l—...—I—xm)—l—N
and that

R (h(r? Y 2y + N), o h (P 2 + N))
:Tl...T’n_lpg*SCl+...—|—7’1...7°n_1P2*$m+N.

It is clear that
ho(r? ' h*(xy + N, ...,z + N))
C h*(hy(r? Y 2y + N), ... b (r? 2, 4+ N)).
(2) We have that
he(ri™h f(sT), il 2+ N)
:7“1...7”2'_1(81 + ... —}—Sm)T’H_l...T’n_lPQ*ZC—l—N (32)
and that

* 1—1 n—1 i—1 n—1
B (ha(ri s, + Ny oo b (Y sy P o 4+ N))
=71 TSl - T bPex e+ oSy - 1 Pex v+ N
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It is clear that

( - f(sl)a H»l q:—I—N) _
gh*(h( s Lo N (T s pi e+ N)).

(3) We have that
ho(ri7 g(ri ) 22w+ N) =11 Pip1 Parign .« Ton—o2Pax @ + N

7z+n7

and that
h( 1h(2n2$+N)) o Tp1Pory, . oo Py *x x4+ N.
Since 1 € P, it follows that

T1ew Ty Top— oxx+ N
€ h (™ g(ri ™), 22 w4 N) O R (7 b (r2 2 2+ N)).

This completes the proof. ]

Remark 3.24. Let M be an R-module and N; a submodule of M for
i€l ={1,....k}. Then (\,.;N; and > ._; N; are submodules of M for
all J(#£0) C 1.

Proposition 3.25. Let (M, P*, R, P,) be an (m,n)-ary P- H,-module and
N; be an (m,n)-ary H,-submodule of M fori € I ={1,...,k} and J C I.
Then
(1) N N; is an (m,n)-ary H,-submodule of M ;
ic
(2) >° N; is an (m,n)-ary H,-submodule of M.

ied

ieJ i€J

Proof. Since N; is an (m,n)-ary H,-submodule of M, it follows, by Theorem
3.20, that P C N; and that N; is a submodule of M. The latter and Re-
mark 3.24 imply that both: () V; and S are submodules of M containing P.
Applying Theorem 3.20, we get our result. ]

Remark 3.26. The union of (m,n)-ary H,-submodules of M is not necessary
an (m,n)-ary H,-submodule of M. The latter follows from Theorem 3.20 and
the fact that the union of submodules of an R-module M is not necessary a
submodule of M.

4. ISOMORPHISM THEOREMS FOR (m,n)-ARY P-H,~-MODULES

In this section, we consider (m,n)-ary P-H,-modules and prove their
isomorphism theorems.
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Remark 4.1. Let (M, P,, R, P*) be an (m, n)-ary P-H,-module over an (m,n)-
ary P-H,-ring (R, P, Py) and S, N are (m,n)-ary H,-submodules of M. If
N C S then N is an (m,n)-ary H,-submodule of S.

Theorem 4.2. First Isomorphism Theorem (Weak form). Let
(M, P, R, P*) and (N, Ly, R, L*) be two (m,n)-ary P-H,-modules over an
(m,n)-ary P-H,-ring (R, Py, Py). If f : M — N is an R-module ho-
momorphism, P C Ker(f),L C Im(f) then (1) Ker(f) is an (m,n)-ary
H,-submodule of M; (2) Im(f) is an (m,n)-ary H,-submodule of N; (3)
There exists a bijective (m,n)-ary R-H,-module homomorphism
¢: M/Ker(f)— Im(f).

Proof. The proofs of (1) and (2) follow from having Ker(f) (containing P)
and Im(f) (containing L) R-submodules of M and N respectively (Theo-
rem 3.20). (3) We have that M/ker(f) = {x + Ker(f) : + € M} and
(M/Ker(f),h*, R, hy) an (m,n)-ary H,-module over R. We define the bijec-
tive map ¢ : M/Ker(f) — Im(f) as ¢(x + Ker(f)) = f(x). It is clear that
f is a well defined function. We have that

o(h*(z1 + Ker(f),...,xm + Ker(f))) = o(x1+ ... + 2z + Ker(f))
= f(x1+ ...+ 2m).
Having f an R-module isomorphism implies that
o(h*(x1+ Ker(f),...,xm+ Ker(f)) = f(x1) + ...+ f(an).
On the other hand,
L*(¢(x1 + Ker(f)),...,0(xm + Ker(f)) = f(x1) + ...+ f(axm) + L.
Since Oy € L, it follows that
o(h*(x1 + Ker(f),...,xm + Ker(f)))
C L (p(xr + Ker(f)), ... ¢(zm + Ker(f))).
Moreover,
o(h(ri h o+ Ker(f))) = o(r1...rn1Pyx x4+ Ker(f))
= f(r1...rn1 Py x ).
Having f an R-module isomorphism implies that
o(h(r 1 x4+ Ker(f)) =r1...1p 1Py f(2)
Cri...tnaPy¥ ¢(x+ Ker(f)) + L
= L*(r? Y ¢z + Ker(f)).
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]

Theorem 4.3. Second Isomorphism Theorem. Let (M, P,, R, P*) be
an (m,n)-ary P-H,-module over an (m,n)-ary P-H,-ring (R, P, Py), S, N
are (m,n)-ary H,-submodules of M. Then (S + N)/N = S/(SNN).

Proof. Theorem 3.23 asserts ((S+ N)/N,h*, R, h,) and (S/(SNN), k*, R, ky)
are (m,n)-ary H,-modules over R. We define ¢ : (S+ N)/N — S/(SNN)
as ¢(s + N) = s+ (SN N). We need to prove that ¢ is an R-H,-module
isomorphism. Let z,y € S+ N and r € R.

e ¢ is well defined. Let x = y. Then there exist s,s' € S such that
x =5+ N,y =5+ N. We get, using Proposition 3.19, that s — s’ € N
and having s — ¢’ € S implies that s — s’ € SN N. Thus, ¢(x) = ¢(y).

e ¢ is one-to-one. Let ¢(z) = ¢(y). Then there exist s,s" € S such that
xr=s5+N=y=5+N. Weget that s—s’" € SNN C N which implies
that s — s’ € N. Thus, z = .

e ¢ is onto. This clear.

e ¢ is an (m,n)-ary R-H,~-module strong homomorphism. We have that
o(h*(s1+N,...,$m+N)) =o(s1+...+5,+N) =s1+...+s5,+SNN.
Thus, ¢(h*(s1 + N, ..., 5m + N)) = k*(é(s1 + N), ..., 6(sm + N)).
Moreover, ¢(h (171 s+ N)) = (11 ... 10 1Paxs+N) =711 ...17, 1 Pyx
s+SNN =k (r7 1 ¢(s + N)).

Therefore, (S + N)/N = S/(SNN). O

Theorem 4.4. Third Isomorphism Theorem. Let (M, P* R, P,) be an
(m,n)-ary P-H,-module over an (m,n)-ary P-H,-ring (R, P, Py), S, N are
(m,n)-ary H,-submodules of M with N C S C M. Then (1) S/N is an
(m,n)-ary Hy,-submodule of M/N; (2) (M/N)/(S/N) = M/S.

Proof. (1) We have (M/N,h*, R, hy) is an (m,n)-ary H,-module over R. Let
y=s+ N € S/N. Having s € S and S an (m,n)-ary H,-submodule of M
implies that for every s’ € S, s’ can be written as ' = s+ (s’ — s). First, we
need to show that h*(s;+ N, ..., 8,1+ N, S/N,s;s1+N,..., s+ N)=S/N.
It is clear that h*(s; + N,...,s;-1 + N,S/N,siy1 + N, s, + N) C S/N. Let
y=5+ N e S/N. Then

Yy Eh*(Sl—l—N,...,Si_l—{—N,SI—(81—|—...—|—Sm),81'_|_1—|—N,...,Sm—|—N)
Ch*(s1+N,...,8; 1+ N,S/N,siz1+ N,....,$m+ N).
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We have that h*(fr?_l, s+N)=ri...1p1Pyxs+ N CS/N.

(2) Since S and S/N are (m,n)-ary H,-submodules of M and M /N re-
spectively, it follows that (M/S,k*, R, k,) and ((M/N)/(S/N),l*, R,l,) are
(m,n)-ary H,-modules over R. We have

(M/N)/(S/N)={z+N@&S/N :xe€ M}
and M/S = {x+S : 2z € M}. Let & : (M/N)/(S/N) — M/S with
S+ N S/N)=x+S.

e ® is well defined. Let wy =2+ N®S/N =wy =y+ N @& S/N. Then
r—y+ N € S/N. We get that  —y € S and hence, z + S =y + S.
Thus, ®(z) = ®(y).

e ¢ is one-to-one. Let ®(w;) = ®(wy). Then x + 5 =y + S and hence,
r—y € S. We get now that v —y+ N € S/N. The latter implies that
r+ N®S/N=y+ N &S/N. Thus, w; = ws.

e ¢ is onto. This clear.

e & is (m,n)-ary H,-module strong homomorphism. We have that

S(*(zr1+ N S/N,....,2py + N®S/N)) =P(x1 4+ ...+ 2+ N D S/N)
Thus,
d(*(r1+ Ne S/N, ...,z + N&® S/N))
=k (®(x1 + N®S/N),...,®(x,, + N ®S/N))).
Moreover,
(L (" L+ NDS/N)) =&(r;...1n_1Po¥ 2+ N®S/N)
=ri...rtn_1Pyx x+ 8.

The latter expression is equal to k,(r{"!, ®(z + N @& S/N)).
Therefore, (M/N)/(S/N) = M/S. ]

5. CONCLUSION

This paper dealt with a special type of (m,n)-ary H,-modules that is
known as (m,n)-ary P-H,-modules. Several results related to (m,n)-ary
P-H,-modules, their (m,n)-ary H,-submodules and the quotient (m,n)-ary
H,-modules were obtained. Also, the [somorphism theorems for these (m,n)-
ary H,-modules were proved.
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For future research, it will be interesting to find a link between (m,n)-

ary P-H,-modules and (m,n)-ary modules by studying their fundamental
relation.
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