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FUZZY PERSPECTIVITY IN FUZZY LATTICES

P. A. Khubchandani* and J. A. Khubchandani

ABSTRACT. In this paper, we have introduced and studied the notion of perspec-
tivity in fuzzy lattices. The motivation is from the work done by Wasadikar and
Khubchandani. We have tried to relate </ p-relation with fuzzy perspective relation.
Also, we prove that for a pair of a fuzzy atoms, the concept of fuzzy subperspective
holds. Subsequently, several related properties are proven.

1. INTRODUCTION

One of the very important notions in lattice theory is perspectivity and
subperspectivity. Janowitz [1] introduced the notion of perspectivity and
subperspectivity in a lattice theory. Several researchers have developed many
related concepts. In 1965, Zadeh[!1] introduced Fuzzy sets and fuzzy rela-
tions. In 1971, Zadeh [12] defined fuzzy binary relation and a fuzzy partial
order relation. Ajmal and Thomas [I] and Chon [2] defined Fuzzy lattices.
Recently, Wasadikar and Khubchandani [7] defined 5/ z-relation in fuzzy lat-
tices. The motivation is from the work of Maeda and Maeda [5].

In this paper, we define fuzzy perspective and fuzzy subperspective in a
fuzzy lattice. Also, we study the relationship between fuzzy subperspective
relation and del-relation in fuzzy lattices. We also prove that for a pair of
fuzzy atoms, the concept of fuzzy subperspective also holds.

2. PRELIMINARIES

Zadeh [12] introduced the concept of a fuzzy binary relation and a fuzzy
partial order relation.
Throughout this paper, X denotes a nonempty set. We recall some concepts.

Definition 2.1. (Chon [2, Definition 2.1]) A mapping A : X x X — [0, 1] is
called a fuzzy binary relation on X.

Definition 2.2. (Chon [2, Definition 2.1]) A fuzzy binary relation A on X
is called:
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) fuzzy reflexive: if A(a,a) =1, for all @ € X;

(ii) fuzzy symmetric: if A(a,b) = A(b,a), for all a,b € X;
) fuzzy transitive: if A(a,c) > supycyx min[A(a,b), A(b,c)];
)

Definition 2.3. (Chon [2, Definition 2.1]) Let A be a fuzzy binary relation
on X.

(i) A is called a fuzzy equivalence relation on X, if A is fuzzy reflexive,
fuzzy symmetric and fuzzy transitive.

(ii) A is called a fuzzy partial order relation, if A is fuzzy reflexive, fuzzy
antisymmetric and fuzzy transitive. The pair (X, A) is called a fuzzy
partially ordered set or a fuzzy poset.

(iii) A is called a fuzzy total order relation, if it is a fuzzy partial order
relation and A(a,b) > 0 or A(b,a) > 0, for all a,b € X. In this case,
the fuzzy poset (X, A) is called a fuzzy totally ordered set or a fuzzy
chain.

Several researchers have studied fuzzy lattices. Chon [2] and some others
use the terms upper bound, lower bound and use the notations aVb and a/Ab to
denote the supremum and the infimum of two elements a, b in a fuzzy lattice
X in the fuzzy sense. Since the set X is arbitrary, this gives the impression
that X itself is a partially ordered set or a lattice. So we use the notations
aVpband a Ap b to denote the fuzzy supremum and the fuzzy infimum of
a,b € X, respectively.

Definition 2.4. (Chon [2, Definition 3.1]) Let (X, A) be a fuzzy poset and
let Y C X. An element b € X is said to be a fuzzy upper bound for Y iff
A(a,b) > 0 for all a € Y. A fuzzy upper bound b, for Y is called a least
upper bound (or supremum) of Y iff A(by,b) > 0 for every fuzzy upper bound
b for Y. We then write by = supp Y = VpY. If Y = {a,b}, then we write
\/FY = a \/F b.

Similarly, an element ¢ € X is said to be a fuzzy lower bound for YV iff
A(c,a) > 0, for all @ € Y. A fuzzy lower bound ¢ for Y is called a fuzzy
greatest lower bound (or infimum) of Y iff A(c,¢p) > 0 for every fuzzy lower
bound ¢ for Y. We then write ¢ = infpY = AgY. If Y = {a,b}, then we
write ApY = a Apb.

Definition 2.5. (Chon [2, Definition 3.2]) Let (X, A) be a fuzzy poset. Then,
(X, A) is called a fuzzy lattice if and only if a Vp b and a Ap b exist, for all
a,be X.
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Definition 2.6. (Mezzomo et. al. [0, Definition 3.4]) A fuzzy lattice (X, A)
is said to be bounded if there exist elements 1 and T in X, such that
A(L,a) > 0 and A(a, T) > 0, for every a € X. In this case, L and T
are respectively, called bottom and top elements of X.

In the following example, we illustrate these concepts.

Example 2.7. Let X = {a,b,c,d, e} and let A: X x X — [0, 1] be a fuzzy
relation defined as follows:

A(a,a) = A(b,b) = A(c,c) = A(d,d) = Ae,e) = 1.0,

A(a,b) = 0.40, A(a,c) = 0.50, A(a,d) = 0.80, A(a,e) = 0.94,
A(b,a) = 0.0, A(b,c) = 0.0, A(b,d) = 0.60, A(b,e) = 0.90,
A(c,a) = 0.0, A(c,b) = 0.0, A(c,d) = 0.0, A(c,e) = 0.70,
A(d, a) = 0.0, A(d,b) = 0.0, A(d, ¢) = 0.0, A(d, ) = 0.40,
Ale,a) = 0.0, A(e,b) = 0.0, A(e,c) = 0.0, A(e,d) = 0.0.
Then A is a fuzzy partial order relation.

We note that (X, A) is a fuzzy lattice.

The fuzzy join and fuzzy meet tables are as follows:

Vrpla b ¢ d e Arpla b ¢ d e
ala b cde ala a a a a
b |bbede b la b ab b
clc e cee cla a c a c
d|d dede dla b a dd
e le e e e e e la b cde

This fuzzy relation is shown in the following table:

(Afla[b[c[d]e]
a | 1.0 | 042 | 055 0.83 | 0.94
0.0 | 1.0 | 0.0 [ 062 0.90
0.0 0.0 | 1.0 [ 0.0 [0.70
0.0 0.0 [ 0.0 | 1.0 [0.40
0.0 0.0 | 0.0 | 0.0 | 1.0

oo |o

Proposition 2.8. (Chon [2, Proposition 3.3]) Let (X, A) be a fuzzy lattice.
For a,b,c € X, the following statements hold:

(1) A(a,b) >0 iffaApb=a;

(ii) If A(b,c) > 0, then A(a Apb,a Apc) >0 and A(aVpb,aVpc)> 0.

Chon [2] has considered fuzzy distributivity and fuzzy modularity in fuzzy
lattices.
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Definition 2.9. (Chon [2, Definition 3.8]) Let (X, A) be a fuzzy lattice.
(X, A) is called a fuzzy distributive lattice, if

aAp (bVEc)=(aApb) Vg (a Apc) and

aVp (bApc)=(aVrpb) Ap (aVpc) forall a,b,c e X.

Definition 2.10. (Chon [2, Definition 3.12]) A fuzzy lattice (X, A) is called
fuzzy modular if A(a,c) > 0 implies a Vp (b Ap ¢) = (a Vp b) Ap ¢, for all
a,b,ce X.

Definition 2.11. (Wasadikar and Khubchandani [9, Definition 4.4]) Let
L = (X, A) be a fuzzy lattice. Let a,b € X. Then b <p a (a "fuzzy covers”
b) if 0 < A(b,a) < 1, A(b,c) > 0 and A(c,a) > 0 imply ¢ =b or ¢ = a.

Definition 2.12. (Wasadikar and Khubchandani [9, Definition 3.3]) Let P
denote the set of all @ € X such that L < a. The elements of P are called
fuzzy atoms.

Definition 2.13. (Wasadikar and Khubchandani [10, Definition 5.4]) In a
fuzzy lattice £L = (X, A) with L, the following property is called the fuzzy
exchange property:

If p and ¢ are fuzzy atoms and if a Ap = L, A(p, a V q) > 0 implies
A(q, aV p) >0 (hence implies a Vp =aV q).

Definition 2.14. (Wasadikar and Khubchandani [7, Definition 3.3]) Let
L = (X,A) be a fuzzy lattice with L. Let a,b € X. We write aVpb if
(x Vpa) Ap b=z Ap b for every x € X.

Definition 2.15. (Wasadikar and Khubchandani [10, Definition 5.2]) A fuzzy
poset L = (X, A) with a least element L is atomistic if every element z € X
is the least upper bound of the set of fuzzy atoms less than or equal to z.

Lemma 2.16. (Wasadikar and Khubchandani [7, Lemma 3.1]) Let
L = (X,A) be a fuzzy lattice with L, the following statements hold for
a,b,a1,01 € X.

(1) If aVpb holds and ay,b; are such that A(ai,a) > 0 and A(by,b) > 0,
then a1V pby holds;

(7i) If a1V b and asVpb hold, then (ay Vg as)V b holds;

(111) YVF is an ideal of L for every subset Y of X.

3. FUzzYy PERSPECTIVITY AND FUZZY SUBPERSPECTIVITY

In this section, we define fuzzy perspective and fuzzy subperspective rela-
tion in fuzzy lattices (X, A). Also, some lemmas and propositions are derived.
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Definition 3.1. A fuzzy lattice (X, A) is called fuzzy section semi-
complemented lattice (F'SSC) if it satisfies the following condition:

If a # b in X, then there exists ¢ € X such that ¢ # 1, A(c,a) > 0 and
cANpb=_1

Definition 3.2. A fuzzy lattice (X, A) is called fuzzy dual section semi-
complemented lattice (F'SSC*) if it satisfies the following condition:

If @ # bin X, then there exists ¢ € X such that ¢ # T, A(a,c) > 0 and
C \/F b=T

Definition 3.3. Let (X, A) be a fuzzy lattice with L and a,b € X. Then a
and b are fuzzy perspective and written as a ~% b (or simply a ~% b) if the
following holds:

aVrpr=bVrpxand aApz =bApx = L for some x € X.

If a fuzzy lattice has L, then it is evident that a ~ a for any a € X and
a~T 1 implies a = L.

Definition 3.4. Let (X, A) be a fuzzy lattice with L and a,b € X. Then a
is fuzzy subperspective to b if the following condition holds:

A(a,bVpx)>0and a Apz = L, for some = € X.

It is evident that a ~* by and A(by,b) > 0, then a is fuzzy subperspective
to b and that if a is fuzzy subperspective to b if A(ay,a) > 0, then a; is fuzzy
subperspective to b.

Example 3.5. Let X = {1l,a,b,¢c,d,e, f, g, T}. Define a fuzzy relation
A: X xX —10,1] on X as follows such that
1,1)=A(a,a) = A(b,b) = A(c,c) = A(d,d) = A(e,e) =1

f,f)=Alg,9) = AT, T) =1,

1a)= 0.2, A(Lb) = 0.2, A(L,e) = 0.2, A(L,d) = 0.2,

1) =02 A(L, f) =02, A(L,g) = 0.2, A(L, T) = 0.02,

a, 1) =0, A(a,b) =0, A(a,c) =0, A(a,d) =0, A(a,e) =0, A(a, f) = 0.3,
,g) =0.3, A(a, T) =0.01,

B R e e T e

b,L) =0, A(b,a) =0, A(b,c) =0, A(b,d) = 0, A(b,e) =0, A(b, f) = 0,
b,g) =0, A(b, T) = 0.01,

¢, L) =0, A(c,a) =0, A(c,b) =0, A(c,d) = 0, A(c,e) =0, A(c, f) = 0,
c,g) =0, A(c, T) = 0.01,

d, 1) =0, A(d,a) = 0, A(d,b) = 0 A(d,c) = 0.3, A(d,e) = 0.3,
d,f)=0.3, A(d,g) =0, A(d, T) = 0.

e,1) =0, A(e,a) =0, A(e,b) = 0, ( c) =0, A(e,d) =0, A(e, f) = 0,



180 KHUBCHANDANI AND KHUBCHANDANI

Ae,g) =0, A(e, T) = 0.01,

A(faj—) =0, A(faa) =0, A(fvb) =0, A(f,C) =0, A(fud) =0, A(fae) =0,
A(f, g) = 0, A(f, T) = 0.01,

A(ga J—) — Y% A( 7a) = 0, A(gab) =0, A(g,C) =0, A(g7d) = 0, A(gae) =0,
Alg, f) =0, A(g, T) = 0.01,

A(T,J_) = 0, A(T,a) = 0, A(T,b) = 0, A(T,C) = 0, A(T,d) = 0,
A(T.e) =0, AT, f) = 0, A(T.g) = 0.

This fuzzy relation is shown in the following table:

[ L]af[bfcf[d[e[f]g[T]
10]02]02]02]02]02]02]02] 0.2
0.0 [ 1.0 ] 0.0 0.0 0.0 00 0.3]03 | 0.01
0.0 [ 0.0 | 1.0 0.0 0.0 00| 0.3]0.0 0.0
0.0 [ 0.0 ] 0.0 1.0 0.0 0.0 0.0 0.0 | 0.01
0.0 0.0 ]0.0] 03| 10|03 0.3]000.01
0.0 [0.0]0.000]0.0] 1.0 0.0] 0.0 0.01
0.0 0.0]0.0]00]0.0]00]|1.0]00]0.01
0.0 [ 0.0 ] 0.0 0.0 0.0]00]0.0] 10| 0.01
0.0 0.0]0.0]00]0.0]00]0.0]00] 1.0

—Hlo | =|o|alo|o|o ||

The fuzzy join and fuzzy meet tables are as follows:

Vr|L a b ¢ d e f g T ArpllL a b ¢ d e f g T
L]l a b cde f g T I O A e e
ala a f t f T f g T a|l a 1 1 1 1 a a a
blb f b f f T T T b|L L b 1L L L b L b
clec f f ¢ d e f T T c|L 1L 1 ¢ ¢ ¢ L L ¢
dl/d f f dd e T T d|L L L ¢ dd d L d
ele T T e e e T T T e |L L L ¢ d e d L e
f|f £ £ f £ 7T £ T T flL a b L dd f a f
glg g T T T T T g T g|l a 1L 1L 1 1 a g g
T|T T T T 7T T T T T T|L a b ¢ d e f g T

Then A is a fuzzy partial order relation.

We note that (X, A) is a fuzzy lattice.

AsaVrpb=bVrpd= fand aApb=0bArd= L, then a and b are fuzzy
perspective, i.e., a Nf d.

Also, as A(a,bVpd) = A(a, f) = 0.3 > 0and a Ap b = L, then a is fuzzy
subperspective to d.

Lemma 3.6. In a fuzzy lattice with L, if b is fuzzy subperspective to a and
if av b, then b= 1. Ifa ~" b and avVyb, thena=b= L
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Proof. Suppose that b is fuzzy subperspective to a.
Then A(b,a Vpx) > 0 and
b /\F rz=_1. (31)
As aV b holds we have
(x\/Fa) Arpb=x Apb. (32)

As A(b,a Vg x) > 0 by (i) of Proposition 2.8 we have b Ap (a Vg x) = D.
So, equation (3.2) reduces to b = x Ap b. By equation (3.1) we get b= L.
The proof of second statement follows from first statement. [

Lemma 3.7. Let a and b be elements of a F.SSC lattice (X, A). The following
statements are equivalent:

(Z) aV rb;

(77) If A(by,b) > 0 and by is fuzzy subperspective to a, then by = L.

Proof. (i) = (ii) Suppose that A(by,b) > 0 and b; is fuzzy subperspective to
a, by (i) of Lemma 2.16 we have aVpb;. By Lemma 3.6 we have by = L.

(77) = (i) Assume that aVrb does not hold. There exists x € X such that
(a:\/Fa)/\Fb#:U/\Fb.
By Definition 3.1 there exists b; such that b; # L,
A(by, (x Vpa) Apb) >0 and

b1 /\FSIJ'/\Fb:L. (33)

As A(by,b) > 0 by (i) of Proposition 2.8 we have by Arp b = b;. So, equation
(3.3) reduces to by Ap x = L. Hence b; is fuzzy subperspective to a, which is
contradiction to (ii). Hence aV gb holds. ]

Lemma 3.8. Let L = (X, A) be a fuzzy lattice with 1 and a € X. An fuzzy
atom p € X is fuzzy subperspective to a if and only if aV pp does not hold.

Proof. It p is tuzzy subperspective to a, then by Lemma 3.6 aVgp does not
hold.

Conversely, if aV pp does not hold, then there exists x € X such that
(x Vpa) App # x App. Since (x Vpa) App# L we have A(p,x Vg a) > 0.
Since p # x Ap p, we have x Ap p = L. Hence p is fuzzy subperspective to
a. [

Lemma 3.9. Let a and b be elements of an atomistic lattice L = (X, A).
Then the following statements are equivalent:

(Z) aVpb;
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(7i) aV pp holds for every fuzzy atom p € X with A(p,b) > 0;

(7ii) There exists no fuzzy atom p € X such that A(p,b) > 0 and p is fuzzy
subperspective to a;

(iv) There exists no bottom element such that A(by,b) > 0 and by is fuzzy
subperspective to a.

Proof. Since L = (X, A) is FSSC, the equivalence of (i) and (iv) follows from
Lemma 3.7.

The equivalence of (ii) and (iii) follows from Lemma 3.8.

The implication (iv) and (iii) is trivial.

We shall prove the implication (iii) = (¢). If (z Vpa) Ap b # x Ap b,
then there exists a fuzzy atom p € X such that A(p, (z VF a) Arpb) > 0 and
Alp,z A\pb) =0, ie, pApxApb= 1. Then A(p,a Vr z) > 0 and since
A(p,b) > 0. By (i) of Proposition 2.8 we have p Ap b = p. By taking meet x
on both sides. Therefore we have p Apx = pApbApx = L. This contradicts
to (iii). 0
Theorem 3.10. Let a and b be elements of FSSC* lattice L = (X, A) with
L. Then the following statements are equivalent:

(Z) aV rb;

(i) xVpa =T implies A(b,x) > 0;

(7ii) x = (x Vp a) Ap (x Vp b) for every z € X.

Proof. (i) = (ii) Suppose that aV b holds. So we have
(xVpa) Apb=2x Apb. (3.4)
If x Vpa =T, then by equation (3.4) we have
rApb=(xVpa)Apb=TApb=10

ie, b=z Apb.

Therefore by (i) of Proposition 2.8 we have A(b, z) > 0.

(24) = (iii) For v € X we put y = (xrVpa) Arp (xVpb). By (i) of Proposition
2.8 we get A(y,z Vpa) > 0. By (ii) of Proposition 2.8 we have

A(cVrpy,cVpxVpa) > 0. (3.5)

If y # x, then by Definition 3.2 there exists ¢ € X such that ¢ # T,
A(z,c¢) > 0 and ¢ Vpy = T. Therefore equation (3.5) reduces to
A(T,cVpa) > 0. As A(cVp a, T) > 0 always holds. By fuzzy antisym-
metry of A we have ¢ Vg a = T. Similarly, we can show ¢Vpb = T. By
(ii) ¢ Vpa = T implies A(b,c) > 0. Hence ¢ = ¢Vrp b = T, a contradiction.
Therefore we have z =y = (z Vp a) Ap (z Vg b).
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(¢4i) = (i) For any = € X by (iil) we have x = (z Vp a) Ap (x Vg b).
By taking meet b on both sides we get t Ap b= (x Vpa) Ap (x Vpb) Apb.
By using fuzzy absorption identity we have x Ap b = (x Vg a) A b.
Hence (i) holds. O

Lemma 3.11. Let L = (X, A) be a FSSC* lattice with 1. and let p and q be
fuzzy atoms of (X, A). The following statements are equivalent:

(i) p~" q;

(71) q is fuzzy subperspective of p;

(17i) pV pq does not hold.

Proof. The implication (i) = (i) is trivial.

The equivalence of (ii) and (iii) follows from Lemma 3.8.

(¢4i) = (i) If pV pq does not hold, then by Theorem 3.10 there exists z € X
such that  # (x Vp p) Ar (z VF q). By Definition 3.2 there exists ¢ € X
such that ¢ # T, A(z,¢) > 0 and ¢ Vp {(z Vpp) Ap (x Vp q¢)} = T. Then
cVep=cVrpaxVpp=Tand cVpq=cVrpxVpq=T. lf cApp # L,
then A(p,c) > 0 hence ¢ = ¢Vpp = T, a contradiction. Hence c App = L.
Similarly, ¢ Ap ¢ = L. Therefore p ~f q. ]

Lemma 3.12. Let p and q be fuzzy atoms of a fuzzy lattice with exchange
property. The following statements are equivalent:

(i) p~" q;

(71) q is fuzzy subperspective of p;

(17i) pV pq does not hold.

Proof. (i) = (i1) is trivial.

(17) = (i) If A(p,qVpx)>0and pApx = L, then we have g Apx = L for
otherwise A(p,q Vg z) > 0, i.e., A(p,x) > 0, a contradiction to p Ap x = L.
Moreover, by the exchange property we have p Vp x = ¢ Vg x. Therefore we
have pVr 2z =qVpx and pApa =g Arz = L. Hence p~I ¢.

The equivalence of (ii) and (iii) follows from Lemma 3.8. O

4. CONCLUSION
In this paper, we have introduced the notion of fuzzy perspective relation

in fuzzy lattice. Also, we have obtained some properties.
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