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ON THE DIAMETER AND CONNECTIVITY OF BIPARTITE KNESER
TYPE-k GRAPHS

P. Sreeja*, K. G. Sreekumar and K. Manilal

ABSTRACT. Let n € ZT, n > 1, and k be an integer, 1 < k < n — 1. The
graph Hrp(n, k) is defined as a graph with vertex set V, as all non-empty subsets of
S, = {1,2,3,...,n}. It is a bipartite graph with partition (V3,V2), in which V;
contains the k-element subsets of S,, and V5 contains i-element subsets of S,,, for
1 <i<mn, i#k. An edge exists between a vertex U € V; and a vertex W € Vj if
either U C W or W C U. In this paper, we established formulae for the number of
edges, vertex connectivity, edge connectivity and degree polynomial. Then, we anal-
ysed the clique number and diameter of Hr(n, k). We also verified that the graphs
Hr(n, k) and Hrp(n,n — k) are isomorphic. Degree-based topological indices such as
the general Randic connectivity index, the first general Zagreb index and the general
sum connectivity index are also computed. Also, we proved that the line graph of
Hyp(n, k) is not a bipartite graph.

1. INTRODUCTION

For a graph G = (V,E) with vertex set V' and edge set E, the degree
of a vertex v denoted by d,, is the number of edges incident on it. The
minimum and maximum degree of a graph G are §(G) = H‘l/l(% ){dv} and

ve
A(G) = Ir‘lfaé){dv}, respectively. The concept of polynomial representation
ve
of a graph was introduced in [4]. If a; is the number of vertices having
degree i, then the degree polynomial representation of a graph G is defined

AlG)
as fo(z) = > a;x’.
=1

1=

Let n and k£ be fixed positive integers with n > k. The Kneser graph
K(n,k) is defined as a graph with k-subsets of a fixed set with n elements
as vertices, and the adjacency exists between two disjoint k-subsets [8]. The
diameter of the Kneser graph K (2n + k,n) was studied by Valencia Pabon
and Juan Carlos vera [17], and is given by [%] + 1. The graph K(5,2)
is isomorphic to the Petersen graph. On the basis of the Kneser graph, a
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generalised Kneser graph K (n,r,s) for n = 2r—s+k,wherer,s <r,k € Z™,
is defined as a graph with the vertex set as r-subsets of {1,2,...,n} and an
edge between two vertices U and W exists if [UNW| < s [I1]. If s =0, then
K(n,r,s) is the Kneser graph K(n,r). In [0], the diameter of K(n,r,s) is
given by [*=274] + 1.

The bipartite Kneser graph, H(n,k) [12] for a positive integer n > 1
has a vertex set consisting of all k-element and n — k element subsets of
S, ={1,2,3,...,n}, and an edge between any two vertices U and W exists
when U C W or W C U. When n = 2k, H(n, k) is a null graph and so it was
assumed that n > 2k + 1. The bipartite Kneser graphs and their properties
have wide applications in coding theory [7], [2]. The sufficient conditions for
the equality of edge-connectivity and minimum degree of a bipartite graph
were proved in [13].

In [16], bipartite Kneser type-1 graph, Hp(n,1) was introduced and some
algebraic properties were investigated. In connection with this, bipartite
Kneser type-k graph Hr(n, k) [10] is defined as a graph with partition(V;, V3),
in which V; contains k-element subsets of S,,,n > 1, and V5 contains all other
non-empty subsets of §,,. The edge set is defined as

{UW:UGVl,WEVQ, and UW exists if and only ifUCWorWCU}.

It is proved that the bipartite Kneser type-k graphs have n! automorphisms
and that the automorphism group is isomorphic to the symmetric group S,
for each n > 3, 2k # n. If n is even, n = 2k, then the automorphism group of
Hr(n, k) is isomorphic to S,, X Zs, where Zs is a cyclic group of order 2. The
authors also investigated the diameter of Hy(n, 1) as 4, for n > 4. A possible
253 transformation of a similar graph and its properties were studied in [15].

There are various types of topological indices such as degree based indices,
distance based indices and spectrum based indices. A study on determining
the distance spectrum of a class of distance integral graphs was done by
Mirafzal and Kogani [10]. Degree based indices [!] are very important in
chemical graph theory, and in [14], the authors mentioned certain degree-
based topological indices of Boron Bjy. In [3], authors introduced the entire
Wiener index of a graph and obtained exact values of this index for trees and
some graph families. Also, they established some properties and bounds for
the entire Wiener index.

In this paper, we generalized the diameter of Hp(n,k) for n > 3 and
1 <k <n-—1. Also, we established general formulae for finding the number
of edges, degree sequence, degree polynomial representation, vertex connec-
tivity and edge connectivity. We identified the clique number as 2 for the
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graph Hrp(n,k). We proved that the graphs Hp(n, k) and Hp(n,n — k) are
isomorphic. Degree-based topological indices such as the general Randic con-
nectivity index, the first general Zagreb index and general sum connectivity
index are also computed.

2. PRELIMINARIES

For a connected graph G that is not complete, a vertex-cut is a set S of
vertices of G such that G — S is disconnected. The cardinality of a mini-
mum vertex-cut is the vertex connectivity x(G) of G. The cardinality of the
minimum number of edges whose removal disconnect the graph is the edge
connectivity, A(G) [5]. The distance d(u, v) between any two distinct vertices
v and v in a connected graph G, is the length of the shortest path between

them, and the diameter is given by diam(G) = m‘a/%(G){d(u,v)}. If every
u,ve

pair of vertices in a graph G is adjacent, then GG is complete, and the order
of the largest complete subgraph is the clique number, w(G) [5].

Lemma 2.1. [9], [I1] For a simple graph G, let d, denote the degree of the
vertex u in V(G) and o be any real number. Then

(1) The general Randic index, Ry(G) = Y. (dud,)".

weE(qQ)
(2) The first general Zagreb index, M, (G) = > (d,)*.
ueV(G)
(3) The general sum connectivity index, Xo(G) = > (dy+d,)*.

weE(Q)

Theorem 2.2. [5] A non-trivial graph G is a bipartite graph if and only if G
contains no odd cycles.

Let S, ={1,2,3,...,n} and 1 < k < n — 1. The bipartite Kneser type-k
graph Hr(n, k) is obtained by partitioning the set of all non-empty subsets V'
of §,, into two partite sets, V4 containing k-element subsets and V5 =V — V1.
An edge between two vertices U € Vi and W € V; exists if either U C W or
W C U. The graph Hr(n, k) is connected but not regular.

Throughout this paper, n is a positive integer greater than 1 and
1 <k < n—1. The partite set V; consists of all k-element subsets of S,
and V5 consists of all other non-empty ¢-element subsets of S,,, i # k. The

number of k-element subsets of S, is (2)

Theorem 2.3. [16] The diameter of the graph Hr(n,1) is 4 forn > 4. .
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Proposition 2.4. [106] For the graph Hr(n, 1), let d,(u,v) denote the number
of unordered pairs of vertices for which d(u,v) = h. Then

n-2""t—n ifh =1,
n 1 n=2 n—2
R (G BRI (BRG] TR
dp(u,v) = n(2-1— 1) .
1 n=2 n—2
52 [(’;‘) > (%) ifh = 4.
\ < r=2 k=2

3. MAIN RESULTS
CONNECTIVITY AND DIAMETER OF BIPARTITE KNESER TYPE-k GRAPHS

The bipartite Kneser type-k graph, Hrp(n,k) has 2" — 1 vertices as we
consider only non-empty subsets of S,,. To find the size of Hp(n, k), we can
use the following proposition.

Proposition 3.1. Number of edges of the graph Hr(n, k) is (28 +2""F—=3)(}).

Proof. From the definition of Hp(n, k), the partite set V; has (Z) elements,
say U; for j =1,2,3,..., (Z) Each U; has 2% — 2 incident edges from vertices
Wi, @ < kin V,. For ¢ > k, the subsets containing each U; are also adjacent
to it, and there are ("71‘3) + (nﬁk) +-- (THC) — 2"F _ 1 such edges. Thus,

1 2 n—Fk
the number of edges incident on each U; is 28 —2+2"7F —1 = 2k - 2n=F _ 3,
Hence, the total number of edges in Hr(n, k) is (2F + 2% —3)(}). O

Since the degree of a vertex is the number of edges incident on it,
A(Hr(n,k)) = max{2¥ + 2% — 3, (7)}. Hence, the degree sequence is
obtained as follows.

Lemma 3.2. For the graph Hp(n, k),
(1) For eachi,1 <i <k —1,(") vertices have degrees (}_").
(2) () vertices have 2% 4 2"~% — 3 degrees.
(3) For eachi, k+1<i<mn—1,(") vertices have degrees (}).

Proof. As the same arguments given in Proposition 3.1, for vertices in V7, (Z)
vertices have degrees 2% +2""% — 3. By considering vertices in Vs, if i < k, (’ZL)
); and if 1 > k, (?) vertices have degrees (,ZC) O

n—1u

vertices have degrees ( i

The degree polynomial representation of the graph Hr(n, k) is given by the
following theorem.
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Theorem 3.3. The degree polynomial of the graph Hp(n,k),

PUttr(n. ) = & ()ali) 4 ()04 35 (1)l

Proof. The proof follows from Lemma 3.2 and definition of the graph Hp(n, k).
O]

The value of the polynomial when x = 1 represents the number of vertices
and that of the derivative of P(Hr(n,k)) represents twice the number of
edges in Hyp(n, k).

It is observed that the number of vertices, the number of edges, degree
sequence, degree polynomial representation, the number of vertex pairs with
certain distance are all the same for the graphs Hp(n, k) and Hp(n,n — k).
So we have the following theorem.

Theorem 3.4. The bipartite Kneser type-k graphs, Hp(n, k) and Hp(n,n—k)
are isomorphic.

Proof. Define a map ¢ from V(Hp(n, k)) to V(Hr(n,n —k)) by

o(Us) = U, Us € Vi of V(Hy(n,k)),1 < i < (Z)

U eViof V(Hr(n,n—k)),1 <i < (nik>

n—j Zf '6‘/27]‘#”7]{7
¢<wj>{w” o
j if 3 =n.

It is clear that ¢ is one to one, onto and preserves adjacency.
Hence, Hp(n, k) = Hr(n,n — k) O]
We obtained the following results for the vertex connectivity and edge

connectivity for the graph Hr(n, k).

Theorem 3.5. For any integern > 2 and 1 < k < n—1, vertex connectivity,

kE+1 for 1 <k <[5,

/{(HT(TL,]?)) = {R(HT(?”L,TL _ k)) for L%J <k<n-1.

Proof. Vertex connectivity of a graph G is the minimum cardinality of the set
of vertices U of G such that G — U is disconnected. Also, 0 < k(G) <n —1
and k(G) < §(G). Since Hp(n,k) is connected and n > 2, k(@) is neither
0 nor 1.
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As Hrp(n, k) is a bipartite graph, it is enough to find out the vertices with
minimum degree so that the removal of the vertices adjacent to the vertex
with minimum degree will disconnect the graph. From Lemma 3.2, if 7 < k,

there are (Z:z) elements in V; adjacent to any (TZL) vertices in V5.

If © > k, there exist (;) vertices in V) adjacent to any (7;) vertices in V5
and its removal from V; separates the corresponding vertex in V5 and hence
the graph is disconnected. Then mm{(z:z)Kk, (;)Dk} will be the vertex
connectivity.

Case 1: Let 1 < k < [§]. Since (kil) in V5 has exactly (kzl) =k+1
adjacent vertices in V7, the removal of these k£ + 1 vertices from V; disconnect
the graph.

Case 2: Let [§] <k <n—1. In this case,

mnf (320), (0,1 (57)

=n—(k—1)
=(n—k)+1
= k(Hr(n,n —k))
[

Corollary 3.6. For any integer n > 2 and 1 < k < n — 1, the edge connec-
tivity

k41 for 1 <k <|[%],

A Hrp(n, k) = {)\(HT(n,n — k)  for L%J <k<n-1.

Proof. As the graph is connected and n > 2, the edge connectivity cannot
be 0Oand 1. Also, we know that for any connected graph G,
k(G) < AG) <0(G).

For the graph Hrp(n,k), degree of vertices is obtained from Lemma 3.2.
From the above theorem 3.5, the removal of the edges incident on the vertex
with minimum degree must disconnect the graph.

Case 1: Let 1 <k < |5]. The (kil) vertices in V5 have minimum degree
with &£+ 1 incident edges. If we remove these k + 1 edges, the graph becomes

disconnected into two components, one containing (kil) vertices and the

other containing Hp(n, k) — (kil) Thus, the edge connectivity is k + 1.

Case 2: Let |5] < k <n — 1. Here, the number of edges incident on any
k — 1 element subset of §,, is
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(") = — (k—1) = (n— k) + 1 = AN Hr(n,n — k).

Corollary 3.7. The vertex connectivity for the graph Hp(2,1) is 1.
Corollary 3.8. The edge connectivity for the graph Hr(2,1) is 1.

Observation 1. The graph Hp(n, k) is a connected, bipartite graph for any
nand 1<k <n—1. So, the clique number of Hp(n, k) = 2.

Theorem 3.9. The diameter of the graph Hr(n,k), for n > 3 and
1<k<n-—11is4.

Proof. Diameter of a connected graph G is the greatest distance between any
two vertices of G. The graph Hr(n, k) has 2" — 1 vertices.

d(U;, W) =1ifU; e Vifor 1 <i < (}) and W, € Vafor 1 <j<n—1,j#k
are adjacent.

Suppose there exist non adjacent vertices say U, € Vi and W, € V5. Since
S, is a vertex in V5 and U; C S, there is an edge U;S,. Also, Vi has a
k—element subset U; , 1 < 1 < (Z) of S, such that either W7 D U; or
U; D Wi. Then U;S,U;W; will be the shortest path of length 3 connecting
the vertices Uy and Wi. Thus, d(U;, W) = 3 if Uy € Vp and Wy € V, are
non-adjacent.

The presence of S,, as a vertex in V5 always yields a path U;S,U; for vertices
Uand U; € V1,1 <14,5 < (Z) In such cases, d(U;,U;) =2 .

Now, consider the vertex pair (W;,W;) in V; for 1 < i,j < n,i # k and
j # k such that they have no common k—element subsets in Vj. Let Uy
adjacent to W;, and Uy adjacent to W, where 1 < k, k' < (Z) The path
WU S, Uy W, will connect the vertices W; and W;. Thus, d(W;, W;) = 4.
Hence, diam(Hr(n, k)) = 4. O

Corollary 3.10. Diameter of Hp(3,k) = 3 for k =1,2.

In order to find out certain distance based topological indices, we need the
following results.

Lemma 3.11. For the graph Hp(n,k), the number of unordered pairs of
vertices with distance h, dp(U, W) is as follows:

(2" + 2k =3)(}) if h = 1,

= O e o s
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Proof. The distance between any pair (U, W) of vertices, U € V; and W € V,

is either 1 or 3. There are (})(2" — 1 — (})) vertex pairs having distances 1

and 3. If there is an edge between the vertices, then d;(U, W) = 1 and there
are (2F 4277k — 3) (Z) such vertex pairs. Thus, the number of vertices with
distance 3 is (})(2" —1— (})) — (28 + 2" = 3)(}). O

Lemma 3.12. For the graph Hrp(n,k), the number of unordered pairs of
vertices with distances 2 and 4 is given by the equation

do(U, W) + dy(U, W) = (@) + ((2n a ; B (2)).

Proof. Let (V4,V3) be the partition of the graph Hp(n,k) as given in the
definition. So, V7 contains (Z) vertices. Since S, itself is an element in V5,
there exists a U;S,,U; path between any pair of vertices (U;, U;) for U;, U; € V.
Also, the distance between any pair (W;, W;) for W;, W; € V5 is either 2 or
4. The part V5 has 2" — 1 — (Z) vertices. Hence, the total number of vertex

pairs with distance h = 2 and h = 4 is ((g)) + (2"—12—(2)). ]

Lemma 3.13. For the graph Hr(n,2), the number of unordered pairs of

vertices with distance 2 is given by the sum
( n n n—1 J—1 . .
( ) An 1 n I\ [n—7
j -
2 ( 2 ) +;]<j> +2Z<j> ;@(j—r)

D(n,2) = {712 7=3

SEOROCE

Proof. Consider the bipartite Kneser type-2 graph Hr(n,2). The vertex par-
tition Vi contains only 2—element subsets of S,,, and V5 contains both non-
empty subsets and supersets of elements in V;. Let |U| denote the cardinality
of the vertex U. For any positive integer n, the vertex pairs (U, W) with dis-
tance 2 and the number of such pairs, say, [, can be found in the following
way.

o If both U and W € Vj, then there exists a path US,/W such that
d(UW)=2and if UW €V, and |U| = |W| =1, then d(U, W) = 2,

Number of such pairs of vertices is ] = Z ((é ))

j=1,2

In the remaining cases, the vertex pair (U, W) € V5.
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o If |U| =1 and |W|=j, where 3 < j <n, then

=2 ()()

o [U|=|W|=j,3<j<n~—1,then

= () [E062)

J=3

oelfi=|Ul<|W|=j,where3<i<n—2andi+1<j<n-1,

S OBOCD] oo

ly = < p=2
K0 otherwise.
n—1
o If3 < |U| Sn—landW:Sn,thenk:Z(n)
i3 \'
Then, D(n,2) =d,(U,W) =11 +ls + I3+ Iy + I5 when h = 2. O

From the Theorem 3.9, it is clear that the maximum distance in the graph
Hr(n,k), 1 <k <n-—1,n>3,is 4. Therefore, we get the following result.

Theorem 3.14. For the graph Hp(n,2), the number of unordered pairs of
vertices with distance h, d,(U, W) is as follows:

(272 4 1) (%) ifh =1,
D(”? 2) th = 2,
WEMZ O pxr2-@ -2 ih -
(@) + (@) D2y irh =4,

where D(n,2) is as given in the Lemma 3.13.

Proof. The proof follows from the Lemmas 3.11, 3.12 and 3.13. ]
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Lemma 3.15. For the graph Hpr(n,3), the number of unordered pairs of
vertices with distance 2 is given by the sum

()00

S (000

.

_|_

D(n,3)=4 " F c B
ZIEO)Z00)| ]
§f<?>+nm—lf
\i=k+1

Proof. Consider the bipartite Kneser type-k graph Hp(n, k) when k = 3;
In addition to the cases in the Lemma 3.13, there is a situation such that
U W eV, with

o |Ul=1and [W|=2

o [U|=|W|=2
o [U[=2,4<|[W[<n
Thus, for the first two cases we have Iy = (2) (?) [1 + ("%)] )2 num-
i

1 n .
ber of such vertex pairs and for the third case, it will be Z Z ( ) (“7>
im1 jmke1 NN
Thus, for £ = 3, the total number of vertex pairs with distance 2 is

( )igj%()()
%k ”)?;(i)(?_i)
> OO0

(n +nn—1
1

N
3??‘

+

D(n,3) =

l\')”

M

1

H-i-

SII

k

I}
_|_
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Thus, by Lemmas 3.11, 3.12 and 3.15, we have the following theorem.

Theorem 3.16. For the graph Hp(n,k), k = 3, the number of unordered

pairs of vertices with distance h, dn(U, W) is as follows:

(54 2773)(%) ifh =1,

D( 3) if h = 2,

(O x2s-()-d  #h-s

(D) + (@)~ D) i =4

where D(n,3) is as in the Lemma 3.15.

Proof. For the graph Hyp(n,3), by substituting £ = 3 in the Lemma 3.11 and
using the Lemma 3.15, we get the result. ]

The line graph of the graph Hr(n, k) denoted by L(n, k) is the graph with
vertex set

V= {(Uin) Ui € VilHr(n, k), 1 <1 < <

dp(U,W) =

Z);Wj € Va(Hr(n, k),

1§j§n—1,j7ékcmdUiCWjoerCUi}.

Two vertices in L(n, k) are adjacent if and only if the corresponding edges of
Hr(n, k) are adjacent in Hp(n, k).

We studied the properties of L(n, k) and obtained the result:

Theorem 3.17. The line graph L(n, k) of the graph Hr(n, k) is not a bipartite
graph.

Proof. Let U;W; denote an edge in the graph Hr(n, k). Corresponding to each
edge U;S, in the graph Hp(n, k), the line graph L(n, k) must have vertices
(U;S,) for 1 <4 < (}). Then, L(n, k) must contain a cycle (U;S,), (Uir1S,),
(Ui+28,), (U;S,) of length 3, starting from any ¢ for 1 <4 < (}). Thus, using
the Theorem 2.2, L(n, k) is not a bipartite graph. O

4. SOME DEGREE-BASED TOPOLOGICAL INDICES OF Hrp(n, k)

In chemical graph theory, certain topological indices are used to study
certain physico-chemical properties of molecules so that it converts molecular
graph into a real number. One of the main topological indices is degree-based

topological indices. Here, we discussed some degree-based topological indices
of the graph Hr(n, k).
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Theorem 4.1. Let o be any real number. Then, for the graph Hr(n, k), for
any positive integern and 1 < k <n—1,

(1) The general Randic connectivity index is given by

Ro(Hr(n, k) = <2k+2n_k B)QIZ;()( )((Z_f)>a

200()]

(2) The general sum connectzmty inde,
k-1 , ¢
0| (2 rzt-s) v )

Xo(Hr(n, k) = '~ | e

£ 3 OO](2rzr-3)+ 0]

Proof. The graph Hrp(n, k) has 2" — 1 vertices and (2" + 2" — 3)(}) edges.

Using Lemma 3.2, the edge set E(Hrp(n,k)) can be expressed as the union of

disjoint edge sets

n—1

:{UW:dU:2’“+2”‘k—3, dW:<k ) 1<i<k-—1

— 1
0k n—k . i .
or dy = 2"+ 2 3, dy = k,k—l—lgzgn.

There are (") such vertices for each 4,1 < ¢ < n. Hence, by (1) and (3) of
Lemma 2.1, the result follows. [

Corollary 4.2. (1) When a = —3 in the general Randic connectivity

Index, we obtained the Randic cQOnnectz'm'ty indez.
(2) Ri(Hr(n,k)) represents the second Zagreb index.
(3) The modified Zagreb index is the index R_1(Hr(n,k)).
(4) The sum connectivity index is xo(Hr(n,k)) when a = —
)

(5) x1(Hr(n, k)) is the first Zagreb index.

1
5-
Theorem 4.3. The first general Zagreb index is

solen] + ooy
TS (o)

Proof. The result follows from Lemma 3.2 and using (2) of Lemma 2.1. [
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Corollary 4.4. The Forgotten index for the graph Hr(n, k) is Ms(Hp(n, k)).

5. CONCLUSION

In this paper, we determined formula for finding number of edges of the
graph Hr(n, k) for any positive integer n > 1 and 1 < k < n — 1. The vertex
connectivity and edge connectivity are identified as £ +1 when 1 <k < [§],
and as that of Hp(n,n — k) when |§] < k < n — 1. Its clique number
is 2 as well. We obtained formulae for finding number of vertex pairs with
distances 1,2, 3, and 4, and hence found that the diameter is 4. Some degree-
based topological indices such as the general Randic connectivity index, the
general sum connectivity index and the first Zagreb index were examined.
Finding more topological indices that relate to this graph is intriguing.
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