Journal of Algebraic Systems, Vol. 13(No. 3): (2025), pp 113-122.
https://doi.org/10.22044/JAS.2024.13603.1759

RESULTS ON QUOTIENT NEAR-RINGS INVOLVING ADDITIVE MAPS

A. Raji, A. Boua® and A. Zerbane

ABSTRACT. In this paper, we study the commutativity of the quotient near-ring A/ /P
with left multipliers and generalized derivations satisfying certain algebraic identities
on P. Furthermore, an example is given to show that the 3-primeness condition used
in our results is necessary.

1. INTRODUCTION

Throughout this paper, N/ will denote a left near-ring with multiplicative
center Z(N). Recall that N is called 3-prime if zNy = {0} for
z,y € N implies z = 0 or y = 0 and N is said to be a 2-torsion free if
N has no element of order 2. For any pair z,y € N, we write [z,y] = zy —yx
and x oy = xy + yx to denote the Lie product and the Jordan product, re-
spectively. A derivation on N is an additive endomorphism d of N such that
d(zy) = zd(y)+d(x)y for all x,y € N or equivalently, as noted in [16, Propo-
sition 1], that d(zy) = d(x)y + xzd(y) for all z,y € N. An additive mapping
D : N — N is called a generalized derivation if there exists a derivation
d on N such that D(xy) = D(x)y + zd(y) for all z,y € N or equivalently,
D(xzy) = xd(y) + D(x)y for all x,y € N'. An additive mapping H : N — N
is said to be a left multiplier (resp. right multiplier) if H(zy) = H(x)y (resp.
H(xy) = xH(y)) for all 2,y € N. Thereby, if H is both a left multiplier and
a right multiplier, then H is said to be a multiplier of N.

A normal subgroup P of (N, +) is called a left ideal (resp. a right ideal) if
NP CP (resp. (x+7r)y—axy e P forall x,y € N,r € P), and if P is both
a left ideal and a right ideal, then P is said to be an ideal of N.

According to [11, Definition 1(iv)], an ideal P is a 3-prime if for a,b € N,
aNb C P implies a € P or b € P. We denote by N /P the quotient near-ring
and Z (N /P) its multiplicative center. Clearly, if P is 3-prime, then N /P is
a 3-prime near-ring.
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In the following, we present an example of a near-ring N admitting a 3-
prime ideal P.

Example 1.1. Let N = {0,a,b,¢,d, e, f,g} and define the two laws “ + 7
and “.” on N by:

+/0abcdefg ./0abcdefg
0/0abcdefg 0/0 00 0O0O0O0O0
ala bc 0Oef gd al0a 0a0aa6o0
blbc O0Oaif gde bi{Ob 0Ob O0Obbo
clc 0Oabgdef and c/l0c0cO0ccoO
did g feO<cba dijdddddddd
eled g faOchb eld ed e deed
filf edghbaOc fild fdfdf fd
glgf edcbalo gld gdgdggd
We can see that N is a left near-ring and P = {0, a,b,c} is a 3-prime ideal

of NV.

In [14], the authors defined a special derivation d on A//P by J(:T:)Nz (x)
for all v € N. Motivated by this concept, we define a left multiplier // and a
generalized derivation D on N/P as follows: H(Z) = H(x) and D(Z) = D(x)

for all z € N, respectively.

There are several results claiming that 3-prime near-rings, under certain
constraints due to special maps, have ring-like behavior, see for example
[4, 8, 6, 7, 13, 12], where further references can be found.

Recently, Ashraf et al. [1] proved that if a 3-prime near-ring N admits a
nonzero derivation d satisfying d([x,y]) = [d(x),y] for all x,y € N, then N
must be a commutative ring. Motivated by this result, Enguady et al. [10)]
studied the commutativity of near-rings admitting a left derivation d and a
multiplier H satisfying d([z,u]) = H([z,u]) for all x € N, u € U, where U is
a Lie ideal of .

In this note, we investigate the commutativity of a near-ring N'/P in the
case when N admitting a generalized derivation D and a left multiplier
H satisfying any one of the properties (i) D([z,y]) — H([z,y]) € P, (i1)
D(xoy)— H(xoy) € P for all x,y € N, where P is a 3-prime ideal of N.
The obtained results improve and unify those proved in [5, Theorem 2.2] and
[, Theorem 1(i)].

2. MAIN RESULTS

To facilitate our discussion, we need the following lemmas.
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Lemma 2.1. Let N be a 3-prime near-ring.

a) [2, Lemma 1.3(i)] If « is an element of N such that Nz = {0} (resp.
zN = {0}), then x = 0.

b) [2, Lemma 1.5)] If N C Z(N), then N is a commutative ring.

¢) [9, Lemma 2] Let d be a derivation on N. If x € Z(N), then
d(z) € Z(N).

d) [2, Theorem 2.1] If N admits a nonzero derivation d for which
d(N) C Z(N), then N is a commutative ring.

The next lemma gives partial distributivity to the right of the multiplicative
law. In our proof, we frequently use this result without mentioning it.

Lemma 2.2. [3, Lemma 1.3] Let N be a near-ring. If N admits a generalized
derivation D associated with a derivation d, then

(D(z)y + xd(y))z = D(x)yz + zd(y)z for all x,y,z € N.

Theorem 2.3. Let P be a 3-prime ideal of a near-ring N'. If N' admits a
generalized derivation D associated with a derivation d for which d(N') € P,
and a left multiplier H, then the following assertions are equivalent:

1) D([$,y]) _ H([l’,y]) €P fOT' all T,y € N;

ii) N/P is a commutative ring.

Proof. Obviously, we have (ii) = (7). So, we need to prove that (i) = (i7).
By hypotheses given, we have D([z,y]) — H([z,y]) € P for all z,y € N, which
implies that

D([z,y]) = H([z,y]) for all z,y € N. (2.1)
Case 1: Suppose that H(N) C P, so that (2.1) yields
D([z,7]) =0 for all z,y € V. (2.2)

Substituting [u, v] and [u,v]y for x and y, respectively, in (2.2) and using it
again, we obtain

,ﬁ([[ﬂvl_}L [ﬂ,@]ﬂ]) - (
= D(

It follows that
[@, 9)d([[@, 7], 7]) = 0 for all u,v,y € N. (2.3)
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Also, putting [u,v]y instead of y in (2.3) and using (2.3) we find that
[a, v)d([u, v))[[u,v],y] = 0 for all u,v,y € N which means that

[, 9)d([a, 7)) [, 0]§ = [a, v]d([a, 9))§[a, 0] for all u,v,y € N. (2.4)
Taking yt instead of y in (2.4) and using it, we obtain
@, 9)d([a, 9))g[[a@, 0], 1] = 0 for all u,v,y,t € N which reduces to
[@, 9)d([a, 7)) N/P[[a,7],t] = {0} for all u,v,t € N. (2.5)
In view of the 3-primeness of N'/P, (2.5) assures that
(@, 0]d([5,7])) = 0 or [@,7] € Z(N/P) for all u,v € N. (2.6)

Our aim is to show that (2.6) gives [, 7]d([@, 7]) = 0 for all u,v € N. Indeed,
suppose that there exist ug, vy € N such that [ag, 0o] € Z(N/P). Return to
(2.2) and replacing x and y by [ug, vo]ug and vy respectively, we find that
[, 0] d([do, To]) = 0. Consequently, (2.6) reduces to

@, 0)d([a, 7)) = 0 for all u,v € N, (2.7)

From (2.3), we have [a, 7]d([@,?)§) = [, 9)d(7[a, 7)) for u,v,y € N. Solving
this equation and using (2.7), we obtain

@, 9)%d(7) = [a, 0)d(g)[a, 7] + [a, 9)5d([a, 0]) for all u,v,y € N. (2.8)
Taking y = y[u,v] in (2.8) and using (2.7), we find that
[, o]*d(glu, v]) = [a,0)d(yla, v))[a, 0] + [a,0)g[a, o)d([a. o))
— [, v]d([a,v]y)[a, 7] for all u,v,y € N.

By the definition of d, and after simplification, we obtain [, @]QQd( [u,7]) =0
for all u,v,y € N and therefore,

[, 0] N /P d([a, v]) = {0} for all u,v € N. (2.9)
Since N /P is 3-prime, (2.9) shows that
[@,7)> =0 or d([a,v]) =0 for all u,v € N. (2.10)

Let ug, vg € N such that [y, 0p]*> = 0. On the one hand, (2.8) gives
[T, 0] d(7) [0, O] + [0, Do) gd([tio, o)) = O for all y € N (2.11)

On the other hand, by virtue of (2.2) we have also D(([t0, %], §]) = 0 for all
y € N which implies that D([ag, 0o]y) = D(y[ug, vp]) for all y € N. This
implies that

[, wld(5) = D(H)[do, 0] + yd([do, 0)) for all y € .
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Right-multiplying this equation by [ug, Up] and using Lemma 2.2, we obtain
for all y e N/

[0, Do) () [tko, o] = D(y)[ato, vo]* + yd( [0, ¥o]) [0, v0]. (2.12)
According to (2.7) and the additivity of d, we obtain
d([a0, %]*) = 0 = d( [, 7)) [0, 7o),

and therefore (2.12) reduces to [wg, 0pld(y)[wy, 0] = 0 for all y € N.
Consequently, (2.11) implies that

[, 7o) N /P d( [0, 0)) = {0}

which, in view of the 3-primeness of N /P, forces that [ug,v9] = 0 or
d([@, %)) = 0; but the first condition yields also d([w, %)) = 0 and hence
(2.7) shows that d([@,7]) = 0 for all u,v € N which, taking account the
special case when o = idy in [15, Theorem 2.3], implies that N//P is a
commutative ring.

Case 2: Suppose that H(N) ¢ P. In this case, replacing x and y by
[, v]z and [u,v], respectively, in (2.1) and using it, we obtain

[, 9)d([Z, [@,7]]) = 0 for all u,v,z € N. (2.13)
Next, taking x = [u,v]z in (2.13) we find that

0 = [uo)d([u ][z, [u. 0]}

= [a,9d([a, 7))z,

= [u, v]d([z, v])[z, [a, 0] (2.14)
From (2.14), it follows that [@,o]d([@,?])Z[a, 0] = [a,v]d([a, )|, 0]z for all
u,v,v € N. Substituting xt for x in the last equation and using it again,
we infer that [u,v]d([u,v])Z[t, [u,v]] = 0 for all x,t,u,v € N. Accordingly,
[a, v|d([a, 0)) N /P [t,[u,v]] = {0} for all t,u,v € N. Using the 3-primeness
of N'/P, we conclude that

[a, v]d([@, v]) = 0 or [a,v] € Z(N/P) for all u,v € N. (2.15)

Let ug,vg € N such that [4g, %] € Z(N/P). In (2.1), replacing = and y by
[ug, vo]ug and vy respectively, we arrive at [, vo)d ([, vo]) = 0, so that (2.15)
reduces to

@, 7)d([@, 7)) = 0 for all u,v € N. (2.16)
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Also, from (2.13), we have [, 0]d(Z[a, 7)) = [, 0]d([@, 7]T) for all z,u,v € N
Solving this equation and invoking (2.16), we obtain

@, 0)zd([a, 7)) + [a, 0]d(Z)[a, 0] = [a,0)%d(Z) for all z,u,v € N'.  (2.17)
In (2.17), putting x[u, v] instead of x and invoking (2.16), we find that for all
T, u,v E N.
0, 8zd((a, 9)[@, ) + [, 01d(@)[m, o] = (5, 012(x) [8,7] + (1, 2@, o)
O (218)
Combining (2.17) and (2.18) and after simplifying, we get [u, 7]*Zd([@,7]) = 0
for all z,u,v € N which, in view of the 3-primeness of A'/P, implies that

[@,7)> =0 or d([a,7]) = 0 for all z,u,v € N. (2.19)

Suppose that there exist ug,vy € N such that [dg,7)> = 0. In this case,
returning to (2.1) and replacing = by [ug, vg], we get

D([[ao, o), 7)) = H ([0, %), 7))

for all y € V. That is, D([ao, 00)y) —D(glao, o)) = H ([0, %0}5) — H (§lao, 0))-

Using the property defining of D and H together (2.1), we find that
[0, vo]d(y) — yd ([, v0]) — D) [tto, vo] = —H (y)[tio, ] for all y € N

Replacing y by [z,y] in the previous equation and left—multiplying it by
[tin, U], in virtue of our statement assumption, we get [to, vo]yd([to, vo]) = 0
for all y € N, and hence [ug, 0] N /Pd([tiy, v0]) = {0}. As N/P is 3-prime
and d is additive, the last expression assures that d([to,vo]) = 0 and thus
(2.19) leads to d([u,v]) = 0 for all u,v € N, which forces that N'/P is a
commutative ring by [15, Theorem 2.3].

O

The next theorem generalizes the result [5, Theorem 2.4].

Theorem 2.4. Let N be a 2-torsion near-ring, P be a 3-prime ideal of N,
and H be a left multiplier of N'. Then, N' admits no generalized derivation D
associated with a derivation d for which d(N') € P and D(xzoy)—H (zoy) € P
for all z,y € N.

Proof. By hypotheses given, we have

D(Zoy)=H(Toy) forall z,y e N. (2.20)

Replacing y by zy in (2.12), we obtain D(Z(z o §)) = H(z(Z o 7)) for all
x,y € N. Again, substituting u o v for z in the last equation and applying
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(2.12), we arrive at (@ o7)d((7ov) o) = 0 for all u,v,y € V. Again, taking

(uow)y instead of y we infer that (o #)d(to¥)((wo®)og) = 0. So that, for
all u,v,y € N, we have

(@ov)d(uov)((uov)y) =—(uov)d(uov)y(uonDv). (2.21)
Substituting yt for y in (2.21) and using (2.21), we get
(@o7)d(@od)y|(ioT), 1] =0
for all u,v,y,t € N which can be written as
(wov)d(aov) N/P[~(wowv), ] = {0}.
In virtue of the 3-primeness of N'/P, the preceding result shows that

(wov)d(uov)=0o0r —(uov) e ZWN/P) for all u,v,y e N.  (2.22)

Letting ug, vg two elements of N such that —(uy o vp) € Z(N/P). In partic-
ular, by replacing x by (—(ug o vp))z in (2.20) and using (2.20), we find that
(—(ug o v9))d(Z o §) = 0 for all z,y € N. Left-multiplying this equation by
7, where r € N, and using the fact that N'/P is 3-prime, we conclude that
oty =0 ordZog) =0 for all z,y € N. But, in view of [15, Corollary
3.7], the second condition cannot be verified and therefore, (2.22) gives

(@ov)d(uov) =0 for all u,v € N. (2.23)

Now, return to (2.20) and taking z = uowv and y = (uov)y, we find that
(wowv)d((uov)oyg)=0 which implies that
(Go0)d((@o®)y) = —(aod)d(F(aon)) for all u,v,y € N.
Solving this equation and using (2.23), we obtain for all u,v,y € N,
(@o0)%d(y) = —(aod)jd(aon)— (wod)d(y)(do D) (2.24)
= —(@od)d(y)(uot)— (o v)yd(uod). (2.25)
Substituting y(u o v) for y in (2.24), we get
(wov)*d(g)(uov) + (aov)’yd(ucv) = —(wov)d(y)(ao o)’

Right-multiplying (2.25) by % o v, we obtain
(@o0)2d(y)(aod) = —(aov)d(y)(wov) — (wov)jduov)(aov). (2.27)
From (2.26) and (2.27), we conclude that

(0 0)*gd(i o) =0 for all u,v,y € N'
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that is, (7o 7)2N /P d(aov) = {0} for all u,v € N. Since N'/P is 3-prime,
it follows that

(Go)?=0ord@ov)=0 for all u,v € N. (2.28)

Let ug, v € N such that (i o %y)* = 0. In this case, return to (2.20) and
using the additivity property of D and H, we obtain

D(zy) + D(yz) = H(zy) + H(yT)
for all z,y € N'. And thus,

D(Z)§ + zd(7) + 5d(Z) + D(§)T = H(Z)§ + H(7)Z for all z,y € N.
Now, by replacing x and y by wug o vg and r o s respectively in the latter
equation, we get

(5 © To)d(F 0 §) + (7o 8)d(1p o 7y) = 0 for all 7,5 € N.
Left-multiplying by (QIQ o 7p) and using our statement assumption, we
obtain (1 o 0y)(7 o 5)d(ug o v9p) = 0 for all r,s € N. It follows that
<(u‘0 o 0p)T5 + (ug o 170)§f> d(iy o my) = 0 for all r,s € N. Again, taking

s = (ugowvp)s, we find that (g o 0p) 7 (o 0y) 5d(1p o 0p) = 0 for all 7,5 € N,
which can be written as

(13 © 7o) N/ P (1t 0 5) N/ P d(iy o 7y) = {0}. (2.29)

In the light of the 3-primeness of N'/P, (2.29) implies that d(1iy o ty) = 0 and
hence (2.28) reduces to d(zov) = 0 for all u,v € N. In view of [15, Corollary

3.7], we get the required result.
]

The following example proves that the 3-primeness of P that we used in
our theorems is necessary.

Example 2.5. Consider M be an any left near-ring and let us define N, P, D,
d, H by:

0 r 0 000
N{ 000 |Orst€/\/l {OOO ]07‘6./\/1
0 s t 0O r 0O
0r o0 0 r O 0r 0 0 0O
dl0O 0O 0] =1000 00O 000
0 s t 000 0 s t 0 s t
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and D = H. We can see that P is a non-3-prime ideal of the near-ring N/, D
is a generalized derivation of N associated with a derivation d, and H is a
multiplier of A which satisfies all hypotheses of our theorems. Furthermore,
N/P is not a commutative ring.
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