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COMPUTING THE PRODUCTS OF CONJUGACY
CLASSES FOR SPECIFIC FINITE GROUPS

MARYAM JALALI-RAD AND ALI REZA ASHRAFT*

ABSTRACT. Suppose G is a finite group, A and B are conjugacy
classes of G, and n(AB) denotes the number of conjugacy classes
contained in AB. The set of all n(AB), such that A, B run over
conjugacy classes of G, is denoted by 1n(G). The aim of this paper
is to compute n(G), for G € {Day, Tun, Usn, Van, SDsn} or G is a
decomposable group of order 2pq, a group of order 4p or p?, where
p and ¢ are primes.

1. INTRODUCTION

Throughout this paper, all groups are assumed to be finite. If G is
such a group, and A and B are conjugacy classes of GG, then it is an
elementary fact that AB is a G—invariant subset. Thus, AB can be
written as a union of conjugacy classes of G. The number of distinct
conjugacy classes of G contained in AB is denoted by n(AB). The set
of all n(AB), such that A, B run over conjugacy classes of G, is denoted
by n(G).

The most important works on the problem of computing the num-
ber of G—conjugacy classes in the product of conjugacy classes were
carried out by Adan—Bante. Here, we report some of her interesting
results in this topic. Suppose SL(2,q) is the group of 2 x 2 matrices,
with determinant one over a finite field of order q. Adan—Bante and
Harris [3] proved that if ¢ is even, then the product of any two non-
central conjugacy classes of SL(2, ) is a union of at least ¢ — 1 distinct
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conjugacy classes of SL(2,q); and if ¢ > 3 is odd, then the product
of any two non-central conjugacy classes of SL(2,¢q) is the union of at
least %3 distinct conjugacy classes of SL(2, q). Adan—Bante [1] proved
that, for any finite supersolvable group G, and any conjugacy class A
of G, dl(%(A)) < 2n(AA™Y) — 1, where Cg(A) denotes the centralizer
of Ain G, and dI(H) is the derived length of a group H. In [2], she
also proved that if p is an odd prime number, G is a finite p—group,
and a and bY are the conjugacy classes of G of size p; then either
a%bY = (ab)¥ or a“b” is a union of at least ’%1 distinct conjugacy
classes. If G is nilpotent, and a“ is again a conjugacy class of G of size
p, then either a®a® = (a®)% or a“a is a union of exactly 7%1 distinct
conjugacy classes of G of size p.

Darafsheh and Robati [0] continued the works of Adan—Bante and
proved that if [a, G] = {[a,z] | z € G}, and [a, G| be a subset of Z(G),
then we have:

i. n(a®b%) = a®||6%|/|[a, G] N (b~1)“6C||(ab)“;
i. If a®b% N Z(G) # 0, then n(a®b%) = [a®|;
iii. If |a“| is an odd number, then n(aa®) = 1,
iv. If |a®| is an even number, then n(a®a®) = 2", where n is the
number of cyclic direct factors in the decomposition of the Sylow
2—subgroup of [a, G].

—

We encourage the interested readers to consult also the papers by
Arad and his co-authors [1, 5], and references therein for more infor-
mation on this topic. Our notation is standard, and can be taken from

[9, 10,

2. MAIN RESULTS
The aim of this section is to compute 7n(G), where
G S {DQ’m ‘/871’ T4n7 U6n7 SDSn}

or G is a group of orders 2pq, 4p, p, such that p and ¢ are prime num-
bers. The case of |G| = 2pq and G that is indecomposable, is retained
as an open question. The semi-dihedral group SDyg,, dicyclic group
Ty, and the groups Uy, and Vg, have the following presentations, re-
spectively:

SDs, = (a,b|a*™ =1V*=¢, bab=a®"""),
Ty = {a,b|a® =1,a"=bb"tab=a"),
Un = f{a,b]a® =b*=e, bab=a),
Van = (a,b]a®™ =b*=e, aba=0b"", ab~'a =b).
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It is easy to see the dicyclic group T}, has the order 4n, and the cyclic
subgroup (a) of Ty, has the index 2 [10]. The conjugacy classes of Us,
and Vg, (nis odd), computed in the famous book of James and Liebeck
[10]. The groups Vg, (n is even), and S Dg, have the order 8n, and their
conjugacy classes have been computed in [7, 8], respectively.

The following simple lemma is crucial throughout this paper:

Lemma 2.1. Suppose G is a finite group, and A and B are conjugacy
classes of G. Then,

(1) n(AB) =n(BA),

(2) If A is central, then n(AB) =1,

(3) If |A| = |B| =2, then n(AB) = 1,2 [2, Proposition 2.7],
(4) n(AB) < |A] [0, Lemma 3.1].

Proposition 2.2.

(1,2
n(DQn) - {1)27% 0 (mod 4)
{1,2,n 2

(mod 4)

Proof. The dihedral group Ds,, can be presented by
Dy, = (a,b|a"=b*=e, b lab=a").

We first assume that n is odd. Then the conjugacy classes of Ds,, are
{e}. {a",a™},1 <r <251 or {a®h;0 < s < n — 1}. Thus the products
of non—identity conjugacy classes are:

° {CLT, afr} . {as’ a,fs} _ {ar+s7 af(rJrs)} U {arfs’ af(rfs)}’

o {a",a"}{ah;0<s<n—1} ={a""®b,a* "b;0 < s <n-—1} =
{a®h;0 < s <n—1},

e {a’h;0<s<n—1}-{a"b;0<r<n-—1} ={a*ba"b;0 < r,s <

n—1
n—1} =U,2{a",a™"}.

Hence, 1(Ds,) = {1,2, 2*}. Next, assume that n = 2m. The conju-
gacy classes of Dy, are {e}, {a™}Ha",a™"},1 <r <m—1,{a’h;0 < s <
2(n—1),2| s}, {a*h;0 < s <2(n—1),21s}. Suppose 0 < r,l <m-—1,
Fi={0<s<2(n-1),2|s},and F; ={0<s<2(n—1),2¢s}. The
products of non—identity conjugacy classes are as follows:
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{arva—r} . {al,a_l} _ {ar—l7al—r} U {ar—&-l’a—(l—',—r)}7
{a*b;s € 1} 2]|r
{a®b;s € b} 2¢tr ’

{a®b;s € F1} 2¢tr
{a*b;s € Fo} 2|r ~’

{a",a™"} - {a’b;s € F1}

{a",a™"} - {a®b;s € Fy}

nT72 2r —2r —
{a*b;s e F1}-{a"b;r e Iy} = {e}U U Zi{e*,a™} n=2 (mod4) ’
f:1{a27'7 a”?} n=0 (mod4)
% 2r —2r —
{a’sb; s e Fl} : {aTb; rec FQ} = {e} U UTEZ:[ {CL y @ } n=0 (mod 4) ,
L {a*,a7?"} n=2 (mod4)
% 2r+1\ D2y, —
{a°b;s € Fo} - {a"b;s € F3} = {e}U UrLL:O (a ) n=2 (mod4)
7:1=0(a2r+1)D2n n=0 (mOd 4)
This completes the proof. ]

Proposition 2.3.

) {L2,5,5 +1} nis even
0(Vn) = { {1,2,n,n+ 1} nis odd

Proof. By Lemma 2.1 (1, 2), it is enough to compute n(AB), where A
and B are the non-central conjugacy classes of Vg,. Our main proof
considers two separate cases, in which n is odd or even.

We first assume that n is odd. Then by [10], the conjugacy classes
of Vg, are as follows:

{6}, {bZ}, {a2r+17a—(2r+1)b2}’ 0<r< nT_l’ {a237a—23}’ {a23b27a—2sb2}’
1<s<=L Ladbh bk =1,3& 2] j} and {a/b";k =1,3 & 245}

2
Before starting our calculations, we notice that if A and B are two
conjugacy classes of length 2, then by Lemma 2.1 (3), n(AB) = 2.
Thus, it is enough to consider the cases where (|A|, |B]) # (2,2).
o (a®,a7%} - {abF; k = 1,3} = {a/ P20k k = 1,3} U {a/2%bF; k = 1,3},
o {a 1 a2} LIk k = 1,3 & 2 1 5} = {a?bFk = 1,3 & 2 |
JYu{advth; k=1,3 & 215},
o {a® 1 amCrtUp2Y faibk k =1,3 & 2| j} = {albF;k = 1,3 & 215},
o {a®b? a= 202} {a’bF;k = 1,3 & 2|5} = {a/b*; k= 1,3 & 2| 5},
o (b)Ver . (b)Ver = U::TO {a2%,a=2%) U::TO {0262, a=2b2)},
o (ab)%en - (a)"or = U2 {0, a 2} U2 a8, a 20},
(

n—

b)Vgn . (ab)V8n — Ur:20 {a2r+17 a—(2r+1)bz}.
Next, we assume that n = 2[ is even. Then, by [0], the conjugacy

classes of Vg, are {e}, {b2}, {a™}, {a”bQ}, {a2k+1b(_1)k+1; 0<k <
n—1}, {a¥ e @ e} 0 < r <n—1, {a*, a2}, {a®b?, a 202},
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1 <s <31, {azkb(_l)k;o <k <n-1} {a%b(_l)k+1 0 <k <
n — 1}, {a%“b(’l)k : 0 <k<mn-—1}. Suppose 0 < k <n—1, and
0 <rs <4 —1. Then the product of non-central conjugacy classes

are as follows:
° {CLQS, a—QS} . {(127”7 a—2r} — {a2(r+s)7 a—?(r—i—s)} U {GQ(T—S)’ a—2(r—s)}.
e Suppose:
F= {b2} U {aan} U'r 1 2%{@28 _28} Ur 1 Z\T{a28b2 _2862}'
Then{a%b(1 0<k<n—1}-{a®b! ,nggn—l}can
be simplified as follows:
{a"b*} n=0 (mod 4)
FU{{&”} n=2 (mod4) -
Therefore, n(b"s".b%") = 2 + 1.
e In a similar argument as above, we have:
(D) .(b71) ") = n((ab™h)" (a7 )
n((ab=")"".(ab)"™")
= (6" (7))
((
((

= () (a))

= n((ab)"® .(ab)"®) = g + 1.
e In the following case, it can be proved that n((ab=!)"sn.pVsn) =
5.
n—1
(ab_l)V8" . (b—l)Vgn _ U {a2T+l,a_(2T+l)bZ}.

r=1,2{r

e For the following product of conjugacy classes, we have:
A((ab™) 0 = n((B)(a)) = 3

2411 Van C\Van ab- )% =1 (mod 4
(a™5) 5 (b7 = { Ebl)‘)@” r=3 Emod 43 :

21\ Ve () Ve — (b~ =1 (mod 4)
(@® ) - (ab) e = { (b)Vs»  r=3 (mod4) -

21\ Ve Ve, b)*»  r=1 (mod4
(@) (b = { Ea)b)VS" r=3 Emod 4% '
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o \Ven  (\Ves ] (@b)® =1 (mod 4
@@= Lk 121 fedd

The product of Conjugacy classes of length two by another conjugacy
class of two given types is again a conjugacy class. This completes the
proof. O

Proposition 2.4.

)AL 25,5 + 1} nis even
0(Tin) = { {1, 2, ”+P} nis odd

Proof. By [10, p. 420], the conjugacy classes of Ty, are {e}, {a"},
{a", a7}, 1<r<n-1,{a%b,0<j<n-1},{a¥0,0<j<n-1}.
On the other hand, the product of conjugacy classes can be computed,
as follows:

° {CLT, afr} . {CLS, alfs} _ {ar+s’ alf(rJrs)} U {arfs’ af(rfs)}.

e Since (a")n - (b)Tin = {a"T2b,a™"T%b ; 0 < j < n — 1}, the
product is (b)" when r is even. If r is odd, then the product
will be (ab)Tn.

e We know that (a")T4 - (ab)Tn = {a" 2T q "2 0 < j <
n—1}. If r is even, then the product is (ab)?*, and if r is odd,
then the product will be (b)T4.

[ J
n_ roo_r 9 ‘ n
b Tan, b Tyn { U2—0,2\r{ar7 a,r} '
( ) ( ) U’I’=172)(r{a , a } 2J(n
[ J
(b)Tam . (ab)™ = U= 12@«{@ a} 2|n
Uz ozv{a a"} 24n
®
TL_ r —p 2 ’ n
ab Tyn | ab Tan { Uz_ogv{ar, CL_T} ‘
“ ) Urziopfa™ a7} 24n
This completes the proof. -

Example 2.5. Suppose G is a non-abelian group of order 4p; p is
prime. By an easy calculation, one can see that n(Dg) = n(Qs) =
(Do) = n(Zs : Zy) = n(As) = {1,2}, where Z3 : Z, is a non-abelian
group of order 12 different from A, and Dis. Thus, it is enough to
consider that case that p > 3. Our proof considers two cases Thus
dp—T1ord fp—1.
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Case 1. 4|p — 1. If 4|p — 1, then up to isomorphism, there are
three groups of order 4p. These are Dy,, T4y, and Fj,, where F}y, can
be presented by Fy, = (a,bla? = b* = 1,b7tab = @), and \? = —1
(mod p). By Propositions 2 and 4, 1(Dy,) = n(Ty,) = {1,2, 251}, and
n(Fy) = {1,3,4, 27},

Case 2. 4t p— 1. In this case, there are up to isomorphism two
groups of order 4p. These are Dy, and Ty,. As in Case 1, n(Dy,) =
n(Ty) = {1,2, 251}, as desired.

Therefore,

{{17 va}} p>3>4jfp_1
n(G) € § {{1.2,5°}.{1,3,4,5°}} p>3.4|p—1 .

Proposition 2.6. n(Us,) = {1,2}.

Proof. By [10], the conjugacy classes of Us, are {e}, {a*"}, {a*"b, a*" b?},
{a® 1 a?*1h > 1h?}, 0 <7 < n—1. On the other hand, by Lemma
21 (4)’ n((a2rb)U6n . (a25+1)U6n) < 2. BU_t, (a2r+1)U6n . (CL28+1)U6” —
{a?r+st 01y {a?r st p, g2+t Dp2Y Thus, 1(Us,) = {1, 2}, as desired.

O

Hormozi and Rodtes [3, Definition 2.1], defined C**" = C; U C§*" U
C5v" and Oodd Ch ucodducodd where Cy = {0, 2,4, oo, 2n}, O5Pn =
(1.8,5,+ n—1}, C&0 — (In +1,20+3,2n+5,--- , 3n— 1}, Cigdd —
{1,3,5, e ,n}, C94 = {2n +1,2n+3,2n + 5, - - 3n} Clon=0C1\

{0,2n} and C!,, = Csve" U C5»". Moreover, C’f”e" = Cv"\ {0,2n}
and 004 = C°dd\ {0, n,2n Bn}

Proposition 2.7.

{5, 2,n,n+ 1} nis even
N(SDsn) = { {1,2, 21} n is odd

Proof. By [8, Proposition 2.2], the conjugacy classes of SDg,; n > 2,
can be computed in two separate cases, where n is odd or even. If
n is even, then there are 2n + 3 conjugacy classes as: {e}, {a*"},
{a", a®"~ D Y e Ceven {ba* |t =0,1,2,---,2n—1} and {ba®*! | t =
0,1,2,---,2n — 1}. If n is odd, then there are 2n + 6 conjugacy
classes as {e}, {a"}, {a*"}, {a3”}, {a",a®n=Vr} e € C4 {ba't | t =
0,1,2,--+ ,n — 1}, {ba™' | t = 0,1,2,--- ,n — 1}, {ba™™? | t =
0,1,2,--- ,;n—1} and {ba®™3 | t = 0,1,2,--- ,n — 1}. On the other
hand by [38], we have:
) (2n—1)r = (4n —r) (mod 4n), if r is even,
) (2n — 1)r = (2nr) (mod 4n), if r is odd,
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(3) 2n —1)(2n+ k) = (4n — k) (mod 4n), if k is odd.
If n is even, then the product of conjugacy classes, of SDsg, are as
follows:
° {ar,a(2n—l)r & 2|T} . {as’a(Qn—l)s & 2|S} — {ar’a(Qn—l)r & 2 )(
T'} . {a87 a(2n—1)s & 2 *’ 8} — (ar-l—s)SDgn U (ar—&-(?n—l)s)SDgn’
° {ar7 a(2n—1)r & 2|7“} . (b)SDgn _ {ar, a(2n—1)r &2 )( 7,} . (ba)ngn _

(7>
o {a",a®V & 2|r} - (ba)SPsn = {a",a® V" & 217} - (b)SPsn =
(ba) P
° (b)ngn . (b)SDgn _ (ba)SDS" . (ba)SDgn _ U {ar7a(2n—1)r}7
recy
° (b)SDgn i (ba)ngn _ U {ar7 a(2n—1)r}.

recgvenyCgven
If n is odd, then the products of conjugacy classes of SDsg, are as
follows:
® (aT)SDgn_<a8)SD8n — {arJrs7 (1(27171)(7“+5)}U{arJr(anl)s7 as+(2n71)7"}7
o (a")Psn . (ba') Psn = (ba’)SPsn where j =i — 7, i +2n — 1,
when r is even or odd, respectively.
° (b)ngn . (b)ngn — (baQ)SDS" . (ba2)sD8n — (ba)SDS" . (ba3)SD8n —

U {CLT, a(2n—1)1ﬂ}7

reC1,r=0 (mod 4)
° (b)SDSn . (ba)SDsn = Urecgdducgdd,rzl (mod 4){ar7 a(2n—1)r}’

° (baQ)SDSn . (ba3)SD8n — Urecgdducgdd,rzl (mod 4){a7‘7 a(?n—l)’r}’

° (b)SDgn . (baQ)SDS” _ U {ar’a(Qn—l)r}’
reCy,r=2 (mod 4)

° (ba)SDS" . (ba)SDS" _ U {ar’a@n—l)r},
reC1,r=2 (mod 4)

° (b)SDSn . (ba3)SD3" _ U {ar7a(2n—1)r}7
reCgdduCcgdd r=3 (mod 4)

° (ba)SDS" . (baz)SDS" _ U {CLT,(IQn_l)T},

reCgdducgdd r=3 (mod 4)
which completes the proof. [l
The Frobenius group F),, can be presented by
F,,=(a,b|a’ =b"=¢e b 'ab=a"),

where u? = 1 (mod p) [10, Definition 25.6]. Let L be the subgroup
of Z¢ consisting of the powers of u and r = (p — 1)/q. Choose coset
representatives vy, --- v, for L in Zs. By [10, Proposition 25.9], the
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conjugacy classes of I}, , are as follows:

{e},
(@)frs ={a"' 1 e L} (1<i<r),
") ={a™": 0<m<p-1}1<n<qg-1).

Then (b))fra . (V)fea = (b)pa when i +j # q. If i +j = gq,
then (b")fra - (b)Fra = (JI_, (a¥) e U (b"7)Fra. On the other hand,
(avi)fpa . (b)) Epa = (p7)Fra and (a¥)fra - (@¥)Fra = U(a? )FPa such that
v, = viu™ + vjut (mod p), where 0 < m,t < g — 1. We have explicitly
computed the set 7(F),,) for several pairs of distinct primes p and g,
such that ¢ p — 1. However, we were unable to find a general formula

for n(F,,,).

Question 2.8. Is it possible to find a closed formula for n(F,,)?

Suppose p and ¢ are primes, and ¢|p — 1. Define:

Spq=(a,byc|a? =b1=c*=e,cac=a"' bc=chb rab=a",r" =1 (mod p)).

Proposition 2.9. Suppose G is a group of order 2pq, p and q, p > q,
are odd primes, and G £ S, ,. Then

n@) e {1}, 1,2, 202 DLy n(Fya))

Proof. Suppose p and ¢ are distinct odd primes, and p > ¢. Following
Zhang et al. [12], if ¢ t p — 1, then there are four non-abelian groups
of order 2pq, and if ¢|p — 1, the number of such groups is six. These
groups are: Ry = Za,y, Ro = Doy, R3 = Zy X Day, Ry = Z, X Dy,
Rs = Zy x F, 4, and S,,. The last two groups are for the case when
qlp — 1. We first notice that by Proposition 2, n(Rs) = 1n(Dap,) =
{1,2,222} Since Ry is abelian, n(Ry) = {1}. On the other hand,
if G is abelian and H is an arbitrary group, then it is easy to see
that n(G x H) = n(H). This implies that n(Ry) = n(Z, X Dy,) =
n(D2tI) = {1727 (1J2r_1}7 n(R3) = U(Zq X DQP) = n(DQP) = {1727 Z%l}’ and
n(Rs) =n(Zz x Fq) = 1(Fpq)- O

At the end of this section, we apply [0, Theorem B] for computing
n(G), where G is a non-abelian groups of order p?®; p is odd. These
groups can be represented by

. Gi=<aba” =W =eblab=a"? >,
ii. Gy =< a,b,z;a? =W = 2P = e,az = za,bz = zb,b~tab = az >.

qg+1
}a {]-7 27 T}a {]-7 27
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It is well-known that G| = Z(G) = (a?), and G, = Z(Gs) = (2).
To apply [0, Theorem B], we first compute [z, G1] and [y, G|, where
x € G1 and y € G5. We have:

[@V,G1] = {[a'V,a'b;0<r<p’—1,0<s<p—1},
= {dWa’b)(Vab*)a " 0<r<p’—1,0< s <p—1},
_ {aiar(1+p)ja—i(1+l))5a—7’; 0<r<p*—1,0<s<p-1},
{770 <r <p? —1,0<s <p—1}

and

(@'t 2F,Gy) = {[a'V2F,a"b21;0 <rs < p—1},
{(a'V %) (a"b*2") (a'V 2%) L (@b 2 ) "0 < s < p— 1),
= {a'Va" (b 7a""b"%)a"";0 < r,s < p—1},
= {a'Va" (a7p 72D a "0 < s < p— 1},
{00 <r s < p—1}.

Therefore, [z, G1] = Z(G1), and [y, G3] = Z(G3) and, by [6, Theorem
A(ii)], ¢ (271 = [z, Gy] and y©2(y~1)¢2 = [y, Go]. This implies that
for each u,v € Gy and u/,v" € Gy, |[u, G1] N V¥ (v 1) | = |[u, G1] N
[0,G1]| = p, and |[/, Go] NP (V1) % = |[u/,Go] N [V, Ga]| = p. If
u,v € Gy and v',v" € G5 are non-identity, then by [0, Theorem B(i)],
n(G1) = n(G2) = {1, p}.

3. CONCLUDING REMARKS

In this paper, the set n(G) was computed for some classes of finite
groups. It seems that computing n(G) for some known group G returns
to some open questions in the number theory. For example, the group

G = 5,4 in Proposition 9 has exactly %fﬁl conjugacy classes. These
are:
e = {e},c% ={c ca,cd®, -, caP™t},
(LYY = {b,ba,bia® - baP 1 <i<q—1,
(cb)e = {cb', cbla,cbia®, - cb'a? '} 1<i<q—1,
(az’)G _ {ai7air7 L 7airq_1’a7i’a*”, e 7a7irq—1}; 1<i< p;l

2q
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Since (a~ba’) = a="(ab)a' = a1 (ba")a’ = a" " ba™" = a7 (ab)

At = a= 2 (ba" )@t = a~ " 2ba Y = -+ = bl
("Va) T (FVa) = a b IR Y o
= a b a
— b
— (a~'ba’)!

_ (bai(l—r))l _ (blai(l_rl)).

On the other hand, since (a "ba’) = a~*"}(ab)a’ = a "1 (ba")a' =
a= N (b)a T = a~2(ab)a’t = a~ 2 (ba’)aiT = a2t = ... =
bai(l—’/‘),

(') te(a'V ) = cFbiaea't
= ¢ b ea'a't
= M Ied®
= ¢ FebIa*

— C—k—i—l (b—ja2ibj)k
c*(ca™c)c" !
C—ka—mck—l

ka+1amckf2

_ _ —1k2ird k—
¢ k+(k l)a( 1)%2ir Ck k

—1)kiri
CCL( 1)%2ir ]

By a similar argument as above, we have:

(V') d (0B F) = cFb e d d' v
= cFpialy
ki
kgl

fk+1<cflarjlc>ckfl

_ J _
c 1CLC>T lck 1

— —rd —
—_ ck+2arlck2

= C

—_ ka+1<

_ a(—l)krjl'

We are now ready to compute the product of conjugacy classes in G.
We first noticed that (ca®)(ch’a') = a“‘cctlal = a~'PVa' = a W d
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= Va"a' = ba="'*. Thus, ¢ - (b)Y = {c,ca,ca®, - ca’1} -

{cb, cb'a, cb'a?,- -, cbiaP™'} = {b, bla,bia?,--- baP~'} = (b)Y, But

(ca’)(ca?) = (a"c)ca? = = and so ¥ - ¢ = {c, ca,ca®, -+ caP™1} -
p—1

{Ca ca, CG,2, e ’Cap—l} = {6, a,--- 7ap—1.’ a_17 T ’a.—(p—l)} = Uziq(] (ai)G'

Again, (ca®)(ta) = c(a't)a = c(VVa'" )a = cb/a™ and so @ - (b)) =

{c,ca,ca?, -+ caP™t} - {bi, bia,bia?, - - blaP~1} = (cb%)C.

Next, since (cb’a?)(cal) = cb'(a’c)a’ = cbica™a' = b'al~7 = bia' 7,
()% - & ={b",V'a,b'a®, - b'a’ "} = ().
To compute (¢b')?-(cb?), we noticed that (cb'a’)(cba™) = cb'(ca™ )b a™
= Zba"Wa™ = bla”Wa™ = g Ft™ Thus, if i + j # ¢, then
(cb)G - (cb)C = (b9)G. Otherwise, (cb')C.(cbi)G = (ulgg%(ai)cf‘) U
(b9, A similar argument shows that when i + j # ¢, we have
(6)C - ()7 = (459), otherwise (b)) ()¢ = (Upzyenr (@) U (1),
On the other hand, the equalities (b'a?)(ca') = b'(a’c)a’ = bi(ca™)a’
= bi(ca™)a' = bi(ca™)a' = cbia=7*! imply that:
(NG & = (b, ba,ba? - baP Y- {c,ca,ca®, - caP}
= {cb', cba,cba?,-- - cb'aP ) = (b)Y,
Other calculations were similar and were recorded as follows:
i. ¢ (a))% = {c,ca,ca?, -+, caP™'} = Y,
ii. (b9 (b)) = {cb™ cb™ta,cbta?, - b aPl} = (eb'ti)C,
iii. (b)Y (a?)C = {b%,bla, bla?, - -+  biaP~t} = (b))C,
iv. (a9 (V)¢ ={b,Va,tVa? - VaP~t} = (b)°,
v. (@))% - (b)) = {cbi, cbia, cbia?, - - - cbaP~t} = (cb)C.
Again, we were unable to compute 1((a;)¢ - (a;)¢), in general. Our

calculations given above and computing by the small group library of
GAP [11] show that {1, 7%3_1} C n(GQ).

—

Question 3.1. What is 1(S,,)?

Using a simple calculation, one can see that n(Us,) = {1, 2}, n(D1o) =
{L 2, 3}7 77(‘/;18) = {17 2,3, 4}7 U(SL(2> 3) X Z4) = {17 2,3,4, 5}7 and
N((Zs x ((Zy x Z3) X Zy)) X Zy) ={1,2,3,4,5,6}. In the small group
library notation of GAP [11], SL(2,3) x Z; = SmallGroup(96, 66) and
(Zs x ((Zy x Z3) % Zy) = SmallGroup(96,13). Thus, it is natural to
ask the following question:

Question 3.2. Is there a group G, such that n(G) = {1,2,--- ,n},
where n > 7. For which values of n, we can find a group G, such that

n(G)={1,2,---,n}?
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