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ON GRADED LOCAL COHOMOLOGY MODULES
DEFINED BY A PAIR OF IDEALS

M. JAHANGIRI* AND Z. HABIBI

ABSTRACT. Let R = @neNO R,, be a standard graded ring, M be
a finitely-generated graded R-module, and J be a homogeneous
ideal of R. In this work, we study the graded structure of the i-th
local cohomology module of M, defined by a pair of ideals (R4, J),
ie. H}'ﬁ’ ;(M). More precisely, we discuss the finiteness property
and vanishing of the graded components Hp, (M)y. Also, we
study the Artinian property and tameness of certain submodules

and quotient modules of Hp, ,(M).

1. INTRODUCTION

Let R denotes a commutative Noetherian ring, M be an R-module,
and I and J stand for two ideals of R. Takahashi et al. in [10],
introduced the i-th local cohomology functor with respect to (I,.J),
denoted by Hj ;(—), as the i-th right derived functor of the (I,.J)-
torsion functor I'y ;(—), where I'; ;(M) = {x € M : I"x C Jx for
n > 1}. This notion is the ordinary local cohomology functor when

J =0 (see [3]). The main motivation for this generalization comes from
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the study of a dual of ordinary local cohomology modules H:(M) (see
[9]). Basic facts and more information about local cohomology defined
by a pair of ideals can be obtained from [4], [5], and [10].

Now let R = @,en, Ry, be a standard graded Noetherian ring, i.e. the
base ring Ry is a commutative Noetherian ring, and R is generated,
as an Ry-algebra, by finitely many elements of R;. Also, let J be a
homogeneous ideal of R, M be a graded R-module, and R, := &,cnR,
be the irrelevant ideal of R. It is well-known ([3, Section 12]) that for
all i > 0, the i-th local cohomology module H’% (M) of M with respect
to J has a natural grading, and that in the case where M is finitely
generated, H§%+(M )n is a finitely generated Ry-module for all n € Z,
and it vanishes for all n > 0 ([3, Theorem 15.1.5]).

In this paper, first, we show that H} ;(M) has a natural grading,
when [ and J are homogeneous ideals of R, and M is a graded R-
module. Then, we show that, although in spite of the ordinary case,
Hp, ;(M), might be non-finitely generated over Ry for some n € Z
and non-zero for all n > 0, in some special cases, they are finitely-
generated for all n € Z and vanish for all n > 0. More precisely, we
show that if (Rg, mp) is local, Ry C b is an ideal of R, Jy is an ideal of

Ry, and () m§H{ ;. p(M), = 0 for all n > 0, then H ; n(M), = 0 for
k=0

all n > 0 (Theorem 3.2). Also, we present an equivalent condition for
the finiteness of components Hy, (M), (Theorem 3.3).

In the last section, first, we study the asymptotic stability of the set
{Assg,(Hg, ;(M)n)}nez for n — —oo in a special case (Theorem 4.1).
Then we present some results about Artinianness of some quotients
of Hy ;(M). In particular, we show that if Ry is a local ring with
maximal ideal my and ¢ € Z such that Hp . (M) is Artinian for
all i > ¢, then the R-module Hg, . z(M)/moHg, . r(M) is Artinian
(Theorem 4.2). Finally, we show that Hy (M) is "tame” in a special
case (Corollary 4.4).
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2. GRADED LOCAL COHOMOLOGY MODULES DEFINED BY A PAIR OF
IDEALS

Throughout this section, let R = @,z R, be a graded ring, I and
J be two homogeneous ideals of R and M = @,z M, be a graded
R-module. Then it is natural to ask whether the local cohomology
modules H} (M) for all i € Ny, also carry structures as graded R-
modules. In this section, we show that it has an affirmative answer.

First we show that the (I, J)-torsion functor I'; ;(—) can be viewed
as a (left exact, additive) functor from *C to itself. Since the category
*C of all graded R-modules and homogeneous R-homomorphisms, is
an Abelian category that has enough projective objects and enough
injective objects, we can, therefore, carry out standard techniques of
homological algebra in this category. Hence, we can form the right

derived functors *Hj ;(—) of Ty ;(—) on the category *C.

Lemma 2.1. Let x = x;, + -+ +x; € M be such that z;; € M;, for
all =1,--- k. Then:

r(Ann (z)) = N r(Ann (2y)).

D=

7j=1

Proof. D: Is clear.

C: First we show that if y = y, +--- + y,, € Ann(x) such that
y, € Ry, forall k =1,--- mand )} <lp < -+ < I, then y, €
Ne_, r(Ann (z;,)). We have:

n m

0 = yx = Z ylkxij7 (*)
=1

=1 k

comparing degrees, we get y;,x;, = 0. Let jo > 1, and suppose, induc-

tively, that for all 5/ < jo, yljl/xij, = 0. Then using (x), we get:

Z Z Z/lkyljf_lxij = 0.

=1 k=1

Again, comparing degrees, we have: yljf zi,= 0. Thus y,e NE_, r(Ann (z;,)).
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Now let y =y, +-- -+, € r(Ann (x)) such that [} <ly < ... <,
and y;; € Ry, for all j =1,---,m. Then, there exists s € Ny such that
yir = 0.

In order to show that y € Ni_, r(Ann (z;,)), we proceed by induc-
tion on m. The result is clear in the case of m = 1. Now sup-
pose, inductively, that m > 1, and the result has been proved for

all values less than m. Using the above agreement, we know that

y, € jélr(Ann (z5,)) € r(Ann(x)). Then yp, + -+ y,, =y —y, €
r(Ann (z)). By inductive hypothesis, y;, + -+ y;,, € fﬁlr(Ann (z3,)),
and so y € jélr(Ann (z4,))- O
Lemma 2.2. ['; ;(M) is a graded R-module.

Proof. Let « € I'y ;(M). Assume that © = x;, + --- + z;,, where, for
all j = 1,2,--+ k, x;; € M;; and iy < iy < -+ < ig. We show that
Tiy, -+ @y, € I'p (M), Since R is Noetherian, there is ¢’ € N such that
(r(Ann(z;;)))" € Ann (z;;) for all j = 1,2, ,k. Let n € Ny be such
that I™ C Ann (x) + J. Thus by Lemma 2.1, for all j =1,2,--- |k, we

have:

1" C (Ann (z) + J)* C (Ann (2))" + J C (r(Ann (2)))" 4+ J¥

= (ﬂ?zlr(Ann (xl-j)))t/ + J" C Ann (xlj) + J.

Thus x;;, € I',;(M), as required. O

To calculate the graded local cohomology module *H} ;(M) (i € Ny),
one proceeds as follows:

Taking an *injective resolution,

B0 S gt G g g

of M in *C, applying the functor I'; ;(—) to it, and taking the i-th
cohomology module of this complex, we get:

k‘eTF[’J(di)
imFLJ(di—l) ’
which is denoted by *Hj ;(M), and is a graded R-module.



ON GRADED LOCAL COHOMOLOGY MODULES ... 137

Remark 2.3. Let 0 = L 5 M % N — 0 be an ezact sequence of
R-modules and R-homomorphisms. Then, for each i € Ny, there is a
homogeneous connecting homomorphism, *Hj ;(N) — *Hj"'(L), and
these connecting homomorphisms make the resulting homogeneous long
exact sequence:

“HY 5 (f) “HY ;(9)

0— *H?,J<L) *H?,J<M) *H?,J<N)
. *Hi ;(f) . *Hi ;(9) .

- HII,J(L) B HII,J(M) v HII,J<N)

_)...

= *Hj (L) D ey oy g ()

— CHPNL) =

The reader should also be aware of the matural’ or ‘functorial’ prop-

erties of these long exact sequences.

Definition 2.4. We define a partial order on the set:

W(l,J):= { a:aisahomogeneous ideal of R; 1" C a+J

for some integer n > 1},

by lettinga < b ifa D b for a,b € *W(I,J). Ifa < b, then we
have T'o(M) C T'y(M). Therefore, the relation < on *W(I, J) with to-

gether the inclusion maps make {T'q(M)} into a direct system

ae *W(I,J)
of graded R-modules.

As Takahashi et al. showed, in [10], the relation between the local
cohomology functor Hj(—) and Hj ;(—), we show the same relation

between their graded version as follows.

Proposition 2.5. There is a natural graded isomorphism,
(Hy(=))jene = (i TH(=)),
ac *W(I,J)

of strongly-connected sequences of covariant functors.

Proof. First of all, we show that I'; (M) = [JT'a(M).
ac *W(I,J)
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O: Suppose that # € [JTo(M). Then there are a € *W (I, J) and
ag *W(I,J)
integer n such that I C a+ J and = € [',(M). Let t € Ny be such

that a’ C Ann (z). Therefore, I*™ C (a+J)* C a'+J' C Ann (z)+ J,
and so x € I'y j(M).

C: Conversely, let € I'y ;(M). Then I"™ C Ann(x) + J for some
n € N. We show that x € I';(M) such that a = r(Ann(z)). As
r(Ann (z)) is homogeneous by Lemma 2.1, and I" C Ann (z) + J, we
have r(Ann (z)) € *W(I,J) and = € L'y (Ann (2)) (M).

Now, [3, Exercise 12.1.7] implies the desired isomorpism.

0J

Remark 2.6. If one forgets the grading on *H}’J(M), the resulting R-
module is isomorphic to Hj ;(M). More precisely, using [3, Proposition
12.1.3] and the fact that the direct systems W (I,.J) and *W(I,.J) are

cofinal, we have:

Hy,(B)= lm HAE)= lm H(E)=0,
acW(I,J) ac *W(I,J)

for all i > 0 and all *injective R-modules E. Now, using similar argu-
ment as used in [3, Corollary 12.3.3], one can see that there exists an

equivalent of functors:
H}-,J(_—I *C) = *H},J(_)v
from *C to itself.

As a consequence of the above remark and [3, Remark 13.1.9(ii)], we

have the following.
Corollary 2.7. Lett € Z, then:
Hy ,(M(t)) = (Hj ,(M))(t),

for all i € N, where (.)(t) : *C — *C is the t-th shift functor.
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3. VANISHING AND FINITENESS OF COMPONENTS

A crucial role in the study of the graded local cohomology is vanish-
ing and finiteness of their components. As one can see in [3, Theorem
15.1.5], Hy, (M), is a finitely-generated Ry-module for all n € Z, and
it vanishes for all n > 0. In this section, we show that, although it is
not the same for H§+7 s(M), it holds in some special cases.

In the rest of this paper, we assume that R = € R, is a standard

n€eNp
graded ring, and M is a finitely generated-graded R-module.

Local cohomology with respect to a pair of ideals does not satisfy
in [3, Theorem 15.1.5], in general, as the first part of the following

counterexample shows.

Remark 3.1. (i) Let R = Z[X], and Ry = (X). We can see that
FR+,R+(Z[X])H = Z[X]n 7é 0 fOT all n € No.
(ii) Assume that J is an ideal of R generated by elements of de-

gree zero such that JRy = 0. It is easy to see that in this condi-
tion I'r, j(M) =Tr (M), and therefore, [3, Theorem 15.1.5] holds for
H}:%_F,J(M)'

(111) Let (Ry, mg) be a local ring, and dim Ry = 0. ThenT'g, mor(M) =
I'r, (M), and, again, [3, Theorem 15.1.5] holds for Hj, (M).

+,moR

The following proposition, indicates a vanishing property on the
graded components of Hzﬁ,mo r(M) for ideal b = by + R, where by
is an ideal of Ry, and my is the unique maximal ideal of Ry. Vanishing
of the components H{(M),, for n > 0 has already been studied in [7].

Theorem 3.2. Assume that (Rg, myg) is local, and i € Ny. Let by and
Jo be two proper ideals of Ry and b := by+ R, such that for all finitely

generated graded R-modules M, (| m§H{ ; o(M), = 0 for all n > 0.
k=0

Then HgyJOR(M)n =0 for all n >; 0 and all finitely generated graded
R-modules M.

Proof. We proceed by induction on dim M.
Let J := JoR. If dim M = 0, then, using [%, Theorem 1}, I'y ;(M),, =
M, = 0 for all n > 0.
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Now let dim M > 0. Considering the long exact sequence
Hy y (T (M))n — Hg j(M)y — Hg j (M), — Hgl) (T (M),

where M = M/T;(M), by [7, Proposition 1.1], we get H[f’J(M)n =
H é ;(M),, for all n >> 0. Therefore, we may assume that M is J-torsion

free, and so there exists xg € Jo\Zg,(M). Now, the exact sequence
0— M= M— M/xgM — 0,
implies the exact sequence
Hé,J(M>n = Hé,J(M)n - Hé,J(M/xOM)n'
Then, by the assumptions and the inductive hypothesis,
Hé’J(M/xOM)n =0,
for all n > 0. Thus:
Hé,J(M)n = xOHé,J(M)m

for all n > 0. Therefore,

Hé,J(M)n = ﬂ a:’gHé’J(M)n =0,

k=0

for all n > 0. Now the result follows by induction.
O

In the following, we present an equivalent condition for the finiteness

of components Hp,  ;(M),.

Theorem 3.3. Let (Ry, mg) be local, and Jy C mg be an ideal of Ry.

Then the following statements are equivalent.

a) For all finitely-generated graded R-modules M and all i € Ny,
Hy. jor(M)n =0 forn>0.

b) For all finitely-generated graded R-modules M, all i € Ny and
n €, Hy ;r(M), is a finitely generated Ro-module.
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Proof. Let J := JyR.

a)= b) Let M be a non-zero finitely-generated graded R-module.
We proceed by induction on 4. It is clear that Hy, (M) is a finitely
generated R-module, and then Hy, (M), is finitely generated as an
Ry-module for each n € Z.

Now suppose that ¢ > 0, and the result is proved for values smaller
than i. As Hy, (M) = Hy, ;(M/Tg, ;(M)), we may assume that M
is an (R, J)-torsion free R-module, and so R, -torsion free R-module.
Hence, R, contains a non zero-divisor on M. As M # R, M, there
exists a homogeneous element x € R, of degree ¢, which is a non zero-
divisor on M, by [3, Lemma 15.1.4]. We use the exact sequence 0 —
M = M(t) — (M/xM)(t) — 0 of graded R-modules and homogeneous

homomorphisms to obtain the exact sequence

for all n € Z. It follows from the inductive hypothesis that H }%11 J(M/xM);
is a finitely-generated Ryp-module for all 7 € Z. Let s € Z be such that
Hy, ;(M), = 0 for all m > s. Fixing an integer n, then for some
k € Ny, we get n + kt > s, and then H§+7J(M)n+kt = 0. Now, for all

7 =20,---,k—1, we have the exact sequence
Hi ' (MJxM )y iy = Hy, g(M)ngje = Hi, (M)

Since Hy, ;(M)nyre = 0, and H;'D;{J(M/%M)n+kt is a finitely-generated
Ry-module, so H }'ﬁ’ 7(M)pqk—1y is a finitely-generated Ro-module. There-
fore, H§+7J(M)n+jt is a finitely-generated Ry-module for j =0,...,k—

1. Now the result follows by induction.

b)=- a) The result follows from the above theorem.

4. ASYMPTOTIC BEHAVIOR OF HA,J(M)H FOR n < 0

In this section, we consider the asymptotic behavior of components
H}'%Jﬂ ;(M), when n — —oo. More precisely, first we study the as-
ymptotic stability of the set {Assg,(Hp, ;(M),)}nez, in a special case.
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Then we investigate the Artinianness and tameness of some quotients
and submodules of Hp ;(M).

Let us recall that for a given sequence {.S,, },ez of sets S,, C Spec (Ry),
we say that {S,}nez is asymptotically stable for n — —oo, if there is
some ng € Z such that S,, = S, for all n < ng (see [1]). Let the base
ring Ry be local, and ¢ € Ny be such that the R-module HA(M) is
finitely-generated for all j < i. In [2, Lemma 5.4], it has been shown
that {Assg,(Hp, (M)n) }nez is asymptotically stable for n — —oc. The
next theorem use similar argument to improve this result to local co-

homology modules defined by a pair of ideals.

Theorem 4.1. Let (Rg, mg) be a local ring with infinite residue field,
and i € Ny be such that the R-module H£+7J(M) is finitely-generated
for all 7 < 1. If one of the equivalent conditions of the Theorem 3.3
holds, then Assg,(Hy, ;(M),) is asymptotically stable for n — —oc.

Proof. We use induction on i. For ¢ = 0, the result is clear from the
fact that Hy ;(M), = 0 for all n < 0. Now let i > 0. In view of
the natural graded isomorphism, Hy, (M) = Hy ,(M/Tg, ;(M)),
for all i € Ny, and using [3, Lemma 15.1.4], we may assume that there
exists a homogeneous element z € R; that is a non zero-divisor on M.
Now, by the long exact sequence
Hi‘ijJ(M) - HﬁilJ(M/xM) - HJJ%+,J(M)(_1) = Hg%Jr,J(M)a
for all j € Z, we have H£+7 J(M/xM) is finitely-generated for all j <
t — 1. Hence, by the inductive hypothesis,
ASSRO(H;%_:J(M/‘TM)n) = ASSRO(HE:J(M/xM)m) = X,

for some ny; € Z and all n < n;. Furthermore, there is some ny < n
such that H}';J(M)nﬂ = 0 for all n < ny. Then for all n < noy, we

have the exact sequence
0— HEI,J(MMM)TLH — Hh,J(M)n = HE+,J(M)n+1-
Thus it shows that:

X C Assg,(Hp, ;(M)n) © X UAssg,(Hp, ;(M)ni1),
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for all n < ny. Hence,
ASSRO(H%+7J<M){”'> - ASSRO(H;LHJ(M)H-H)?

for all n < ny, and, using the assumption, the proof is complete.
O

In the rest of the paper, we pay attention to the Artinianness prop-
erty of the graded modules H}éh ;(M). The following proposition gives
a graded analogue of [, Theorem 2.2].

Theorem 4.2. Assume that Ry is a local ring with mazimal ideal my.
If c€Z and Hy,_ (M) is Artinian for all i > c, then the R-module
Hf or(M)/moHg, (M) is Artinian.

+,m0R

Proof. Let m := my + R, be the unique graded maximal ideal of R,
and let J := moR. We have Hy ,(M) = H;, ;(M) for all 4. Thus
we can replace R, by m. We proceed the assertion by induction on
n := dim M. The result is clear in the case of n = 0. Let n > 0, and
that the statement is proved for all values less than n. Now, using the

long exact sequence:
H, y(Dy(M)) = Hy (M) = Hy, (M/T5(M)) = H5 (T 5 (M),

and the fact that H} ;(U';(M)) = Hy(T';(M)) is Artinian for all 4,
replacing M with M/T";(M), we may assume that I';(M) = 0. There-
fore, there exists zy € my\Zg,(M). Now, the long exact sequence

i T i Qi r7i Bi_ rri
Hm,J(M) — Hm,J(M> — Hm,J<M/x0M> — HmJ,r}(M)ﬂ

implies that H, ;(M/xoM)is Artinian for all i > ¢, and so, by inductive
hypothesis, Hy, ;(M/xoM)/moHy, ;(M/zoM) is Artinian. Considering

the exact sequences:
0 — Ima, — Hy ;(M/xoM) — Imj. — 0,

and

Hg ;(M) =% Hg, ;(M) = Ima, — 0,
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we get the following exact sequences:

Torf(Ro/mg, Imf.) — Ima./moIma

= Hy (M [zoM)fwoHy (M /2o M), (4)

and

Hy (M) /moHy, (M) = Hy (M) /moHy, (M)
— Ima./moIma,. — 0. (B)

These two exact sequences imply that Hy ;(M)/moHy ;(M) is Ar-

tinian, and the assertion follows. 0

Let I, J be ideals of R. Chu and Wang, in [5], defined c¢d (I, J, R) :=

sup{i; H}J(M) # 0}.
The following corollary is an immediate consequence of Theorem 4.2.

Corollary 4.3. Assume that Ry is local with maximal ideal mg. If
c:=cd(Ry,mR, M), then H o p(M)/moHg o p(M) is Artinian.

Let T' = @,,cn, T be a graded R-module. Following [1], we say that
T is tame or asymptotically gap free, if either 7,, = 0 for all n < 0
or else T,, # 0 for all n < 0. Now, as an application of the above

Corollary, we have the following:

Corollary 4.4. Let (Ry, my) be local and ¢ := cd (R, moR, M). If one
of the equivalent conditions of Theorem 3.5 holds, then Hg . (M) is

tame.

Proof. Since Hg, o g(M)/moHg, . xr(M) is Artinian, it is tame. Now,

the result follows using Nakayama’s lemma. 0

Proposition 4.5. Let (Ry,mg) be local, J C R, be a homogeneous
ideal of R, and g(M) = sup{i : Vj < i,ERO(Hf%Jr(M)n) < 00,Vn < 0}
be finite. Then, the graded R-module Hy g ;(Hy, (M)) is Artinian for
i=0,1andall j < g(M).
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Proof. Since J C Ry, so HA(M) is J-torsion, therefore, HioR,J<Hg%+

m

(M)) = H (H}jﬁ(M )). Now the result follows from [0, Theorem

m()R

2.4]. O
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