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RATIONAL CHARACTER TABLE OF SOME FINITE
GROUPS

H. SHABANI, A. R. ASHRAFI AND M. GHORBANI*

ABSTRACT. The aim of this work is to compute the rational char-
acter tables of the dicyclic group Tj,, the groups of the orders pq
and pqr. Some general properties of rational character tables are
also considered.

1. INTRODUCTION

In this section, we establish some basic notation, and terminologies
that are used throughout this article. Let p be a prime number, and
q be a positive integer such that ¢|p — 1. Define the group F,, to be
presented by

F,,=(a,b: a’? =b"=1,b""ab = a"),

where u is an element of order ¢ in the multiplicative group Z; [0, Page
290]. In the case that ¢ is also a prime, we use the notation 7}, as F}, ,.
It is easy to see that F), , is a Frobenius group of the order pq.

Holder [3] classified groups of order pgr; p,q, and r are the primes.
Using his results, we can prove that all groups of the order pgr (p >
q > r) are isomorphic to one of the following groups:

° Gl - qur7

o Go=17Z, x F,,(qlp—1),
e G3=7,x F,.(rlp—1),
o Gy=17Z, x Fy,(rlg—1),
o G5 =IFpel(qrlp—1),
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¢ Giys = (abyc : a? =V = =1, ab = ba, ¢ 'bc =
b*, ¢ lac = a”), where rlp — 1,r[g — 1,0(u) = r in Z} and
o(v)=rinZ; (1<i<r-—1).

Suppose that G is a finite group, Irr(G) denotes the set of all ir-
reducible characters of G, Cl(G) is the set of conjugacy classes of G,
and x,y € G. Also assume that A is the set of all character values of
G, Q(A) denotes the field generated by Q and A. If I' is the Galois
group of this extension, then I' acts on Irr(G) by x“(g) = a(x(g)). It
is well-known that there exists € such that Q(A) C Q(e), where € is a
primitive n —th root of unity. Thus if a € I', then there exists a unique
positive integer r such that (r,n) = 1 and a(e) = €". Therefore, it is
well-defined to use the notation o = o,..

The elements x and y are said to be rational conjugates, if (x) and
(y) are the conjugate subgroups of G. The orbits of G under this action
are called the rational conjugacy classes of G. On the other hand, I"
acts on the conjugacy classes of G by (x%)7" = (2")¢. It is well known
that [1, Corollary 6.33] the number of orbits in the actions of I' on the
irreducible characters and conjugacy classes of G are equal. Moreover,
the orbits of I" on the conjugacy classes of G are the rational conjugacy
classes of G.

Lemma 1.1. Suppose that G is a finite group, A is the set of all
character values of G, and I' = Gal(%). Then the following hold:

(1) If O is an orbit of I under its action on conjugacy classes of G,
then the union of elements of O is a rational conjugacy class
of G, and each rational conjugacy class of G can be obtained in
this way.

(2) If O(x) denotes the orbit of x under the action of I' on Irr(G),
then the summation of all irreducible characters of O(x) is a
rational-valued character of G. Moreover, for any proper subset
T of O(x), the summation of all irreducible characters of T is
not rational-valued.

Proof. Suppose that A = {x(¢9) | x € Irr(G) & g € G}. Then:

(1) Clearly, for each one of the conjugacy class ¢ and y“ of an orbit
O, there exists o, € I" such that (r, |G|) = 1 and o, (2%) = (27)¢
= y“. Therefore, there exists g € G such that y = g~ 'a"¢. This
implies that  and y are rational conjugates.

(2) The sum over O(x) under the Galois group of the field Q(A),
say, which is generated by the values of y, is rational because
the value of the orbit sum at the group element g is equal to
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the trace of x(g) with respect to the field extension Q(A)/Q
multiplied by the order of the stabilizer of x(g) in Gal(Q(A)/Q).

Suppose that the sum over a proper subset T' of O(y) would
be rational-valued, and assume, without loss of generality, that
X is in T. Take an element «a in Gal(Q(A)/Q) that maps x
to a character in the complement of 7" in O(y). Then the sum
over the set {¢® | ©» € T} is equal to the sum over T'. This
contradicts the linear independence of the characters in O(y).

This ends the proof. O

Suppose that X = {Xy, -+, X,} denotes the set of orbits of I' on
Irr(GQ), and K = {Ky,---,K,} is the set of orbits of I" on CI(G).
Then the characters v, = m; Z¢€Xi1/z and 1 < ¢ < r are called the
irreducible rational characters of GG, where m; denotes the Schur index
of a character in X;.

Definition 1.2. Let the pair (I, X) be as defined above. The square
matrix QCT(G) = [a;;] with a;; = vi(Kj) is said to be the rational
character table of G, where v;(Kj) is equal to 7;(g) for any g € K;.

Throughout this paper, our notations are standard, and can be taken
from [2]. Our calculations are carried out with the aid of the computer
algebra system GAP [0].

2. MAIN RESULTS

Suppose that G is a group, and A is the set of all character values
of G. In the first section, it is shown that there are two actions of
= Gal(%f‘)) on Irr(G) and CI(G). Suppose that G is a finite group
with QCT(G) = (vi(kKj;)), where 1 < 4,5 < r, and r denotes the
number of irreducible rational characters. Then the row and column
orthogonality relations for the rational character table of G can be
written in the following form:

1 T
(vis i) = |_G| Z | K| (K) v (Ky) = 5i,jm?‘Ki’a
t=1

(Kp, Ky) = Z%(Kp)%‘(Kq): p,qu|CG(Kp)||Kp|-
i=1

Thus if g and ¢’ are two rational conjugate elements, then |Cqe(g)| =
|Cc(g’)|.- In the above relations, |K;| is equal to the number of conju-
gacy classes ¢ such that K; = Ug®.
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The following proposition extends a well-known result of the ordinary
character theory to that for the rational character theory [5, Page 167].

Proposition 2.1. Let G be a finite group. Then,

r

det(QCT(G))* = [ [(ICa(K)| x |Kil).

i=1
Proof. Suppose Q) = QCT(G) = (7i(K;)). Then,
QQ = (%K) x (3:(K;))
= (Z Vi(Ks)7i(K7))
i=1
= diag(|Co(K)| x | Ky).
Hence, det(QCT(G))?* = I1._,(ICc(K;)| x | K;|), proving the result. O

QCT(G)?
[e]

Proposition 2.2. If G is cyclic, then = I, where I denotes

the identity matriz.

Proof. Suppose (K, X) is as definition 1 for G such that
K ={Ki,---,K,}. Consider the following two matrices

A =diag(\/|Kal, -, VIK:]),

and

B diag( L
= Za/g 7. .. ,— .
VIG] VG| e

Set C' = BQA, where Q = QCT(G). Then CC* = I, and since G is
cyclic, CC* = % = I, as desired. O

Let p(n), ¢(n), and 7(n) denote the Mobius p-function, Euler totient
function, and number of divisor of n, respectively. For n,m € Z with
n > 1, the Ramanujan sum ¢, (m) is defined as

cn(m) = Z en

1<k<n
(k,n)=1

The Ramanujan sum is always an integer, and the von Sternecks For-

mula says that ¢,(m) = w

(n,m)

Theorem 2.3. For a positive integer n, let dy, da, ..., dyn) be the
divisors of n. The rational character table of the cyclic groups Z,, can

be computed using QCT (Z,) = |a;j], where a;; = ¢y, (%)
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Proof. Suppose that 7(n) denotes the number of divisors of n. The irre-
ducible characters of the cyclic group Z, can be computed by xx(m) =
ebm  where ¢ = e%, and the Schur index of each character is equal
to 1. Tt is well-known that Q(A) = Q(c), and T' = Gal(¥2) = 7,
Then X = {Xy, -+, X;»} and K = {K;, -+, Ky}, where X; =
{xe | (k,n) =7} and K; ={a € Z, | (a,n) = %} This computes the
rational character table of Z,,, as desired. O

Example 2.4. Let p be a prime number. The rational character table
of Z, is recorded in Table 1. In this case, K| = idz, and Ky = Z,—1idg,.

TABLE 1. Rational Character Table of Z,,.

QCT(Z,) | K1 K>
g 1 1
V2 p—1 -1

Example 2.5. Following James and Liebeck [5, p. 178], the dicyclic
group Ty, can be presented as follows:

Ty = (a,b | a® =1,a" = b*, b rab=a"").

It is easy to see that this group has the order 4n and the cyclic subgroup
(a) has the index 2 in T},. Suppose that dy,--- ,d; ) are the positive

divisors of n. Let ¢ = 3 and Irr((a)) = {1, 12}, where
Yi(a") =&’ and r = 1,2,--- ,2n. In [5, p. 420], the character table
of Ty, is computed. For the sake of completeness, we describe the
character table of T}, as follow:

e The group Ty, has exactly n + 3 conjugacy classes as follows:
{e}, {a"}, {a",at A <r<n—1), {a¥b [0 <j<n-—1}
and {a¥ b | 0<j<n-—1}.

e The group Ty, has exactly n — 1 non-linear characters @ such
that @Zj Yay=vVj +¥n_j, where 1 < j <n — 1. It is easy to see
that 1;(a*b®) = (1 — B8)(e’® + £77%). The Schur index of ¥; is
equal to 2, where j is odd and is equal to 1 otherwise.

e The group Ty, has exactly four linear characters. These are
{En,ﬂ;} and {x1,x2} such that ¢, and @; are two linear
characters of T, with this property that Lay= E; Lay=
Yn, X1 = 1 and y» is the lift of the non-trivial irreducible

character of % =~ 75 to Ty,. Notice that if n is odd, then
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¥, (a®b?) = (=1)*i# and ¥, (a“b?) = (—1)*(—i)®. If n is even,
P, (a®b%) = (—=1)*(—1)# and J;(aabﬂ) = (—=1)%. Tt is obvious
the Schur index of these characters is equal to 1.

On the other hand, Q(A) = Q(c + 7 '), where A is the character
values of Ty, and [Q(A) : Q] = @ Thus the Galois group is abelian

of order @ Suppose that n is odd. Then the action of Galois group
[ on Irr(Ty,) has exactly 7(2n) + 1 orbits, as follow:

Xy = {1};
Xy = {xz2},

XT(Qn)Jrl = {Envvn}

Notice that |X;| = % We now consider the action of Galois group
I' on Cl(Ty,). The orbits of this action are as follows:

Kl — {1}7
K2 = {an}7

2
K; = {a",a® " | (r,2n) = d—n

KT(2n)+1 - {ajb | 0<7<2n— ]_}

(3 <i<7(2n)),

Then X = {Xla X?a T 7X'r(2n)a X‘r(2n)+1} and K =
{K1, Ky, -+, Kran), Kr2n)41}. We now assume that n is even. Then,
similar to the case of odd n, we have exactly 7(2n)+2 orbits, as follow:

Xy = {1},

Xy = {X2},

Xi = {¢ | (j,2n) :%;j=17-~- ;n—1} (3 <i<7(2n)),
X1 = {¥.},
XT(2n)+2 - {Wn}
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Again | X;| = @,

and we have:

K, = {1},
Le {a"},
r 2n—r 2n .
K, = {d",a | (r,2n) = T (3 <i<7(2n)),
Kromer = {a”b]0<j<n—1}
K (2n)+2 {a® b 0<j<n—1}.

157

Therefore, we have:
X = {Xlu X27 te 7X7'(2n)+17 XT(2n)+2}7
K = {Ki, Ky
Notice that, by [7], the Schur index of Ty, can be computed as follows:

) KT(QH)+17 KT(2n)+2}-

b 1 X, contains z@ when 5 is even
‘1 2 X; contains t¢; when j is odd

The rational character tables of T}, are recorded in Tables 2 and 3.

TABLE 2. Rational Character Table of Ty,; n is odd.

QCT(Th) | K Ky K; K n)11
7 ] ] ] 1
o 1 1 1 -1
Vi tip(ds) tica,(n)  ticq,(r) 0
Vr(2n)+1 2 2 2 x (=1)" 0

TABLE 3. Rational Character Table of T}, n is even.

QCT(Ty,) | K Ko Ki  Krontr Kronge
Y1 1 1 1 1 1
Yo 1 1 1 -1 —1
Vi tip(ds) tica,(n)  ticq,(r) 0 0
Yr(2n)+1 1 1 (_1)T -1 1
V1 (2n)+2 1 1 (=1)" 1 —1

Lemma 2.6. Let A, Ay, and As be the set of all entries of the character
tables G x G, G and G4, respectively. Let Ty = Gal(%), Iy =

Gal(¥52) and T = Gal(%52). If ged(|Gy, |Gal) = 1, thenT =Ty xT,.
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Proof. The proof follows from the fact that all entries of the character
tables G and Go are the sum of roots of unity of the orders |G| and
|G2|, respectively. O

Lemma 2.7. [1, Exercise 10.10] Let x € Irr(G1), ¥ € Irr(Gs), and
ged(m(x),¥(1)|Q) = Qf) = ged(m(v), x(1)|Q(x) : Q[) = 1. Then
m(xy) = mx)m().

Theorem 2.8. Suppose that G and Gy are finite groups of the orders
ny and ng, respectively, where ged(ni,ng) = 1. If x and ¢ satisfy the
hypothesis of Lemma 2.7 for any x € Irr(G1) and ¢ € Irr(Gs), then
we have

QCT(Gy x Ga) = QCT(Gy) ® QCT(G).

Proof. By Lemma 2.6, I' = I'y x I'y, where I'j = Gal(%f?l)), Iy, =

Gal(%), and I' = Gal(%). Let A, A; and Ay be the entries of
the character tables G; x Gy, G1, and G, respectively. Suppose that
the action of I'; on Irr(Gh) and the action of I'y on Irr(G3) have the
classes {X1,..., X, } and {Y1,...,Y;}, respectively. It is well-known
that, Irr(Gy X Ga) = Irr(Gy) x Irr(Gsy). Thus it is sufficient to prove
that for each xy € X;, (1 <i <r) and for each ¢ € Y}, (1 < j < s),
[x¥] = [x][¢], where [x] = ZXU. It is clear that for every o € T,

el
there exist oy € I'y and o9 € I'y such that ¢ = (01, 03). This implies

that

] = {(x¥)’|o €T}
= {(x¥)"7|oy €Ty, 05 € T}
= (X701 € Th oz € T} = W[,

Suppose that X; = {x;, }+ and Y; = {¢;, };, then if v; = m; Y, x;, and
d; =m; > ,v¥j,, by Lemma 2.7, we have:

Vil = mim; > Xty
t,l

Similarly, the rational conjugacy classes of G; X G5 are equal to the
product of the rational conjugacy classes of G; and Gy. Let Ky and L,
be the rational conjugacy classes of G; and G, respectively. Then we
have

'VXilbj((Kf? LS)) = ,YXi<Kf)fy1/Jj (LS)
This completes the proof. O
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Example 2.9. Let p and ¢ be two prime numbers such that p > ¢,
and G be a finite group of the order pq. It is well-known that G = Z,,
or G =1T,, Asaresult of Theorem 2.8, one can easily prove that the
rational character table of Z, x Z, is QCT(Z,) ® QCT(Z,).

TABLE 4. Rational Character Table of Z,,.

QCT(qu) Kl K2 Kg K4
" 1 1 1 1
V2 q—1 -1 ¢—-1 -1
V3 p—1 p—1 -1 -1
V4 pg—p—q+1 1—-p 1—¢q 1

Here, K1 = {id}, Ky = {p,2p,...,(q— 1)p}, K3 ={q,2q,...,(p —
1)g}, and Ky = a € Zy, : (a,pq) = 1}.

Proposition 2.10. Suppose that p is prime, and q | p—1 and dy, - - -, d(y
are the positive divisors of q. Then the rational character table of
G = F, 4 1s given in Table 5.

TABLE 5. Rational Character Table of F}, .

QCT(Fpg) K Ky
1 1 1

Yi o(di) o(di) cq,
Yr(g)+1 p—1 —1

>

q
dj

O~ N =

27e

Proof. Suppose that o = ¢’ and f =er . According to [5, Proposi-

tion 25.9 and Theorem 25.10], the ¢ linear characters of F, , are defined
— p1

as i (a®0’) = o, where 0 < i < ¢ — 1. Moreover, the r non-
linear characters of I}, , are
B ZseS 6szvj g= az
77Z)J(g) - { O g — amby ’
where S is a subgroup of Z; containing all powers of u, and the repre-
sentatives of the cosets of S in Z¢ can be considered as {vi, vy, ..., v, }.

The conjugacy classes of F),, are:
{1},
(") ={a"*:5€ S}, (1<i<r),
B ={a"":0<m<p—1}, (1<n<qg—1).
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Then the action of the Galois group I" = Gal((M%TfSﬁs)) on Irr(F,,)
has exactly 7(¢q) + 1 orbits, as:

X, = {1},

Xi = {0 = d%;j: 1, 7(g)} (2<i < 7(q)),

Xegir = i, ).

On the other hand, the orbits of the action of Galois group I' on
Cl(F,,) are:

Kl = {1}7
Ky, = {d:1<i<p-1},
Kj1 = U(k,q):d%(bk)G, (2<j<7(q)

By [l, Theorem 4.2], the Schur index of all irreducible characters of
F, ., is 1, and the proof is completed. O]

Corollary 2.11. Let p and q be two prime numbers such that p > q
and qlp — 1. The rational character table of the group T, , is as Table
6.

In this case, the rational conjugacy classes are K; = {id}, Ky =
(a) \ {id} and K3 =T,,\ (a).

TABLE 6. Rational Character Table of T}, ,.

QCT(T,,) | Ki Ky Kjs
" 1 1 1
V2 qg—1 ¢g—-1 -1
3 p—1 -1 0

From now on, we consider the groups of the order pgr (p > q > r).
To compute the rational character tables of a group G of this order, we
first calculate the character table of all groups of this order. In Theorem
2.3, the rational character table of the cyclic Z,, is computed. Thus it is
enough to assume that group G is non-cyclic. We now apply Theorems
2.3 and 2.8 to compute the rational character tables of Z, x F}, ;, Zyx T}, ,
and Z, x T, , as QCT(Z,) ® QCT(F,,), QCT(Z,) ® QCT(T,,), and
QCT(Z,) ® QCT(Ty,), respectively.

The character table of G5 can be computed directly from Proposition
2.10. We now compute the character table of groups G;i5. Let G =
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Gits, to compute the conjugacy classes of G. We assume that U = (u)
and V' = (v) are the subgroups of order r of Z} and Z;, respectively.
Then we have,

Lemma 2.12. The conjugacy classes of G are

{1} (@), (6)6, (), (bt )
where u; 1S a coset representatz’ve of U in Z;, V; 18 a coset representative
of Vin Zy, and (u;,v;) is a coset representative of {(u,v)) in Ly X L.

) Y1

Proof. 1t is easy to see that for 1 < k& < r — 1, c*bck = v** and so
b*"’s are conjugate and so [b%| > r. On the other hand, (ba) < Cg(b),
and hence, |Cg(b)| > pq. This implies that [b%| < r, and thus |[b%| = r.
Further, one can prove that (b“)%(1 < i < £1) and (a%)%(1 < j <
p%l) are conjugacy classes of GG. Therefore,

@ = {lad| 0<i<qg—1,0<j<p—1},

(Cr—l)G _ { T—lbiaj| O<i<q—1,0§j§p_1}7
fr—1 or—1

(bu;aU;)G — {b za i buzuavzv .. ,buiu aviv },

where (u;,v;) is a coset representative of ((u,v)) in Z; x Z% and

1) Y

[((u, v))| = . U

It follows from Lemma 2.12 that G has p%l + % + M +r
conjugacy classes and then the same number of irreducible characters.

On the other hand,

G/G = (dc =1) =7,
Hence, G has 7 linear characters lifted from linear characters of G/G".
These characters are as X, : G/G — C with ¥, (¢"G") = €™, where
e=er and m,n=20,1,--- ,r—1.

According to [5, Theorem 17.11], all linear characters of G are as
Xn : G = C with x,(g) = Xn(9G"). Hence,

Xn(@?) = T(a"G) = %(G) = xa(1) = 1,
Xn(0') = )NCn(val) = )Zn(G,) = xa(1) =1,
Xn(07a™) = Xu(0"a"G) = %u(G) = xa(1) = 1,
Xa(d) = %u(@G@)=€e"0<n<r—1land1<t<r—1).

where (vg,wp) is a coset representative of {(u,v)) in Z; x Z;.
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Here, we determine all the non-linear irreducible characters of G.
First notice that H = (a) is a normal subgroup of G, and if u" =
1(mod q), then

G/H = (b,c| b =" =1,c 'bc = b*) = F,

~ Fy
According to Proposition 2.10, the Frobenius group £y, has r linear

characters and q;—l irreducible characters of degree r. Let us denote
the non-linear characters by ¢,,. Then we have:

@m(H) =T
r—1
~ i q — 1
(VP H) = A (1 < < 1<r<qg-—1),
Pm (0" H) ZO lsms<——1<a<q¢-1)
Om(b°c?H) = 0(1<y<r-—1),
where A = ¢’1 and uy, -, Uy, are distinet coset representative of U =

(u) in Z;. By lifting these characters, we can compute % irreducible
characters of G of degree r denoted by ¢,,(1 < m < qr;l), e.g.
pm(a’) = r(0<z<p-—1),
r—1
om(b?a®) = ZA“mW(o <z<p-—-1,1<y<qg-—1),
=0
Om(c®) = 0(1<k<r—1).
Similarly, for the normal subgroup K = (b) of G, we have:

G/K = {a,c]a* =c" =1,clac=a") 2 F,,.

Consequently, this group has ”%1 irreducible characters of degree r de-
noted by ;(1 <1 < 7’%1) Similar to the last discussion, the irreducible
characters of G lifted from 6; are as follows:

r—1
ola) = o) =34
i=0
Ol(by) = T,
O(c") = 0(1<k<r—1),
where v = s and vy, -, v are distinct coset representative of V =
(v) in Z;.

Finally, by considering subgroup G' = (ba) = Z, x Z,, its irreducible
characters are of the form ¢;§;(0 <i<¢—1,0<j<p—1) and

GilBY) = A, g (a7) = 7
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This leads us to conclude that
Ui (0Ya”) = ()& (a®) = A¥A77.

Let now m € Zj; and n € Z* then

G! _par _

(Ymén TG)(1) =

On the other hand,
[Ca(0”)] = |Cq(v")] = [Cala”)] = [Ce (a®)] = |Ca(b?a®)]
= [Co (b%a”)| = pq,

and so

(bmén T G)(a”) = Zgn avf Z

(Vm&n 1 G)(WYa") = Z¢m(byu )en (@ Z s
(Ymén T G)(") = 0 (k: =1, r—1).

Since
thus, we get z = (19—1)71& characters of G. There still remains the

question as to whether such characters are distinct irreducible. As-
sume (u;,v;) be coset representative of subgroup {(1,1), (u,v), -,

1) Y

(w o)} of Zi x 7 and n; = zﬁu;{v; + G. According to Frobe-
nius Reciprocity Theorem, for H = G' = (ba), we verify:
i b Hyy il = (0w €y T Ga
= (i, mi)e-
Therefore, we can observe that

77j~LH 77]7773 Z¢U uzfv vl +X,

where x = 0 or it is a character of H. Hence, 1;(1) > 7(n;,n;)¢. Finally,
n;(1) = r implies that (n;,n;)¢ = 1, and so n; is irreducible. On the

other hand, for (uj, vj) € Ly x Ly, all /€ 1 ’s are linearly independent,
J J

and thus all n; | H (1 < j < (19—1)7,&) are distinct. Consequently,
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the irreducible characters n,---7, are distinct. We summarize the
character table of GG in the following theorem:

Theorem 2.13. Let p > q > r be distinct prime numbers, [, =
w,lg = p%l,lg = qT;l and ¢ = e+ . Then the group G has

Iy + ls + I3 + r wrreducible characters, as reported in Table 7.

TABLE 7. Character Table of Group G;,5 for 1 <1 <.

7 7

g 1 avi bvi b%iaY cF
1<i<h 1<i<l 1<i<l3 1<k<r-—1
n 1 1 1 1 ekn
0<n<r-1
Ns r E F G 0
1 S S S l3
0, r C r D 0
1<I<]y
©Om r T A B 0
1<m<ly
2mg
where A\ = e ¢, uy,--- ,u, are distinct coset representative of U =
(u) in Z7, vy, -+ , vy, are distinct coset representative of V' = (v) in Z7,

(u;, v;) are coset representative of ((u,v)) in Z} x Z? and

17 71

T T T T
. ;. . .
ol ud Y] Y
A = E \Um Ui 7B — E )\ Um U 70 — E ,yUleU ,D — E ,valv ’
=1 =1 =1 =1
r ! r !/ r o 7
Y o u Y
E = 2 ,yvsvlv ,F — 2 \UsUit ,G — 2 N\ Usti U ,yvsvzv )
J=1 J=1 Jj=1

and 1 <[ <[,1<m<l,1<s<l[;,1<n<r-—1.

Suppose &(p,q,r) be the set of all groups of order pgr, where p, q,
and r are distinct prime numbers with p > ¢ > r.

Theorem 2.14. Let G € &(p,q,r). Then, the rational character table
of G is equal to one of the Tables 8-13.

Proof. Using Theorems 2.3, 2.8 and Proposition 2.10, the rational char-
acter table of groups G; — G5 are as reported in Tables 8-12. Let
G =G5 for 1 <1 <r—1. According to [7, Theorem 3], the Schur in-
dex of GG is equal to 1. Since p, q, andr are prime numbers, one can eas-
ily check that (a®) = (a'), (b™) = (b"), (c*) = (c!), and (b%a¥) = (b’a?),
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where 1 < s,t,y,z<p—11<mnz,v<q—1,1<kIl<r—1.
This implies that all rational conjugacy classes are

Ky = {id}, Ko=U(a")%, Kj=UZ(b")°,

Ky = U, (b"a")%, Ky = UiZi ()°.

On the other hand, let Q(A) = Q(e, A + A* ', 4” + "), so the
action of Galois group I' on Irr(G) has exactly five orbits, as follow:

X ={1},Xo={xn:1<n<r—1}Xg={n,: 1 <s <3},

Xy={0,:1<I<L}, Xy={om:1<m< 1}

This completes the proof. O]

3. APPENDIX

In this section, the rational character tables of the groups G, G,
Gs, Gy, G5 and G5, 1 <@ < r — 1, all of which having the order
pqr are presented. These tables are computed by the methods given
by Proposition 2.10 and Theorems 2.3, 2.8, and 2.14.

TABLE 8. Rational Character Table of Group Gj.

QCT(Gh) | Kiy K, K3 Ky K5 K K; Ky
Y 1 1 1 1 1 1 1 1
Yo r—-1 -1 r-1 -1 r—-1 -1 r—1 -1
Y3 g—1 g—1 -1 -1 g—-—1 ¢—1 -1 -1
V4 ag 1—q 1—7 1 ag 1—¢q 1—1r 1
s p—1 p—1 p—1 p—1 -1 —1 -1 -1
Y6 a 1—p a 1—p 1—r7r 1 1—r 1
Y7 az p—1 —1 -1 1—q 1—¢q 1 1
Y8 Qy —a3 —ay p—1 —ay 1—¢q -1 -1

Here, a1 = (¢—1)(r—1),aa=(p—1)(r—=1), a3 = (p—1)(¢ — 1),
and ay = (p —1)(¢ — 1)(r — 1). The rational conjugacy classes are,
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{ida, },

{pa;2pq, ... (r — L)pq},
{pr,2pr,..., (¢ —1
{qr,2qr,...,(p—1
{p.2p,....(r—1)(
{g,2¢,....(r=1)(p—1)q},
{r,2r,...,(¢g—1)(p—1)r},
{a € Zyg - (a,pgr) = 1}.

TABLE 9. Rational Character Table of Group G>.

QCT(G9)

Kl K2 Kg K4 K5 KG

Ba!
72
73
Y4
5
V6

r—1 -1
qg—1 ¢g—1 ¢g—1 ¢g—-1 -1 -1
ai 1l—-qg o
p—1 p—1 -1 -1 0 0
aa 1—p

1 1 1 1 1 1
r—1 -1 r—1 -1

l—q 1—7 1

1—r 1 0 0

Here, a; = (¢ — 1)(r — 1) and as = (p — 1)(r — 1). Let F,, =
{a,b: a? = b9 = 1,b"'ab = a*). Also consider that L; = {idz,} and
Ly = Z, \ Ly are the rational conjugacy classes of Z, and T} = {idp, },
Ty ={a,...,a?'} and T3 = F},,\ (a) are the rational conjugacy classes
of Fp,q- Then we have Ky =1 x Tl, Ko = Ly X Tl, K3 =L X TQ,
K4:L2><T27 K5:L1XT3, andK6:L2><T3.

TABLE 10. Rational Character Table of Group Gj.

QCT(Gs)

K1 K2 Kg K4 KB KG

71
Y2
73
Y4
V5
V6

1 1 1 1 1 1
qg—1 -1 ¢g—1 -1 ¢—1 -1
r—1 r—1 r—1 r—1 -1 -1
al 1—r 1—r 1—q 1
p—1 p—1 -1 -1 0 0

aa 1—p

1—gq 1 0 0

Here, a; = (¢—1)(r—1) and a; = (p—1)(¢—1). Let F,,, = (a,b: a? =
b" = 1,b7"ab = a"). Consider L, = {idz,} and Ly = Z, \ Ly are the
rational conjugacy classes of Z, and Tt = {idp,, }, To = {a,...,a? '},
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and T3 = F,, \ (a) are the rational conjugacy classes of F,,. Then

Kl = L1XT1, K2 = LQXTl, Kg :L1><T2, K4 = LQXTQ, K5 = Ll XT3,
and K6 = L2 X T3.

TABLE 11. Rational Character Table of Group G,.

QCT(Gy) | Ky Ko K3 Ky Ks K
o4t 1 1 1 1 1 1
Y2 p—1 -1 p—1 -1 p—-1 -1
Y3 r—1 r—1 r—1 r—1 -1 -1

Y4 ai 1—r a 1—r 1—p 1
Y5 qg—1 g—1 -1 —1 0 0
Y6 a 1—q 1—p 1 0 0

Here, a1 = (¢q—1)(r—1). Let F,, = (a,b: a?=10V"=1,b"'ab = a“).
Consider Ly = {idg,} and Ly, = Z, \ L, are the rational conjugacy
classes of Z,, and T} = {idp,, }, To = {a,...,a® '} and, T3 = F, \ (a)
are the rational conjugacy classes of F,. Then K; = Ly x T}, Ky =
LQXTl, Kg :L1XT2, K4:L2XTQ, K5 :L1XT3, and K@ :LQXTg.

TABLE 12. Rational Character Table of Group Gf.

QCT(Gs) | K, Ko K3 Ky Ks
Y1 1 1 1 1 1
Y2 r—1 r—1 -1 r—1 -1
V3 g—1 ¢—-1 ¢—-1 -1 -1
Y4 al ai 1-— q 1—7r 1
Y5 p—1 -1 0 0 0

Here, a; = (p —1)(r — 1) and ay = (p — 1)(¢ — 1). Let F,, =
{a,b: a? = b7 = 1,b7'ab = a“). Then, the rational conjugacy classes
are, K| = (idg.), Ky = {a' : 1 < i < p—1}, K3 = U_}(b")%,
K4 = Ug;ll(bW)G5 and K5 = U(k,qr):l (bk)Gs.
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TABLE 13. Rational Character Table of Group G =
Gi+5, 1§Z§7’—1

QCT(Gits) K Ky K3 K, Kj
Y1 1 1 1 1 1
Y2 r—1 r—1 r—1 r—1 -1
Y3 q—1 q—1 —1 -1 0
Y4 p—1 -1 p—1 -1 0
¥s (p—1@-1 —g¢g+1 —p+1 1 0

Here, K, = {idg,,.}, K2 = UL (a%)% K; = U2, (") K, =
Ul (0%a%)% and K5 = Ui_t(cF)¢ are the rational conjugacy classes
of Gand 31 =1, 7 = Y17 Xas W8 = Day M Y = Doity O and

l2

Vs = m=1 Pm-
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