Journal of Algebraic Systems
Vol. 3, No. 2, (2016), pp 171-199

MAGMA-JOINED-MAGMAS: A CLASS OF NEW
ALGEBRAIC STRUCTURES

M. H. HOOSHMAND*

ABSTRACT. By left magma-e-magma, I mean a set containing a
fixed element e, and equipped with the two binary operations “-”
and ©, with the property of e® (z-y) = e® (z ®y), namely the left
e-join law. Thus (X, -, e,®) is a left magma-e-magma if and only
if (X,) and (X,®) are magmas (groupoids), e € X and the left
e-join law holds. The right and two-sided magma-e-magmas are
defined in an analogous way. Also X is a magma-joined-magma, if
it is magma-z-magma for all z € X. Therefore, I introduce a big
class of basic algebraic structures with two binary operations, some
of whose sub-classes are group-e-semigroups, loop-e-semigroups,
semigroup-e-quasigroups and etc. A nice infinite (resp. finite)
example of them is the real group-grouplike (R,+,0,+1) (resp.
Klein group-grouplike). In this paper, I introduce and study the
topic, construct several big classes of such algebraic structures and
characterize all the identical magma-e-magmas in several ways.
The motivation of this study lies in some interesting connections
to f-multiplications, some basic functional equations on algebraic
structures and Grouplikes (recently introduced by me). Finally, I
present some directions for the researches conducted on the sub-
ject.

1. BACKGROUNDS

W

A binary operation on a set X is a function that maps elements
of the Cartesian product X x X to X. One of the most basic algebraic
structures is a set equipped with an arbitrary binary operation, namely
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magma (groupoid or binary system; see [1, 2]). Thus magma is a basic
type of algebraic structures with one binary operation. Here, I intro-
duce a class of basic algebraic structures with two binary operations.

Motivations. There are three principle motivations for this topic, as

follow:

(a)

f-Multiplication of binary operations. Let (X,-) be a magma,
and f : X — X be an arbitrary function. Another binary
operation -y in X is defined by z -y y = f(xy), and is called
f-multiplication of “”. Thus I obtain the algebraic system
(X,-,-f) whose binary operations “” and -y may have some
relations depending on the properties of “-” and f (see [0]). For
example, (X, f) is a semigroup if and only if f is associative in
(X,-) (i-e., f satisfies the associative equation (2.9)).

Some basic functional equations on algebraic structures. Gen-
eral solution of a functional equation on an algebraic struc-
ture is a challenging problem in the topic (see [3]). Let (X,)
be a magma, and consider the algebraic structures (X, ) and
(X, -f). Many basic and important functional equations in
(X, ) can be interpreted as a type or property of the two new
algebraic systems, and vice versa, for instance:

- (X, -f) is a semigroup if and only if f satisfies the associative
equation f(xf(yz)) = f(f(zy)z) (for all z,y,z € X).

- (X, -f) is commutative if and only if f satisfies the equation
f(zy) = fyx).

- As we will see in this paper, (X,-, e, f) is a left e-magmag
(ie,ef(x-y)=e-y(r-yy) forall z,y € X) if and only if f
satisfies the following equation in (X )

fle(zy)) = flef(zy)) 5 VryeX. (1.1)

Also, (X, -, e,-f) is a left identical e-magmag if and only if

fle(zy)) = flef(xy)) = fxy) 5 Va,y € X. (1.2)

Grouplikes and f-grouplikes. We observe that the second magma
of every group-e-semigroup (G, -, e,®), where e is the identity

of (X,®), is a Grouplike that has been introduced in 2013 [1].

A grouplike is something between semigroup and group, and its

axioms are generalizations of the four group axioms. Also every

grouplike is a semigroup containing the minimum ideal that is

also a maximal subgroup.
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2. MAGMA-e-MAGMA AND ITS RELATED ALGEBRAIC STRUCTURES

Now let’s introduce a class of new algebraic structures with two bi-
nary operations that is connected to magmas, semigroups, monoids,
quasigroups, loops, groups, and other similar structures.

Definition 2.1. A set X with two binary operations “-” and © is called
a left magma-e-magma (left e-magmag for short) if there is an element
e € X satisfying the following property (called left e-join law)

eQry=e0(xoy) ; Vr,ye X, (2.1)
where x - y is denoted by zy, and e ©® zy = e ® (xy).

Thus (X, -,e,®) is a left magma-e-magma if and only if (X, -) and
(X,®) are magmas, e € X, and the left e-join law holds. Therefore,
this topic uses all algebraic structures with one binary operation, and
introduces so many algebraic structures with two binary operations,
the most basic structure of which is magma-e-magma.

If the first (second) magma of (X, -, e, ®) belongs to some special
class of magmas, we replace the first (the second) magma with the
name of the class. For instance, a left monoid-e-epigroup is a left
magma-e-magma (X, -, e,®), where (X,-) is a monoid, and (X, ®) is
an epigroup. Right magma-e-magma is defined in an analogous way.
A magma-e-magma is both a left and right magma-e-magma, and in
such a case, e is called a joiner.

Now let X be a left magma-e-semigroup. Then

eQry=e0roOy ; Vr,ye X, (2.2)
and, using the associativity of ®, we have
eO((xy)z) = e@((zy)®2) = (e®(2y)) Oz = (eOTOY) Oz = eOrOYO2,

eOyz)=e0 (0 (y2) =e@r0 (yz) ; Vr,y,2z € X.
Hence, if it is semigroup-e-semigroup, then
eO(zyz) =e@rOyOz=e0(zy) ©z=e0x® (yz) ; Vr,y,z € X,
and so
eOr T, =e0r - Ox, ; YneN, Vry,--- 2, € X.

Therefore, if x1 = 29 = --- = x,, = z, then putting 2™ = xzx---x and
" =2z Or®---©x (n times), we have e ©® 2" = e © 2" for every
positive integer n and all z € X.

Example 2.2. Consider an arbitrary non-empty set X.
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For every magma (X,-) and each e € X, (X, e,-) is an e-
magmag (here ® = -), which is called trivial e-magmag. Thus
in a trivial e-magmag, the types of the first and the second
magmas are the same, e.g. group-e-group.
Let (X, ®) be a magma with a left (resp. right, two-sided) zero
0. Then for every binary operation “” in X, (X,-,0,®) is a
left (resp. right, two-sided) 0-magmag.
Define x ® y = x (resp. z ®y = y) for every z,y € X. Then
for every e € X and all binary operations, “” in X (X, e,®)
is a left (resp. right) magma-e-semigroup. It is not (two-sided)
magma-e-semigroup if - # ©.
Consider the additive group (R, +), and fix b € R\{0}. For each
real number a, denote by [a] the largest integer not exceeding
a, and put (a) = a — [a] = {a} (namely decimal or fractional
part of a). Set

a a

s =b15) (@ = b(}).

We call [a], the b-integer part of a, and (a), the b-decimal part
of a. Also [ ], and (), are called the b-decimal part function
and b-integer part function, respectively (see [7]). Since (a); =
(a), we may use the symbol (a); for the decimal part of a.
Now for every x,y € R, we put z +, y = (x + y)p, and call
+p b-addition. The binary system (R, +;,) is a special case of
semigroups, namely real b-grouplike (see [1]). We claim that
the structure (R, +, e, +;) is a group-e-semigroup for all e € R
because

ety (@ Hpy) =(e+(@+yh)=(e+z+yh
=e+y (v +y) ; Yo,y eR
If e = 0, then we call it real b-group-grouplike, and specially,
real group-grouplike if b = 1.
For an example of finite (nontrivial) e-magmags, consider K =

{e,a,n,a}, and define binary operations “” and ® by the fol-
lowing multiplication tables

~‘eana @\eana
ele a n o ele a e a
ala e o 0 ala e a e
nin o e a nlie a e a
ala n a e ala e a e

Note that (K, -) is the Klein four-group and (K, ®) is the Grou-
plike introduced in [4, example 2.4]. Tt is easy to see that k-join
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law holds, for every k € K. Thus we call (K,-,e,®) Klein
group-grouplike.

In this section, I often focus on the left structures (because of similar-
ities). In this way, I first consider the basic properties of left e-magmags
and try to put everything in its most natural framework, and then study
more useful structures such as group-e-semigroups, characterize their
identical classes, and determine their general form.

Let X be a magma, and e € X. We call X, left e-unital (vresp. right
e-unital) if e is a left (resp. right) identity of X. Hence, X is e-unital
if it is left and right e-unital. If X is e-unital, then e is the unique
(two-sided) identity of X, and sometimes we use the notation (X, -, e)
for it (so it is usable for monoid, loop, and group). Now, if Y C X and
ey = y for every y € Y, then we can say that e is a left identity of YV
in X. If this is the case and e € Y, then we call e a left identity of
Y. Also, e is called left bi-identity (resp. middle bi-identity or middle
identity) of X if e(zy) = (ex)y = zy (resp. (ze)y = z(ey) = zy) for
every x,y € X. Analogously, the right and two-sided cases are defined.

Note. It is worth noting that for every non-trivial left magma-e-
magma (X, -, e, ®), the second magma (X, ®) can not be left e-unital.
Thus, in its title, the second magma can not be replaced by monoid,
loop or group. In fact, if e is a left identity of XX UX ® X in (X, ®),
then zy =eQay=e® (x ©y) = 2 @y (for every z,y € X), and so

Now I introduce a required definition for magmas, which is used in
the topic repeatedly.

Definition 2.3. Let e be a fixed element of the magma X. We call
X e-associative if the equation z(yz) = (zy)z holds for every z,y, z of
X such that at least one of them is equal to e. Also we call X weakly
e-associative if the equation holds whenever z = z = e.

Hence, every e-unital magma is e-associative, and X is a semigroup
if and only if it is e-associative for every e € X.

Now, consider the left e-magmag (X,-,e,®). If (X,-) is left (resp.
right) e-unital, then e ®x = e ® (e ® x) (resp. e@z =e® (z © e))
for every x € X. Thus if (X, -) is left e-unital, then e is a left identity
of e® X in (X,®), and if (X -) is right e-unital and (X, ®) is weakly
e-associative, i.e.

e@(x@e)=(e0r)0e ; VreX, (2.3)
then e is a right identity of e ® X in (X, ®).
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Therefore, if the first magma is e-unital and the second one is weakly
e-associative, then e is an identity of e ® X in (X, ®), and so

e@e@r)=er=(e0x)®e ; Ve, (2.4)

Specially, e? is well-defined (i.e. e®(e®e) = (e®e)®e) and €3 = 2.
This discussion leads us to the following definition and lemma.

Definition 2.4. Let (X, -, e,®) be a left magma-e-magma. We call it

(a) wunital left magma-e-magma or briefly left e-unimag, if the first
magma (X, -) is e-unital.

(b) left magma-e-ass.magma (resp. left magma-e-weakass.magma)
or briefly left e-assmag (resp. left e-wassmag), if the second
magma (X, ®) is e-associative (resp. weakly e-associative).

Also every unital left magma-e-ass.magma (resp. unital left magma-e-
weakass.magma) is called left e-uniassmag (resp. left e-uniwassmag),
briefly. (The right and two-sided cases are defined, similarly.)

Thus we have several special (left) e-magmags such as (left) e-unimag,
e-assmag, e-uniassmag, and e-uniwassmag that are more general than
(left) monoid-e-semigroup, loop-e-semigroup, and group-e-semigroup.

Note. As one can see in the above definition and previous expla-
nation, some conditions or properties of an e-magmag may be about
the first or the second magma, only. Hence, if C is a condition (or
property), by first-C e-magmag (resp. second-C e-magmag), we mean
an e-magmag such that its first (resp. second) magma has the con-
dition C. For example, second-associative left e-magmag is the same
left magma-e-semigroup, and every e-uniassmag is first-e-unital and
second-e-associative. This general naming method helps us to call and
consider so many types of e-magmags.

Now considering the previous discussion and definitions:
-If (X, -, e,®) is left e-uniwassmag, then e is an identity of e ® X in
(X,®).
- If (X, -, e,®) is left e-assmag, then its left e-join law can be written
as equation (2.2). Moreover, if e ® (ze) = e ©® z (e.g. if (X, ) is right
e-unital), then

(e0r)0(e0y)=(c0r)0e)0y=(e0(r0e) Oy
= (€O (ze)Oy=(e0r)0y=e0(z0y) =eOay,
thus
eQry=eQroy=(c0r)®(e®y) ; Vr,yc X. (2.5)
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The above identity has more properties than equation (2.2), and it
implies that e ® X is a right e ® e-unital submagma of (X, ®), and so
e ® e is its idempotent.

Therefore, we arrive at the following important properties for left
e-uniassmags and magma-e-semigroup. Note that, although left e-
uniassmags (a left e-magmag such that its first magma is e-unital and
the second one is e-associative) have a weaker condition than unital
left magma-e-semigroups, they have many important properties, and
there are useful basic structures in the topic.

Lemma 2.5. (i) If (X,-,e,®) is a left e-assmag such that e ® (xze) =
e@(exr) =eoz (e.g. if (X, e,®) is left e-uniassmag), then (e® X, ®)
15 an e ® e-unital sub-magma.

(i) If (X, -, e,®) is a unital left magma-e-semigroup, then (e ® X, ®)
is a monoid. Moreover, if the equation xy = e (yx = e) has a solution
in X for every fived element x € X, then (e ® X,®) is a group.

Proof. (i) Considering equation (2.5), it is enough to show that e ® X
is e ©® e -unital.

Putting = e (resp. y = e) in the identities, we conclude that e © e
is a left (resp. right) identity of the sub-magma e ® X. Therefore, part
(i) is proved.

(ii) The first part implies that e ® X is a sub-semigroup of (X, ®)
with the identity element e ® e. Now if x € X and y is the element,
where xy = e, then

(e@r)O(e@y)=c0ry=ec®e,
(analogously for another case). Hence, the proof is complete. O

Convention. In this paper, if the first magma of (X, -, e, ®) is group,
monoid or loop, then we suppose that e is the identity element of (X -),
and so the e-magmag is unital. Hence, for example, by left group-e-
semigroup X we mean (X, -, e) is a group, (X, ®) is a semigroup, and
the left e-join law holds.

2.1. Essential map on e-magmags. Let (X, -, e, ®) be a left or right
e-magmag. Then we have the maps J, = J, J¢ = J! from X into X
defined by
Je(x)=eox, J(z)=10e,

namely left , right e-joiner map (or e-map) , respectively. If J, = J¢
(equivalently, e € Z (X, ®)), then we only use the notation J, for them.
Notice that the left (resp. right) e-map is the same left (resp. right)
e-translation map in (X,®). If X is a set with two binary operations
“” and ©, then (X, -, e, ®) is left (resp. right) e-magmag if and only if
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J(zy) = J(x @ y) (resp. Jé(zy) = J(x @ y)) for all x,y € X. Thus,
if X is a left e-magmag, then the following statements are equivalent:
- J is left e-periodic with respect to “-7 (i.e. Jo(ex) = J.(z) for all z);
- J, is left e-periodic with respect to ® (i.e. J.(e ® z) = J.(z) for all
z);

- J.is left e-periodic with respect to both binary operations(i.e. J.(ex) =
Je(z) = Je(e ® x) for all x);

-e@(e@x)=e®x for all z;

- e is a left identity of e ® X in (X, ®);

- J,. is idempotent.

(Analogously, for the right and two-sided cases.) The e-maps play
an important role for the study and characterization of such algebraic
structures. For example, (X, ®) is weakly e-associative if and only if
J.J¢ = J¢J, (i.e. the composition is commutative). Depending on each
one of the first and the second binary operations, the e-map has im-
portant different properties, one of which is related to the decomposer,
associative and canceler properties introduced and studied in [5]. Here,
we give a short explanation about them.

If X is an arbitrary magma, then we have the following type func-
tions:

f(f(z)f(y)) = f(x) : left decomposer (2.6)

f(xfi(y)) = f(x) : left strong decomposer (2.7)

f(f(x)y) = f(xy) : left canceler (2.8)

f(f(zy)z) = f(xf(yz)) : associative (2.9)

F(f(xy)z) = f(xf(yz)) = f((xy)2) = f(x(yz)) - strongly aSSO(éiQatlig;%-

Note that f : X — X, f(z)f.(x) =z = f*(z)f(z) for all x € X, and
the right cases are defined analogously. The function f is decomposer
(resp. canceler) if it is both left and right decomposer (resp. canceler).

If X = S is semigroup, then every canceler function is strongly
associative, but the converse is true if f is periodic (i.e. there exists T €
X such that f(Tz) = f(2T) = f(x), for all z € X) and idempotent.
Of course, if X = M is monoid, then f is strongly associative if and
only if it is canceler.

If X = (G is group, then the following conditions are equivalent :

(i) f is strongly associative;

(ii) f is associative and idempotent;

(iii) f is associative and f(e) = f(e);

(iv) f is associative and f(e)-periodic (i.e. f(f(e)x) = f(zf(e)) =
f(@));



MAGMA-JOINED-MAGMAS 179

(v)

(vi

f is strong decomposer;

) f is decomposer and f*(G) <G or f.(G) < G;
(vii) f is decomposer and f*(G) = f.(G) < G;
(viii) f is canceler.
(ix) There exist A <G and Q C G such that G = A-Q = A-Q and
f = Pq (where the product is direct, and P, is the projection
map from G onto (2).

The last item characterizes strong decomposer, canceler, and strongly
associative functions on groups ( [5]).

Example 2.6. The b-decimal part function ( ), satisfies the above
equivalent conditions in the additive real numbers group. Here, A =
VZ, Q = b[0,1) = Ry, and we have R = bZ+b[0,1), ( )p = Pyo) (+

means the sum is direct; see [, 7]).

Now let’s show that e-map has the mentioned and some other prop-
erties in e-assmags and e-uniassmags.

Lemma 2.7. Assume (X,-,e,®) is a left e-assmag.
(A) If J. is right e-periodic, then:
Je 1 (X,) = (X, ®) is homomorphism,
Jo 1 (X,0) = (X,0) is endomorphism and right canceler,
Jo (X)) = (X, ") is right canceler.

(B) If J. is left e-periodic, then J. is left canceler from the both
magmas to themselves.

(C) Hence, if X is a left e-uniassmag, then J. is e-periodic, ho-
momorphism from both magmas into the second magma and
canceler as a function from both magmas to themselves, and so:

Je(xy> = Je(x © y) = Je(x) © Je(y) - Je(‘]e(x)y) = Je(xje(y))
= Jo(Je(z) ©y) = Jeo(z © J(y)) ; Vo,y € X.
(2.11)
(D) If X is a unital left magma-e-semigroup, then all of the above
properties hold, and J, : (X,-) — (X, ) is strongly associative.

Proof. Let (X, -, e,®) be a left e-assmag. First note that the condition
e® (xe) =e®x (resp. e® (ex) = e ® z) for equation (2.5), equivalent
to J, is right (resp. left) e-periodic. Thus if .J, is right e-periodic, then
equation (2.5) holds, and for every x,y:

Je(zde(y)) = e O (2(e ©y)) =e© (z© (e Oy))

=(0r)0(e0y) =e0r0y = J(ry).
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Also if J, is left e-periodic (or equivalently idempotent), then:
Je(Je(z)y) =@ ((e@a)y) = O ((e©x) OyY)

=(0(cor)0y=c0r0y=J(ry).
Note that the identity (2.5) is equivalent to

Jo(zy) = Jo(z O y) = Je(2) © Je(y) ; Vo,y € X.

and if X is e-uniassmag, then J, is e-periodic, obliviously.
Applying the above facts, we arrive at (A), (B), and (C). Finally, if
X is unital left magma-e-semigroup, then J, is canceler, and so:

Je(Je(2y)2) = Je((xy)2) = Je(2(y2)) = Je(2Je(y2)).

Hence, J. is strongly associative.
O

Example 2.8. Consider the real b-group-grouplike (R, +,0, +). Then
Jo = ()p agrees with Example 2.6 and Lemma 2.7.

Define f : K — K by f(n) = f(e) = e, f(a) = f(a) = a (K is
the Klein group-grouplike). Then, clearly, we have f.(a) = f.(e) = e,
fila) = fi(n) = n, and f, = f*. One can easily check that f is
strongly associative, strong decomposer, e, n-periodic, and idempotent
from both magmas to themselves. As we mentioned earlier, since (K -)
is group, then f*(K) = £.(K) = {e,n} <K, f(K) = {e,a} and (K, ) =
{e,n}-{e, a}, where the product is direct. Now we have f = P o} = Je,
which agrees with the theorem and all the mentioned properties.

2.2. Sub-e-magmags and e-magmag homomorphisms. A (left)
sub-magma-e-magma (sub-e-magmag) of (X, -, e, ®) is a subset Y such
that it itself is a left e-magmag with the restrictions of the binary
operations, and which contains the joiner e. Thus Y is a sub-e-magmag
of X if and only if Y is submagma of X with both binary operations
ande €Y.

Now, let f: (X,:) = (X',), f: (X,0) = (X',®) be magma ho-
momorphisms. If (X, - e, ®) is left e-magmag, then (f(X),", f(e),®)
is a left f(e)-magmag. Thus if f is onto, then putting ¢ = f(e),
(X', €, @) is also left ¢’-magmag. Therefore, wecall f: (X,-,e,0) —
(X', e, @) an e-magmag homomorphism if and only if :

(i) f:(X,:) — (X’,) is homomorphism,
(i) f:(X,0) = (X', @) is homomorphism,

(iii) f(e) = €.

We say that (X, -, e, ®) is isomorphic to (X', -, ¢, @), and denote by

(X7 56 ®> = (Xla '/a 6/, ®/)7
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if there exists an isomorphism (bijective homomorphism) between them.
If (X,,e,0) 2 (X', €,@), then (X,) & (X',) and (X,0) ¥
(X', @) (but the converse is not true).

For every (left, right and two-sided) e-magmag homomorphism f :
(X, e,0) = (X', ¢,®), we have two useful kernels, as follows:

ker(f) =ker.(f) ={z € X : f(z) = fle)};

kereoe(f) ={x € X : f(z) = fle®e)}.
(Note that f(e) = ¢ and f(e®e) = ¢ @ €'.) We call ker.(f) (resp.
kereoe(f)) e-kernel (resp. e®e-kernel) of f. It is easy to see that Im(f)
is a sub-¢’-magmag of X', and ker.(f) is a sub-e-magmag of X if ¢’ is
idempotent with respect to both binary operations.

Remark 2.9. Assume (X, -, e, ®) is a left e-assmag, for which J, is right
e-periodic. Lemma 2.7 implies that J, is a left e-magmag homomor-
phism from (X, -, e, ®) to the trivial left e ©® e-magmag (X, ®,e@e, ®).
Since, e ® e is ®-idempotent (i.e. idempotent with respect to ®), then:

ker(J.)={z e X: J(x)=e@e}={reX:e@r=c0c¢}

is a left sub-e ® e-magmag of (X, ®,e ® e,®). Hence, if X is left e-
uniassmag, then (X, ) and (e ® X,®) are unital magmas, and J,
(X,-) — (e ® X,®) is a unital magma epimorphism (which maps the
first identity to the second one).

Example 2.10. Considering the above remark, (R, +4,0,4) is a
subgroup-0-group of (R, +4,0,4), and ( ), : (R ,+) (R, +5) is a
group epimorphism with kernel {x € R: 04,2 = (), =0+,0 =0} =
bZ.

2.3. e-Relation, e-congruence and its induced quotient magma.
Here, we consider two essential equivalence relations on every left and
right e-magmags (namely left and right e-relation) that are completely
connected to the left and right essential e-maps.

For every left or right e-magmag X, we define x ~, y (resp. © ~€ y)
if and only if e @z = e @y (resp. x @ e = y ®e). It is clear that
x ~. y and x ~¢ y are two equivalence relations in X and = ~, y (resp.
x ~¢y) if and only if J.(z) = J.(y) (resp. J(x) = J°(y)).

Now let X be a left e-magmag. The equivalence relation ~, is a
magma congruence with respect to both binary operations if X is left
e-assmag and J, is right e-periodic. Since 1 ~, y; and x5 ~, ys, then:

T1T2 ~e T1 O T2 ~e Y1 O Yo ~e Y1Y2;
in fact, by applying equation (2.5)
eOTIT=e@ (11O X)) =(e@x1) O (e@x) = (@ y1) © (€ ® y2)
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=e® (11 O Y2) = €O Y1Ya.
Thus if X is left e-assmag and J, is right e-periodic, then we have two
binary operations in X = X/ ~, (the set of all congruence classes ),
defined by T ¥ := Ty and TOY := x ©® y. But the two binary operations
are the same because x ® y ~, xy, and
TOY=20y=Ty=717.
Therefore, the induced left quotient e-magmag is trivial, and we have
only e-associative quotient magma X with a right é-periodic map Jz =
Je:
Je(T)=eT=ex =eOx = Jo(x).

Hence, if X is left e-assmag and J, is e-periodic (e.g. if X is left e-
uniassmag), then X = X/ ~, is an e-unital and e-associative magma.
Identity and Associativity of a magma up to e-relation. First
note that the e-relations ~, and ~° can be defined in every arbitrary
magma containing e. Now let (X)) be a magma containing the fixed
element e. We say that 7 (X, )

is left e-unital up to the left e-relation” or simply " (X, -) is left ~.-
unital” if ex ~, x for every x € X (analogously, for the right and
two-sided cases). Also we say that (X, -)

is associative up to the left e-relation” or simply 7 (X -) is ~.- asso-
ciative” if x(yz) ~. (zy)z for every z,y, z € X.
It is interesting to know that if X is left e-magmag, then:

(X, ) is left ~c-unital < J, is left e-periodic < (X, ®)is left ~.-unital
& J,. is idempotent < e is a left identity of e ® X in (X, ®).

Also we have:
(X, -) is right ~-unital < J, is right e-periodic < J.J¢ = J,
< (X, ©) is right ~-unital.

Remark 2.11. In this section, one can see the condition ”.J, is right
e-periodic”, repeatedly. Hence, the condition that can be replaced
by 7(X,-) is right ~.-unital” (or other equivalent conditions) that is
weaker than the condition ”(X,-) is right e-unital”. Therefore, if X
is a left e-assmag such that (X ) is right ~.-unital, then the quotient
magma X = X/ ~, exists; it is e-associative and right e-unital, and
also (e ® X, ®) is a right e ® e-unital magma, and we have the maps
in the next part. Hence, if X is a left e-assmag such that (X,-) is
~c-unital (that is weaker than the condition ” X is left e-uniassmag”),
then we have all the above items, and also two unital magmas that are
considered in the next important theorem.
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Other important maps on e-magmags. Up to now, we have
introduced essential e-maps on (left and right) e-magmags. But we
can define some other useful maps, as follow:

As we know, for any arbitrary left e-magmag X, we have the map
Jo : X — X with Im(J.) = e ® X, and the equivalence relation ~,
with the partition X = X/ ~,, and

T=1a/~=J"{J(2)}) : VoreX

Now we can define the other useful well-defined maps, and consider
the relations between the image and partition:
- As usual, the (natural) surjective map m, : X — X is defined by
Te(x) = T with the kernel (only as a map):

ker(m.) :={x € X : m.(z) =7m.(e)} =€ (2.12)
={reX :eOr=ec®e} =Kkerepe(Je).

- The injective map A, : X — X is defined by A\ (Z) := e ® x = J.(z).
- Since A, : X = e ® X is bijection and invertible, then we have the
bijective map ¢, := A-! e ® X — X with ¢.(e ® z) =T = 7.(z).

Therefore, we have the following chain maps, composition relations
images, and kernel:

ey x I X, (2.13)

X 25eoXx 25X

Ae Je

e X X 2y x oy x T X
Tde = ede = bxp s NeBe = teorx s AT = Jo , bode = Tor  (2.14)

[m(¢e) = [m(ﬂe) - Y_a Im()‘e) = Im(Je) =e0 X,
ker(A) = {T € X : M(F) = A (@)} = {2}

(2.15)

Thus:

Card(X) = Card(e ® X) = Card(J.(X)).

Now if X is left ~.-unital, then e ® 2z = T (for all x), and so are
Tede = T and ¢ = Te|eox-

But, if X is e-assmag and the magma is right ~.-unital, then all the
mentioned maps are also homomorphism, J, is canceler, and we have
the right e-unital quotient magma X = X/ ~, and the right e®e-unital
magma e ® X. Therefore, if X is (two-sided) ~.-unital e-assmag (e.g.
if X is e-uniassmag), then all of the above properties hold. Therefore,
we arrive at the following important theorem.

Theorem 2.12. If X is a left e-assmag, for which one of its magmas
is right ~.-unital (resp. left e-uniassmag), then the two right unital
magmas (resp. unital magmas) X/ ~. and e ©® X are isomorphic.
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Hence, if X is unital left magma-e-semigroup (resp. loop-e-semigroup),
then X/ ~.= e ® X as two monoids (resp. groups).

Proof. Applying the above discussions, maps, identities, lemma 2.7,
and Remark 2.9, one can prove this theorem. O]

Example 2.13. Consider the real b-group-grouplike (R, +,0,+;). We
have

rrpy e 0 =0+Hy < ()= (y)y © v—y € VL < =y (mod b)
Also

THG=T Ry = B =Y =T+,
which agrees with the previous results, and so:

(R, +p)/ ~= (R, +)/ ~= R/VZ,

where R /bZ is the quotient group R over the cyclic subgroup bZ = (b).
On the other hand,

045 R = {(2)]z € R} = b[0,1) = Ry,

and the above theorem implies that R/bZ = (R, +,), which is the
reference b-bounded group (the group of all least nonnegative (real)
residues mod b, if b > 0) introduced, and studied in [7]. Here, J. =
Jo = ()» = Pyjo) (see Example 2.6) and

7T0(.CE) =T =x+ b7 s /\D(T) = )\0(1’ + bZ) =0 +pTr = (.Qf)b = Jo(.l?)
$0(0 4 x) = do((2)p) =  + bZ = mo ().

3. IDENTICAL e-MAGMAGS, MAGMA-JOINED-MAGMAS, AND THEIR
CHARACTERIZATION

Now, we introduce some types of e-magmags X, where the e-join
law holds for every e € X. At first, recall that a magma (X, -) is called
surjective if the function - : X x X — X is surjective (i.e. every z € X
can be written as x = yz for some y, z € X). Hence, X is surjective if
and only if XX = X. It is obvious that if (X -) is left or right unital,
then X is surjective. Thus all monids, loops, and groups are surjective.

Definition 3.1. We call the left e-magmag (X, -, e,®) identical if e is
a left bi-identity of (X, ®).
Note that (X, -, e, ®) is left identical e-magmag if and only if
eQry=e®(x@y) =20y ; Vr,y € X (left identical e-join law)
(3.1)

Therefore, a left e-magmag X is identical if and only if J.(zy) =z Oy
or equivalently J.(x ©@y) =z ©y for all z,y € X. If X is left identical
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e-magmag, then both magmas are left ~.-unital, J.(xe) = J¢(z), and
so all the equivalent conditions hold. Also, (X, ®) is semigroup if and
only if (X, ®) is ~-associative.

Example 3.2. The real b-group-grouplike is identical group-0-semi-
group. In fact, it is identical group-fS-semigroup, for every g € bZ. If
£ = bk, where k € Z, then:

By(z+y)=F+tretry=(kb+az+yh=(+yhpr=a+py.

The Klien group-grouplike is identical group-e-semigroup and group-n-
semigroup.

Using the e-map and J.-multiplication, we can give an interesting
interpretation of identical e-magmags and basic idea for their char-
acterization. First, we need to recall f-multiplication (introduced in
[0]). The associative functions have so close relations to (associative)
f-multiplication of binary operations that induce a semigroup.

Now we are ready to show the basic role of e-map and J.-multipli-
cation for identical e-magmags.

Let (X,-,e,®) be a left e-magmag. Then:

(a) -5, = ©@, (conversely, if -;. = ©@,,, then (X, -, e,®) is a left
e-magmag).
(b) X is left identical e-magmag if and only if ® = -, and if and
only if ©® = ®;, (equivalently ® = -, = ®,.); hence if f = J,
and X is left identical e-magmag, then © = -4.
Conversely, if ® = -y, then (for construction and characterization of
the identical e-magmags and their second binary operation), we want
to determine the condition for f = J..
For answering the question with the weakest conditions, we give a
new discussion, as follow:
Let (X, -) be a magma containing the fixed element e and f: X — X.
Define f. by fe(z) = f(ex) , for all z € X. Then for every z,y € X,
we have:

fe=rery=x5y < flzy) = f(zy)
& fle(ry)) = flry) & flxx(e(zy)) = flxx(zy) (3.2)

< flxx is left e-periodic.
Hence, if XX = X, then:
p, =5 & fis left e-periodic & f. = f. (3.3)

Now let X be an arbitrary set with two binary operations - , ©® and
ec X. If ®© = -4, for some function f : X — X, then f. = J.. If
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x € X, then:
J(r)=eOr=cya= f(ex) = fe(2).
Therefore,
O=-p=-5 0=, flxx is left e-periodic (3.4)

& O =7, flxx is left e-periodic.

Note that these equivalent conditions (3.4) imply that f. = J. = (fe)e
and f|xx, fo are left e-periodic (because ® = -y (resp. ® = -5.),
implying that f. = J. (resp. (fe)e = J), and a function g is left
e-periodic if and only if g = g.). Hence, if XX = X then:

O=y4=41 0=y, f=l.0=7g, f=/F (3.5)
& © =4, fis left e-periodic.

Thus we obtain the following important lemma.

Lemma 3.3. Let X be an arbitrary set containing e with two binary
operations “7 and ® such that “7 is surjective, and let f : X — X.
(a) If © = -5 and f is left e-periodic , then f = J. = fe..
(b) If (X,-,e,®) is a left e-magmag and ©® = -y, where f is left
e-periodic, then X 1is left identical e-magmag and f = J. = fe..

Now let’s discuss more about a special case of the above topic. If
(X,-,e,®) is a left e-magmag such that ©® = -, for some f: X — X,
then f. = J. and

fe(zy) = fle(zy)) = ey (zy) = e © (zy) = Je(zy) = Je(x O y)
=Je(x-yy) = Jof(xy) = flef(zy)) = fof(xy) ; Yo,y € X.

The above identities give us the following relations between f and J,
- If 7.7 is surjective, then J.f = J. = f..

- If 7.7 is surjective and f is left e-periodic, then f = J,.

Therefore, if (X -) is left e-unital (X is left e-unimag), then f = J..
- If e is a left identity of f(XX) in (X,-), then:

Je(zy) = Je(z O y) = fx O y) = Jf(zy) = f*(zy).

- If e is a left identity of f(XX) in (X,-) and ”-” is surjective (resp. ®
is surjective (i.e. X ©® X = X)), then J, = f? = J.f (resp. f = J.).
- If e is a left identity of f(XX) in (X,-), ”-” is surjective and f is
idempotent, then f = J..

Considering the previous discussion and identities, we arrive at the
following important theorem that is the main key of characterization
for (left) identical e-magmags.
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Theorem 3.4. Assume (X, -, e,®) is a left e-magmag such that (X, -)
is surjective (namely left e-surmag). Then, the following statements
are equivalent:
(a) X is left identical e-magmag;
(b) There exists a (unique) left e-periodic function f: X — X such
that © = -¢;
(C) O =75
(d) There ezists a (unique) left e-periodic and idempotent function
f: X = X such that © = -4,
<e> ©=0r;
(g) f = Je is the only function from X to X such that ® = -f;
(h) © =04 =

Proof. By applying Lemma 3.3 and the previous results, one can prove
this theorem.

O

Note that if (X, -, e, ®) is a (left) identical e-unimag, then the condi-
tions of the above theorem and so all of its equivalent statements hold.
Moreover, the function f does not require any additional condition.
Hence, we arrive at the next corollary.

Corollary 3.5. Suppose (X,-,e,®) is a left e-unimag. Then X is left
identical e-magmag if and only if there exists a function f : X — X
such that ® = -y (of course f is unique, that is the same left e-map).

The above theorem leads us to construct left e-magmags, left iden-
tical e-magmags, and other types of them, starting with an arbitrary
magma (X, -) and using some types of function f : X — X. Also it
provides a characterization of identical e-magmags.

Construction of e-magmags by f-multiplications. Suppose (X )
is an arbitrary magma. Fix an element e € X and consider f : X — X.
Then, we have:

ey (zy) = fle(zy)) , ey (@ -py) = flef(xy)).
Thus (X, -, e, -f) is a left e-magmag if and only if f satisfies the following
functional equation in (X, -)

Fe(oy) = flef(ay)) : Yoy e X. (3.6)
Also (X, -, e,-y) is a left identical e-magmag if and only if
fle(zy)) = flef(zy)) = flzy) : Vo,yeX. (3.7)

The equation (3.6) (resp. equation (3.7)) is equivalent to f.f|xx =
felxx (resp. feflxx = felxx = flxx). Thusif f.f = f. (resp. fof =
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fe = ), then f satisfies equation (3.6) (resp. equation (3.7)), and if
7.7 is surjective, then the converse is also true. Hence, if XX = X,
then f satisfies equation (3.7) if and only if f is is left e-periodic and
idempotent (equivalently f, = f = f?). Also for every f: X — X, we
have the following special cases :

(a) If f is right canceler, then f satisfies equation (3.6).

(b) If e is a left identity of XX in (X,-) and f|xx is idempotent,
then f satisfies equation (3.7).

(c) If f is left e-periodic (e.g. if (X, ) is left e-unital) and f is right
canceler, then f is idempotent and satisfies equation (3.7).

(d) If (X, ) is left e-unital, then the two functional equations (3.6),
(3.7), and f(f(z)) = f(z) are equivalent (so f satisfies one of
them if and only if f is idempotent).

Therefore, we can construct a very vast class of left e-magmags and all
left identical e-magmags (Theorem 3.6) using all functions f satisfying
equations (3.6) and (3.7), some of their special cases are mentioned in
the next items (I), (II), and (III). We emphasize that the e-magmags
(X,-,e,-r) do not generate all e-magmags. If X is a set containing e
and x ©® y = z (for every z,y € X), then for every binary operation
- # © in X such that e is its right identity, (X, -, e, ®) is a left magma-e-
semigroup and ® # -, for all functions f : X — X. Because if ©® = -,
then x = 20y = z-yy = f(xy), and so f(x) = f(ze) = x-je = vOe = .
Hence, - = ®, which is a contradiction.
Now let (X, ) be an arbitrary magma and fix e € X.

(I) If f is right canceler, then (X, -, e, ) is a left e-magmag (but it
is not necessary that f = J.).
(II) If f : X — X is left e-periodic and idempotent, then (X, -, e, -f)
is a left identical e-magmag and f = J..
(ITI) If X is left e-unital and f : X — X is idempotent, then
(X,-,e,-r) is a left identical e-unimag and f = J..

Considering the above construction, Lemma 3.3, and Theorem 3.4, we
are ready to characterize all the left identical e-magmags.

Theorem 3.6. (Characterization and construction of left identical e-
magmags)

Let (X, ) be a magma with the fixed element e and ® be another binary
operation in X. Then, (X, -, e,®) is a left identical e-magmag if and
only if there exists a (unique) left e-periodic and idempotent function
f from X to X such that © = ;.

Moreover, denoting the set of all binary operations in X by Bio(X),
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we have:
{® € Bio(X) | (X,-,e,®), left identical e-magmag}
={;|f:(X,) = (X,) is left e-periodic and idempotent}
= {7 | (X,-,e,-5) is left identical e-magmag}
= {-; | f satisfies equation (3.7)} = {-;. | f satisfies equation (3.7)},

Moreover,
Card{® € Bio(X) | (X, -, e,®) is left identical e-magmag}
= Card{f.| [ satisfies equation (3.7)}.

Proof. 1t (X,-,e,®) is a left identical e-magmag, then we know that
© = -, and J, is left e-periodic and idempotent. Also if © = -;, where
f is left e-periodic, then f = f. = J. (so J. is the only function from
X to X such that ® = ).

Conversely, if there exists a left e-periodic and idempotent function
f such that ® = -, then f satisfies equation (3.7), and so (X, -,e,®) is
a left identical e-magmag. Note that if f satisfies equation (3.7), then
T e and

(fo)ely) = fleley)) = flef(ey)) = fley) = f2(y) = fe(y),
for all y € X. Thus (f.)e = fo = f?, which means that f, is left

e’
e-periodic and idempotent. By applying these facts and the previous
discussions, one can see that the above sets are equal.

Finally, define the map 1 from
{® € Bio(X) | (X,-,e,®) is left identical e-magmag}

to
{fe | f satisfies equation (3.7)},

by ¥(®) = f. (where f is the unique function such that ©® = -;). It is
a well-defined bijection map. 0

Corollary 3.7. Let (X,-) be a surjective magma with the fized element
element e and ® be another binary operation in X. Then there is a
one-to-one correspondence between the set of all binary operations ©
such that (X, - e,®) is left identical e-magmag and the set of all left
e-periodic and idempotent functions from X to X. Hence, if (X,-)
1s a magma with the left identity element e, then in all the results of
Theorem 3.6, the term "left e-periodic and idempotent” can be replaced
only by “idempotent”.
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The structure of left identical e-magmags shows us more interest-
ing and useful properties, one of which is about a relation between
associativity of the second magma and a property of the e-map (as a
function defined in the first magma). Since ® = -, , then (X,®) is
semigroup if and only if J, : (X,-) — (X, ) is associative. Thus we can
drive more traits of left identical magma-e-semigroups, semigroup-e-
magmas, group-e-semigroups, etc. by paying attention to the structure
of such e-magmags.

Theorem 3.8. Fuvery left identical monoid-e-ass.magma is left (iden-
tical) monoid-e-semigroup, and e is middle identity of the (second)
semigroup. Therefore, if (X,-,e,®) is a left identical e-uniassmag,
then associativity of (X, -) implies associativity of (X, ®) (i.e. if (X, )
is semigroup, then (X, ®) is also semigroup).

Proof. Put f = J.. Thus f : (X,:) — (X,-) is canceler, by Lemma
2.7(C). Since (X, -) is semigroup, then f is strongly associative, and
also ® = -y (by Theorem 3.6). Therefore, (X, ®) is a semigroup. Now
we have:

rOe0y=z-repy = f(flze)y) = [(f()y) = flay) =z ry =20y
(There is also a direct proof for this lemma.) O

Since associativity of J. plays a basic role in this part of study,
we encourage to study this condition in general (in arbitrary left e-
magmags). First for every z,y,z € X, we have:

Je(Je(wy)z) = eO((eO(x0Y))Oz) , Jo(zJe(y2)) = eO(xO(e®(y©2))).
Thus if X is left magma-e-ass.magma, then:
Je(Je(zy)z) = (€0e (x0Y) Oz, J(v(yz)) = (OO O (y©2),

Moreover, if e©@x®e =e®x (i.e. J, is right e-periodic or equivalently
JJe=J)and e e® (xOy)=e® (z ®y) (equivalently J?|xox =
JJX@X), then:

Je(Je(zy)z) = @ ((20Y) ©2) , Je(ale(yz)) =@ (2O (y©z2)). (3.8)

Note that if J. is (two-sided) e-periodic or (more strongly) X is left
e-uniassmag, then both conditions hold. Therefore,

J. is associative < (X, ®) is ~, —associative < (X, -;,) is semigroup,
Hence, we arrive at the following lemma as a result of the study.

Lemma 3.9. Let X be a left e-assmag, for which one of its magmas
is right ~c-unital. Then (the quotient magma exists and) the following
statements are equivalent:
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) Je is associative;
) Je is strongly associative;

(c) (X,®) is ~c-associative;
) The quotient magma X/ ~. is (right €-unital) semigroup;
)

Proof. The above discussion, Remark 2.11 and Theorem 2.12 prove this
lemma. O

Corollary 3.10. Assume that X is a left identical e-assmag for which
its second magma 1S right ~.-unital and ~.-associative. Then it s
semigroup. Thus X is a left identical magma-e-semigroup if and only
if Je 1s associative.

Note: Similar definitions, discussions, and constructions can be
stated for the right and two-sided case. Thus (X, -, e, ®) is identical
e-magmag if and only if

eQry =e®(r0y) =20y =ryGe = (zOy)Oe ; Vr,y € X. (3.9)

Hence, if (X, -, e, ®) is identical e-magmag, then e is a (two-sided) iden-
tity for the subset X ® X (with respect to the second binary operation).

As a subclass of the left identical e-magmags, the left identical
group-e-semigroups have more useful properties (see Definition 3.16
and Lemma 3.17), and we can give the general form of f in the char-
acterization and construction. In this class of e-magmags, the left,
right, and two-sided cases are the same, as one can see in the following
discussion and lemma.

Now consider a left identical e-magmag (X, - e, ®). If (X, -) is right
e-unital, then putting y = e (resp. = = e and replacing y by z) in
equation (3.1), we have e ®z =e® (x @ e) = x O e (resp. e ® ex =
e® (e ®x) = e® x), which implies that e is a central element of
(X,®) (resp. J. is left e-periodic: J.(ex) = J.(z), and so ex ~, z for
all z € X). Therefore, X is (two-sided) identical e-magmag, and so
equation (3.2) holds. Moreover, (X, ®) is weakly e-associative because:

(e@r)e=e0r=x0e=c@(xOe)

(analogously, for the right identical e-magmag).
Therefore, we have proved the following lemma, where the left, right,
and two-sided cases of identical structures are equivalent.

Lemma 3.11. Consider (X, -, e,®).
(a) If X is left (resp. right) identical e-magmag and (X, -) is right
(resp. left) e-unital, then X is (two-sided) identical e-wassmag
and J, is left (resp. right) e-periodic.
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(b) If X s left or right identical e-magmag and left or right e-
unimag, then X is (two-sided) identical e-uniwassmag.
(c) The following statements are equivalent:
(i) X is unital left identical e-magmag (i.e. left identical e-unimag);
(il) X s wunital right identical e-magmag (i.e. right identical e-
unimag);
(i) X s unital and identical e-magmag (i.e. identical e-unimag);
(iv) X s left or/and right identical e-magmag and left or/and right
e-unimag.
In addition, all the equivalent statements (i)-(iv) imply that e is a cen-
tral element of (X, ®).

Therefore, construction and characterization of the left, right, and
two-sided unital and identical e-magmags are the same. It will be more
useful and interesting if we have an identical group-e-semigroup. Since
such algebraic structures and identical e-magmags have some additional
properties, we consider them in the next part of the paper.

3.1. Magma-joined-magmas. During the study, we see some alge-
braic structures (X, -, ®) such that the e-join law holds, for every e € X.
They have close relations to identical e-magmags if both magmas are
semigroups.

W

Definition 3.12. Let X be a set with the two binary operations “-” and
©®. We call (X,-,®) left magma-joined-magma or left joined-magmag
(briefly) if
tozy=to(xoy) ; Vtz,y € X (left join law). (3.10)
Therefore, (X, -, ®) is left joined-magmag if and only if it is left e-
magmag for every e € X.

Example 3.13. The algebraic structure (R,+,+;) is group-joined-
semigroup (b-real group-grouplike), because

t+y(z+y)=0t+z+yhp=>0Ct+(@+yp)r=t+rz+py.

The Klein group-grouplike is a finite group-joined-semigroup. Also the
algebraic structures (X, -, ®) in Example 2.2(a) and Example 2.2(c) are
(trivial) joined-magmag and magma-joined-semigroup, respectively.

It is interesting to know that every left identical semigroup-e-semi-
group is semigroup-joined-semigroup.
Lemma 3.14. Let S be a set with the fized element e and two binary
operations “” and ®. Then:

(S, -, e,®) is left identical semigroup-e-semigroup
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= (5,-,0) is left semigroup-joined-semigroup

= (5,-,e,©) is left semigroup-e-semigroup.
But the converses are not valid. Therefore, if there exists eg € S such
that (S, -, eg, ®) s left identical semigroup-eg-semigroup, then (S, -, e, @)
18 left semigroup-e-semigroup for every e € S.

Proof. 1t (S, -, e, ®) is left identical semigroup-e-semigroup and ¢, x,y €
X, then:

tOrzy=e@(tOay)=ec@(tzy) =e@(tOr0Yy)=tOrO VY.

Thus the first part of the lemma is proved.

Now consider a semigroup (S5, ®) containing the left zero 0, and
the left identity 1,. If - # © is another associative binary operation
in S, then (S,-,0p,®) is left semigroup-0,-semigroup. But it is not
left semigroup-1,-semigroup and left semigroup-joined-semigroup (e.g.
([0,400),+,0,-), where + and - are the usual addition and multiplica-
tion).

Also, if (S, ) is an arbitrary semigroup with more than two elements
and x ©® y = z, for every z,y € S, then (S,-,®) is a left semigroup-
joined -semigroup. But, if e is an arbitrary fixed element of S, then
e@(xy) =e=e@rOy #x@y = x (for every x # €). Thus (S5,-,e,®)
is not left identical semigroup- e -semigroup.

O

3.2. More properties for (two-sided) e-magmags. The(two-sided)
e-magmags have more properties than the left and right cases, and there
is a type of them between e-magmags and identical e-magmags. In this
section, we focus on them and introduce another class of (two-sided)
e-magmags that has so close relation to the identical e-magmags and
magma-joined-magmas.

By Z(X) (resp. Zt(X)), we denote the set of all central [rep. central
idempotent] elements of X.
(A) Suppose (X, -, e,®) is an e-magmag;:
- If e is an idempotent element of (X, ) (i.e. €? = ¢), then e is well-
defined, and e®3 = e®2.
- If (X, ) is left (resp. right) e-unital, then e ® x = e ® (e ® ) ,
r@e=(e@r)Oe (resp. ez =e® (rOe)and zOe=(xOe)Oe)
for every x € X. Hence, if e is its identity, then:

eOxr=e@(e@r) =e®(x@e), z0e = (x0e)Oe = (e®x)Oe (3.11)
- Therefore, if (X ) is left e-unital, then:
e € Z(X,0) < eis a right identity of e ® X in (X, ®)
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& e commutes with every element of e ® X in (X, ®)
< e is an identity of e ® X in (X, ®)
(analogously, if e is a right identity).
Hence, if e is its identity, then:
e€ Z(X,0) < eis an identity of e ® X in (X, ®)
< (X, ®) is weakly e-associative
< e commutes with every elements of e ® X in (X, ®)
Sededr)=(r0e)Oe

Ser=e0(e0r)=e@(z0e)=r0e=(e@r)0e=(r0e)e,
for all z € X. Thus we have proved the following lemma.

Lemma 3.15. In every e-uniwassmag, e is the central element of the
second magma. Hence, an e-unimag is e-uniwassmag if and only if e
18 second-central.

Now we need to introduce other classes of e-magmags that are be-
tween e-magmags and identical e-magmags.

Definition 3.16. We call an e-magmag (X, -, e, ®) full e-magmayg if
eQry=e@(x0y)=ayOe=(x0y) e ; Yr,ye X. (3.12)

Note that X satisfies the above identities (3.12) if and only if it
satisfies:

tOry=t0(x0y) =wyot=(x0y) Ot ; t,x,y € P,

for (only) t = e, that is our idea for introducing ” full joined-magmags”.
At the first, we have the following elementary properties about them:

(i) The following implications hold, but the converses are not true;
X is an identical e-magmag = X is a full e-magmag
= X is an e-magmag.
We only give counter-examples; the implications are obvious.

X is an e-magmag #- X is a full e-magmag : consider an ar-
bitrary trivial e-magmag (X, - e, ), for which e does not com-
mute with some elements of X X.

X is a full eemagmag # X is an identical e-magmag : con-
sider an arbitrary e-magmag (X, -, e, ®), for which (X, ®) is a
magma with the zero e = 0, and it is not null (i.e. zoyo # e for
some Zo, Yo € X).

(ii) Every left (right) e-magmag is a full e-magmag if and only if e
commutes with every element of X ® X U XX in (X,®) (e.g.
if e is second-central).



MAGMA-JOINED-MAGMAS 195

(iii) An e-magmag (X, -, e, ®) is full if and only if one (all) of the
following conditions hold:

(a) e commutes with every element of X ® X in (X, ®),

(b) e commutes with every element of XX in (X, ®),

(iv) A full e-magmag (X, -, e, ®) is identical if and only if one (all)
of the following conditions hold:

(a) e is a left or right identity of X ® X in (X, ®),

(b) e is an identity of X ® X in (X, ®).

Now we arrive at the following lemma.

Lemma 3.17. If one of the following conditions holds, then e is second-
central (and then X is a full e-magmag):
(1) X is a left e-magmag such that (X,-) is right e-unital and e is
a left identity of X ® e in (X,®).
(2) X is a right e-magmag such that (X,-) is left e-unital, and e is
a right identity of e ® X in (X, ®).
(3) X is an e-magmag, and one of the following properties holds:

(3-1) (X,-) is left e-unital, and e commutes with every elements of
e® X in (X,0).

(3-2) (X, ) 1s right e-unital, and e commutes with every element of
Xoein (X,0).

(4) X is an e-unimag, and e commutes with every elements of e® X
or X ®ein (X,0).

Proof. 1f (1) holds, then:
eOr=ec®(re)=e@(x0e)=a0e,

and similarly for (2). Now one can get the results by the previous
explanations. O

Similar to the above discussion, we have more properties if (X, -, e, ®)
is a full e-magmag.
(B) Suppose that (X, e,®) is a full e-magmag:
- If (X, -) is left (resp. right) e-unital, then ez = e®(e®z) =x0e =
(e®x)®e = xe@e (resp. e@r = e®(x@e) = z0e = (xQe)Oe = ex®e)
for every € X. Thus e € Z(X,®), (X,®) is weakly e-associative, e
is an identity of e ® X = X ® e in (X, ®), J. is idempotent, and also
J. is e-periodic with respect the two binary operations, i.e:

J(e®x)=J.(r®e) = J.(x) = J(ex) = Jo(ze) (= J*(z)).

- If (X, ) is e-unital, then we have all the above properties, and X is
an e-uniwassmag.
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(C) Finally, assume that (X, - e,®) is an identical e-magmag;:
Without any additional condition, we have:

eQer=e@(edr)=c@r=(e0r)0e=er@e
eQre=e@(x0e)=r0e=(xOe)Oe=xe@e.

Thus:
J(eoz)=JU(x) = J(e®x) = J(x) = J.(x) = J¢(ex) = Jo(ex);

(3.13)

Jo(x®e) = JJx) = J(x 0 e) = J (2) = J(x) = Jo(ze) = J¢(ze).
Therefore, J. and J¢ are idempotent maps and J. (resp. J¢) is left

(resp. right) e-periodic with respect to two binary operations.
- We have the following equivalent conditions:

e€ Z(X,0) < (X,) is weakly e-associative
Se@e@r)=(r0e)0e : VeeXSex@e=ze@e ; Yz eX
Se@Qer=eQr=er@e=c@Qre=x@e=xe®e ; Vr e X
Thus if (X, -) is left or right e-unital, then all of the above properties
hold.
- If (X, ) is e-unital, then X is identical e-uniwassmag, and e and e ® e
are central elements of (X, ®). Moreover, if (e®e)®(e®e) =e® (e®

(e@e)) or (e@e)®(e@e) = ((e®e)@e) e, then e®e € Zt(X,®) # 0,
because:

(e@e)o(e@e)=e@(ed@(ede)=c@(e@e)=e®e.

Hence, if X is an identical e-uniassmag, then e ©® e € Zt(X,®) and
e€Z(X,0).

4. RELATIONS TO GROUPLIKES

One of the most important properties of a class of e-magmags is
that their second magma has a unique central idempotent element.
The property is more useful and interesting if it is an identical loop-e-
semigroup. If this is the case, the second magma is a grouplike. Hence,
at first, we give a summary about grouplikes introduced in [1].

A grouplike is a semigroup (I', ) that satisfies the following axioms:

(1) There exists ¢ € I" such that:
ex=c’r=xe? =2 : Vrel,

(2) For every ¢ satisfying (1) and every x € I, there exists y € I'

such that:

xy = yr = 2.
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Every ¢ € T satisfying the axioms (1) and (2) is called an identity-like.

As one can see in [1], condition (1) is equivalent to Zt(I') # (), and
every grouplike contains a unique idempotent identity-like element that
is also its unique central idempotent.

Now, let I' be a grouplike and let € be the unique idempotent identity-
like element of I'. Then, we call € standard identity-like, and use the
notation (I, €) . T is a standard grouplike if € is the only idempotent
of I'. I is a zero grouplike if € is a zero of I'. Every y that corresponds
to x in axiom (2) is called inverse-like of x, and is denoted by . or z’.
If (T, -) is grouplike and is not group, then we call it proper grouplike.
Now, we state a clear comparison between the grouplike and group
axioms:

Lemma 4.1. A structure (L', -) is a grouplike if and only if it satisfies
the following azxioms:

(i) Closure;
(ii) Associativity;
(iii) There exists a unique element e € I' such that ex = we, and
e?=e forallrc X;
(iv) For every x € T, there exists y € I' (not necessarily unique)
such that:

Ty = yr = e.
Proof. See [1]. O

Corollary 4.2. A semigroup (I',-) is grouplike if and only if Zt(I') =
{e}, and for every x € T, there exists y € I' such that xy = yx = e.

Example 4.3. Every group is standard group-like.

The structure (R, +,, 0) is a proper grouplike (namely real b-grouplike,
and specially real grouplike if b = 1). The set of all identity-likes of
(R, +) is bZ that is also the set of all inverse-likes of 0.

Every semigroup S containing the zero for which 0 is its only central
idempotent element is a zero grouplike.

The magma (K, ®) is Klein four-grouplike, and {e,n} is the set of
all its identity-likes.

Now we come back to our topic and show an important property of
magma-e-semigroups related to grouplikes.

Theorem 4.4. Let (X,-,e,®) be a unital magma-e-semigroup. Then:

(a) e € Z(X,0), e@e € ZL(X,0), and (e ® X,0,e ® e) is a
monoid.
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(b) Ifeis aleft (resp. right) identity of the sub-semigroup Zt(X, ®)
and the equation x0 = e (resp. dx = e) has a solution in X for
every § € Zt(X,®), then Zt(X,®) = {e ® e}.

(c) If e is a left (resp. right) identity of 1t(X,®) and the equation
xd = e (resp. dx = e) has a solution in X, for every § €
It(X,®), then It(X,0) = Zt(X,0) = {e ® e}.

(d) If e is a left (esp. right) identity of Zt(X,®) and the equation
xy = e (resp. yr = e) has a solution in X, for every y € X,
then (X, ®,e ® e) is a grouplike (and so (e ® X,®,e ®e€) is a
group).

Proof. Let 6 € It(X,-), e ®d =6, and 36 = e for some 5 € X. Then:
eOfOI=e®pBi=cOe,

and so:

d=e@di=e@ed=e0e@di=e0BOIOI=ce0fOi=cOe

Now Lemma 3.17, Corollary 4.2, and part (C) at the end of the pervious
section complete the proof. O

Future direction of the research. An important research field of the
topic is the study of the left, right, two-sided, and full magma-joined-
magmas, specially group-joined-semigroups, loop-joined-semigroups,
and their characterization and comparison to the magma-distributed-
magmas (specially ring-like structures). Another one study of group-
likes as the second magma of identical group-e-semigroups. Also it is
connected to the topic functional equations on algebraic structures and
all magmas with a single binary operation.
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